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Abstract. We analyze the influence of the maximal subgroups in the structure

of a finite group G by means of the index complex introduced by Deskins in

Proc. Sympos. Pure Math. vol. 1, Amer. Math. Soc. 1959, pp. 100-104.

1. Introduction and statements of results

All groups considered are finite. In [4], Deskins defines the index complex

associated to a maximal subgroup of a group as follows: let M be a maximal

subgroup of a group G ; a subgroup C of G is said to be a completion for M

in G if C is not contained in M while every proper subgroup of C that is

normal in G is contained in M. The set I(M) of all completions of M is

called the index complex of M in G.
In [4], Deskins proved that the index complex of a maximal subgroup is

nonempty. It is clear that if C is a completion of M in G the product of

all normal subgroups of G that are proper subgroups of C is itself a proper

subgroup of C. Denote this subgroup by k(C). A subgroup C of a group

G is said to be a normal (respectively, subnormal) completion of a maximal

subgroup M of G if C is a normal (respectively, subnormal) subgroup of G

and C G I(M).
If C and D are normal completions of a maximal subgroup M of a group

G, then C/k(C) = D/k(D) ; hence the order \C/k(C)\, where C is a normal
completion of M in G, is an invariant depending only on M and is called

the normal index of M in G. However, there is no invariant associated to

subnormal completions.

Example. Let P denote the extra-special group of order 33 and exp P = 3 :

P = (a,b,c:a? = b3 = c3 =1, [a, c] = [b, c]= I,  [a,b] = c).

Let G be the extra-special group of order 37 and exp G = 3. G is the central

product of two copies Px , P2 isomorphic to P. Subindex the elements of Pi

and P2 in the obvious way and keep this notation in G with the identification
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cx = c2 = c. Then M = (ax, bx, c, a2) is a maximal subgroup of G, and

obviously any completion of M in G is subnormal. It is not difficult to find

CX,C2 e I(M) with \Cx/k(Cx)\ ¿ \C2/k(C2)\. For instance, take Cx = (b2)
and C2 = {bx, b2).

It is clear that I(M) can be partially ordered by set-theoretic inclusion; max-

imal elements of I(M) are called maximal completions of M in G.

In [5], Deskins proved that a group G is soluble if and only if each maximal

subgroup of G has maximal completion C with C/k(C) abelian. In the same

paper, he shows that the supersolubility cannot be characterized in the same

way. Trying to characterize the supersolubility by means of the index complex,

Deskins defines the following family associated to a maximal subgroup M of

a group G: P(M) = {C G I(M): C is maximal in I(M) and G = CM}.
He conjectures that a group G is supersoluble if and only if for each maximal

subgroup M of G, P(M) contains an element C with C/k(C) cyclic.

The answer to this conjecture is negative, as the symmetric group S4 shows:

G = S4 has three conjugacy classes of maximal subgroups, namely, {A4},

Syl2(G), and {NG(P3): P3 e Syl3(G)} . If M = A4, then G G P(M), k(G) =

M, and G/k(G) is cyclic. If M e Syl2(G), then A4 e P(M), k(A4) = V , the
4-group of Klein, and A4/V S C3. Finally, if M = NG(P3) with P3 e Syl3(G),

then C = ((1234)) g P(M), and obviously C/k(C) = C is cyclic. However,
64 is not supersoluble.

Let M be a maximal subgroup of a group G. Let S(M) = {C e I(M): C

subnormal in G and G = MC} . Clearly, every normal completion of M in

G is in S(M). Hence S(M) is nonempty. We prove

Theorem 1. A group G is supersoluble if and only if for each maximal subgroup

M, S(M) contains an element C with C/k(G) cyclic.

On the other hand, one might wonder whether a group G is soluble if each

maximal subgroup M has a maximal completion C with C/k(C) nilpotent.

The answer is negative in general.

Consider the group G = PGL(2,17), G is a primitive group such that

Soc(G) = PSL(2, 17). Furthermore Soc(G) is a maximal subgroup of G of

index 2; thus, G is its maximal completion and k(G) = Soc(G), and then

G/k(G) = C2 is nilpotent. The other maximal subgroups of G are core-free;

a conjugacy class of these core-free maximal subgroups is Syl2(G). Then any

core-free maximal subgroup M of G has maximal completion P e Syl2(G)

with k(P) = 1 , and then P/k(P) is nilpotent.
Notice that the composition factors of G are C2 and PSL(2, 17). In fact

the only possibilities are of these types, as the next theorem shows.

Theorem 2. Assume that each maximal subgroup M of a group G has a max-

imal completion C e I(M) with C/k(C) nilpotent. Then every composition

factor of G is in JT, where

^ = {Cp:pef}U{PSL(2,q):q = 2n±l,  q > 5} .

Obviously the converse is not true; if S is any simple group, the unique

maximal completion of any maximal subgroup of S is S itself.

Now we consider the question: what do certain intrinsic properties of a max-

imal subgroup H of a group G imply about G ?  Deskins proved in [4] the
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following result: If a group G contains a maximal subgroup H which is super-

soluble and if, for each C el(H) with C nonnormal or with Cf)H nontrivial,

C/k(C) is supersoluble, then G is soluble. We improve this result by proving

Theorem 3. Let n be a set of primes. Suppose that G is a group with a maximal

subgroup H which is n-soluble. Assume that for each completion C e 1(H) such

that Cf)H^ 1, the factor C/k(C) is n-soluble. Then G is n-soluble.

If M is a maximal subgroup of a group G such that the index of M in G

is composite, we say that M is a c -maximal subgroup of G.

Definition. Let G be a group and let ^(G) = {M: M isa omaximal subgroup

of G and M has no maximal completion C with C/k(C) abelian}.

Define S(G) = f){M: M e f(G)} if f(G) is nonempty; otherwise set
S(G) = G.

It is clear from the definition that S(G) is a characteristic subgroup of G

and S(G) contains <P(G).
The following result shows how S(G) controls the solubility of a group G :

Theorem 4. Let G be a group.   Then S(G)  is the soluble radical of G, i.e.,

the product of all soluble normal subgroups of G. In particular, G is soluble if

and only if each c-maximal subgroup of G has a maximal completion C with

C/k(C) abelian.

The motivation of our next result is as follows. Rose proved in [9] that if

every abnormal subgroup of a group G is p-nilpotent and if in addition either

(i) the Sylow p-subgroups of G are abelian or (ii) p is an odd prime, then G

is p-soluble. We extend this result by proving

Theorem 5. Let G be a group and p a prime. Consider the family sf(G) —

{M: M is a maximal subgroup of G and M has no maximal completion C

with C/K(C) abelian}.
If each M e s¡f(G) is p-nilpotent and if in addition either (i) the Sylow

p-subgroups of G are abelian or (ii) p is an odd prime, then G is p-soluble.

2. Preliminary results

The results given below are used frequently in induction arguments.

Proposition 1. Let ^ be a homomorph that is closed under taking normal sub-

groups. Assume M is a maximal subgroup of a group G and N is a normal

subgroup of G such that N < M. If C is a maximal (respectively, subnormal)

completion of M in G with C/k(C) e ^, there exists a maximal (respectively,

subnormal) completion C* of M in G such that N < C* and C*/k(C) e %?.

Proof. Assume that M has a maximal completion C with C/k(C) e %*. If

N < C take C* = C and we are done. So, we can assume N ■£ C. Since C

is a maximal completion of M, and C < CN, we have that k(CN) ^ M.

This implies that there exists a chief factor C*/L of G such that k(C)N <

L < C* < k(CN), L < M and G = MC*. Therefore, C is a maximal
completion of M, N < C*, and, since

k(CN)/k(C)N < CN/k(C)N e Q^ = ¿F,
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we have that k(CN)/k(C)N e JT. Consequently, C'/L e %? by the hypoth-
esis on ßf. Since k(C) = L, C* is a completion of M such that N < C*.

In the case C subnormal in G, we argue in a similar way.

Corollary 2. Let %? be as above. Let !(%') = (G: for each maximal subgroup

M of G, there exists C e I(M), maximal in I(M) with C/k(C) G %?) and
S(%f) — (G: for each maximal subgroup M of G, there exists C e S(M) with

C/k(C) G %?). Then I(ß^) and S(%?) are saturated homomorphs.

Proof. We prove only that I(%?) is a saturated homomorph. In the case of

S(%?), the arguments are quite similar. Assume that G G I(ßt) and N < G.

Let M/N be a maximal subgroup of G/N. Since M is a maximal subgroup

of G and G G I(ß?), there exists a maximal completion C of M in G

such that C/k(C) e %?. By Proposition 1, we can assume that N < C, and

then it is clear that C/N is a maximal completion of M/N in G/N, and

(C/N)/k(C/N) e X. Therefore, G/A g /(¿T).
Finally, it is rather easy to see that I(%7) is saturated.

In the final step of an induction argument there frequently appear primitive

groups. Recall that a primitive group is a group G with a core-free maximal

subgroup U . A primitive group is of one of the following types:

(1) Soc(G), the socle of G, is an abelian minimal normal subgroup of G

complemented by U.
(2) Soc(G) is a nonabelian minimal normal subgroup of G .

(3) Soc(G) is the direct product of the two minimal normal subgroups of

G which are both nonabelian and complemented by U.

The next results will turn out to be crucial in the proof of some of our results.

Lemma (Lafuente [8]). If G is a primitive group of type 2 such that there ex-

ists a core-free subgroup M of G complementing Soc(G), then M is again a

primitive group of type 2 and the simple component of Soc(G) is isomorphic to

a section of the simple component of Soc(Af).

Theorem (Baumann [3]). Let G be a nonsoluble group with a nilpotent maximal

subgroup. Then 02(G/F(G)) is the product of simple groups whose Sylow 2-

subgroups are dihedral. Furthermore,

(i) 02- (G) is nilpotent and is centralized by a Sylow 2-subgroup of G.

(ii)  02(G/F(G)) is a direct product of groups isomorphic to PSL(2,#) with

q = 2"±l>5.
(iii) 02(G/F(G)) is a minimal normal subgroup of G/F(G).

3. The proofs

Proof of Theorem 1. Assume that for each maximal subgroup M of a group

G, S(M) contains an element C with C/k(C) cyclic. We see that G is

supersoluble by induction on \G\. Let A be a minimal normal subgroup of

G. It is clear that G/N verifies the above property. By induction, G/N is

supersoluble. Since the class of all supersoluble groups is a saturated formation,

we have that G is a monolithic primitive group. Let M be a core-free maximal

subgroup of G, and let C be a subnormal completion of M with C/k(C)

cyclic. Now, k(C) < Mq = 1 . Hence, C is a subnormal cyclic subgroup of
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G, and then I 4 C < F(G). Therefore N = Soc(G) is abelian, and C < N.
Since MC — G — MN, we have C = N. Therefore, G is supersoluble.

Proof of Theorem 2. Denote by E%> the Schunck class of all groups whose

composition factors are in Sf. Let G be a minimal counterexample to the

theorem. Since the class of nilpotent groups is a saturated Fitting formation,

we can apply Proposition 1 and assume that G is a monolithic primitive group

and N — Soc(G) £ E«? . Let M be a core-free maximal subgroup of G. There

exists a maximal completion C of M in G such that C/k(C) is nilpotent.

Since k(C) < MG = 1, C itself is nilpotent. Take L < G such that C is
a maximal subgroup of L. By Baumann's theorem, L e E%>. Maximality

of C gives k(L) ^ M, and hence N < k(L). Therefore N e E%>, final
contradiction.

Proof of Theorem 3. Assume that G is not n-soluble, and let G be a mini-

mal counterexample. Suppose that Hq 4- 1, and let A be a minimal normal

subgroup of G such that N < H. Clearly, the hypotheses of the theorem

are satisfied in G/N. By minimality of G, G/N is ^-soluble. Now, N is

^-soluble since N < H. Therefore G is 7i-soluble, a contradiction. Conse-

quently, we can assume Ha - 1 and G is a primitive group. Since the class of

all n-soluble groups is a saturated formation, we can assume that G is a primi-

tive group of type 2. Since N — Soc(G) is a completion of H in G, and since

N is not ^-soluble, we have that N n H — 1. Applying Lafuente's result, H

also is a primitive group of type 2, and the simple component of Soc(G) is an
epimorphic image of the simple component of Soc(H). This implies Soc(G)

is ^-soluble, the final contradiction.

Proof of Theorem 4. First, we prove that S(G) is soluble by induction on \G\.

It is not difficult to see that S(G)N/N < S(G/N) for each normal subgroup

N of G. Therefore, we can assume that G is a monolithic primitive group,

A — Soc(G) < S(G), and S(G)/A is soluble. Now, if G is a primitive group
of type 1, A is soluble. Then, S(G) is soluble and we are done. Therefore, we

may suppose that G is a primitive group of type 2, i.e., Soc(G) is a nonabelian

group. Let T be a c-maximal subgroup of G with Tq = 1 (see [1]). Then

G = TA and T e ,f(G) by [5, Theorem 2]. This is a contradiction since

A < T.
Consequently,  S(G)  is soluble.   Now, each normal soluble group of G is

contained in S(G). Therefore, S(G) is the soluble radical of G.

Proof of Theorem 5. (i) Suppose, first, that the Sylow /7-subgroups of G are

abelian. We use induction on \G\. If A is a minimal normal subgroup of G

and M/N is a maximal subgroup of G/N that has no maximal completion C/N

with (C/N)/k(C/N) abelian, by Proposition 1, M is a maximal subgroup of

G and fails to have a maximal completion D with D/k(D) abelian. Therefore

each member of s/(G/N) is p-nilpotent and the Sylow ^-subgroups of G/N

are abelian. By minimal election of G, we have that G/N is p-soluble. Since

the class of all ^-soluble groups is a saturated formation, we may assume that

G is a monolithic primitive group. Denote by A = Soc(G) the unique minimal

normal subgroup of G. It is clear that we can suppose p divides the order of

N. Let P be a Sylow p-subgroup of A. If NG(P) = G, then A is a p-group
and we are done. Otherwise, let M be a maximal subgroup of G such that
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NG(P) < M. Then G = MN and M e A(G) by [5, Theorem 2]. So, NG(P)
is /7-nilpotent. Since P is abelian, P < Z(NG(P)). By a well-known theorem

of Burnside, A is /?-nilpotent, a contradiction.

(ii) Suppose now that p is an odd prime. Arguing by induction on \G\ with

arguments similar to those used in (i), we can assume that G is a monolithic

primitive group and p divides the order of Soc(G). Let T = Soc(G). Suppose

that T is nonabelian. Let P be a Sylow p-subgroup of T. Let J(P) be the

Thompson subgroup of P and X = NG(Z(J(P))). Clearly, AG(P) < X. If
X = G, then T < Z(J(P)), and T is abelian, a contradiction. Thus, X < G,
and G = NG(P)T = XT. Let M be a maximal subgroup of G such that
X <M. Since M esf(G). M is p-nilpotent. Consequently, NG(Z(J(P)))
is p-nilpotent. Applying the Glauberman-Thompson normal p-complement

theorem (see [6, p. 280]), we have that G is p-nilpotent, a contradiction. Thus,

G is p-soluble.
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