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Abstract.
M. T. Anderson and D. Sullivan showed that the Dirichlet problem
at infinity for simply connected manifolds is solvable if the curvature satisfies
—a1 < K < -b2 . Using M. T. Anderson's method we generalize this statement
to manifolds satisfying the weaker bounds -g(r) < K < -b2 , where g(r) a
eXr, with A< 1/3.

0. Introduction
This paper is concerned with the solution of the Dirichlet problem at infinity.
We refer to [ 1] for the background of this problem. There are two different
approaches to the question. The first one uses probabilistic methods like [8, 6,
2]. The second one is more geometric and is based upon constructing convex
sets with nontrivial behavior at infinity. It was H. I. Choi [4] who showed that
the Dirichlet problem can be solved if the curvature is bounded away from
zero and every two points at infinity can be separated by convex sets. Namely
he proved the following theorem in [4]. We refer to §1 for the definition of
5n_1(oo), the sphere at infinity.

Theorem A. Let Nn be a complete simply connected Riemannian manifold with
sectional curvature K, satisfying K < —1 and suppose for any distinct x, y £
S"~x(oo) that there exist disjoint open neighborhoods Vx,Vy of x ,y in N =
Nn U S"-x(oo) such that Vx n Nn and Vyn N" are strictly convex. Then the
Dirichlet problem at infinity for A is uniquely solvable for any f £ C°(Sn_1(oo)).

M. T. Anderson in [1] managed to construct appropriate convex sets under
the assumption that the curvature satisfies -a2 < K < -b2, for some constants
a, b > 0. His theorem, which is the same as D. Sullivan's [8] is the following:
Theorem B. Let N" be a complete simply connected Riemannian manifold with
sectional curvature K, satisfying -a2 < K < -b2, for some constants a, b >
0. Then the Dirichlet problem at infinity for A is uniquely solvable for any
/GC°(5"-'(oo)).
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With a modification of his argument we can replace the lower bound of the
curvature with a growth condition to obtain the following:
Theorem. 0.1. Let N" be a complete simply connected Riemannian manifold
with sectional curvature K, and O £ Nn fixed. Denote by g(r) the absolute
value of the minimal sectional curvature in the closed ball of radius r about O.
Suppose the following two conditions hold:

(i) K<-\,
(ii) g(r) < eXr if r > ro, for some X < 1/3.
Then the Dirichlet problem at infinity for A is uniquely solvable for any f g

C°(S"-x(oo)).
Remark. It is obvious, of course, that if there is an O £ Nn satisfying (ii) then
every point of Nn will satisfy the same condition.
1. Preliminaries
Because our proof is based upon that of M. T. Anderson we follow his notation closely. So let N" be a complete simply connected Riemannian manifold
with sectional curvature K satisfying K < -1. We denote the sphere at infinity by Sn~l(oo) which is the set of asymptote classes of geodesic rays; two rays
Y\, 7i'- [0, oo) -* Nn define the same asymptote class if lim^oo dist(yi (t), 72(0)
< oo. There is a natural topology on N = N" US"~x (oo), called the cone topology which is defined in [5] (see also in [1]). Let O £ N" be arbitrary point,
v £ T0N" and denote the truncated cone around v by

T(v,a,r)

= {P£Nn:Z(v,

OP) < a, dist(0, P) > r},

where 0 < a < n, r > 0, and Z denotes the angle in TNn . We denote the
cone around v by T(v, a) = T(v , a, 0). The truncated cones together with
geodesic balls give a basis for the cone topology of N . Eberlein and O'Neill
[5] have shown that it does not depend on the choice of O.
So(r), (resp. B0(r)) denotes the geodesic sphere (resp. the closed geodesic
ball) of radius r centered around O. po denotes the distance function from O.

Construction of convex sets. Let P £ Nn be fixed. In this section we construct
a convex set that contains some cone centered at P but does not contain some
truncated cone with vertex P. These convex sets will satisfy the conditions
in Choi's theorem (Theorem A) yielding Theorem 0.1. Our construction is the
same as Anderson's with the exception of some slight modification. His construction was based upon the fact that if the curvature K < -1 then the 2nd
fundamental form U of S(r) = So(r) remains "big" even when r is large i.e.
U > I, where I is the identity (i.e. (U(X), X) > \X\2). Then we can scoop out
a small piece such that the remaining truncated ball is still convex. Now repeating this process, taking bigger balls and scooping out more and more pieces he
shows that the union of these truncated balls in some direction contains a cone
and in some other direction it does not contain a truncated cone. Everything
depends on the relationship between the diameter of the scoop and the "depth"
of the scoop. That is where he uses the lower bound on the curvature.
We will let the sectional curvature go to -oo but using the growth condition
we will still be able to get the right estimates.
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We start with the analog of [1, Proposition 2.2].
Proposition 1.1. Let P £ N" and Q £ Sp(r) for some r. Define "a" by the

followingformula:
a = ma\{\K(a)\:a

is a two-plane

at R £ Bp(r+ 1)}.

Then there is a ô > 0 absolute constant and a function f £ C°°(Nn),

0< / <

1. f(Q) = 0. and f = 1 outside BQ(\) such that the sublevelsets of pp - ef
are strictly convex subsets of Nn , where e = ô/a.
The proof is the same as of [1, Proposition 2.2] but for the sake of completeness we include it.
Proof. Let <pbe a fixed "good" approximation of min{max{0, 2i-l},
1} such
that tp = 0 on [0, 1/2] and (p = 1 on [1, oo]. Now there is a constant L such

that tp' < L and <p"<L. Let f = (p(pQ). Then D2f = tp"-dp^dp + tp'-D2p
(where D2f denotes the Hessian of /).
Using the comparison theorem, we have that for all R £ Bq(\)

\D2pP(R)\ < a • coth(a • pQ(R)).
From the construction of <p it is immediate that

|Z)2/l<L + L.a-coth(l/2).
We now compute the 2nd fundamental form of {pp - ef = r} .

\\P-ef(X,X)

= w^W{.(D2p-s.D2f)(X,X)

for tangent vectors X satisfying d(pp-ef)(X)
= 0. Because df = (p'dpQ and
q>'< L, this implies that if e is sufficiently small then X is almost tangential
to the sphere around P. On the other hand D2pP(Y, Y) > 1 for dpP(Y) = 0,
\Y\ — 1 (because Kn < -1), so if we choose ô small enough then \\P-Ef will
be positive definite. Hence Proposition 1.1 is proved.

We now start constructing a convex set outside some truncated cone exactly
the same way as M. T. Anderson.
Let v £ TpN" and r — rn > 0. Pick some a, satisfying 0 < a < n. We
write B(r) = BP(r) and S(r) = SP(r).
We now define different sets by induction:

Co = B(r),

T0 = {Q£S(r):Z(v,ÖQ)<a},

Do = 0.

For each Q £ To choose the function / and the number eo according to
Proposition 1.1. Because " a " in Proposition 1.1 does not depend on the choice
of Q, £o is independent of Q. The function / will of course depend on Q.
In the next step we define

Ci,Q = {R£N":pP-eof<ro},

Q = (){CX,Q:Q £ T0},

CX= CX\D0,
Dx=B(rx)\Cx,
Tx = S(rx)\dCx,
and rx = r0 + e0.
Similarly for each Q £ Tx we choose / and £i, where ei is independent of
Q and construct

C2;G= {R £ Nn:pP -exf<rx},

C2 = f){C2,Q:Q£Tx},
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C2 = C2\DX,

D2 = B(r2)\C2,

T2 = S(r2)\dC2,

and

r2 = r1+e1.

Now it is clear how to proceed inductively. We have to prove that the C, 's
are convex sets. The argument of [1] works here too. Proposition 1.1. implies
that Ci and C2 are convex, because these are intersections of convex sets.
Suppose X, Y £ dC2 such that the geodesic y joining X and Y enters D2.
Because C2 is convex y £ C2, so it must enter Di . The convexity of Ci
implies that y must intersect dDi\dCi = intí^), which contradicts f C C2.
This proves the convexity of C2 and the same argument applies to C„ . Let
C = C(v , a, r) = \J C„ , the desired convex set.

Behavior at infinity. It is obvious that C(v , a, r) n T(v , a, r + n) = 0 for any
n > 0 because if a geodesic ray y from P leaves C through 7b the convexity
of C prevents y ever intersecting C again. Hence the closure of C misses an
open set of S"~x(oo).
To prove that C contains an open set of ^"^'(oo) it is useful to have some
estimate on the viewing angle of balls.
Lemma 1.2. Let N" be a complete, simply connected Riemannian manifold with
sectional curvature K < -1. Let O, P £ N" , dist(0, P) = r, and r>b>0.
Denote by <p the half-viewing angle of the sphere Sp(b) from O, that is <p=

ma\{Z(OP, OQ): Q £ SP(b)} . Then we have
(1.3)

<p< be-{r~b)¡2.

Proof. We use comparison theorems to show that the viewing angle in N" is
smaller than the corresponding viewing angle in the hyperbolic space H2(-\).

Let Q £ Sp(b) be such that the angle ¿(OP, OQ) is maximal. Now look
at the corresponding geodesic triangle OPQ in H2(-\), such that the corresponding sides have the same length. Topogonov's theorem [7, Theorem 2.7.6]
tells us that

<p= ¿(OP, OQ) < ¿(OP, OQ)<<p,
where (p is the half-viewing angle of the ball B~(b) in H2(-\).
So it is
enough to estimate the viewing angle in H2(-\).
We use the Poincaré model
and because everything takes place in H2(-\) we do not use " ~ " for the rest
of the proof.
Recall that the hyperbolic (metric) on the Euclidean ball B2(\) is given by

2
dsH = j—£

(1.4)

• dsE,

where dsE is the Euclidean distance.
Let O denote the center of B2(\) and let P £ B2(l) with dist//(0, P) =
r. The geodesic sphere SP(b) intersects the line segment OP in X. Then
dist//(0, X) = r —b. From (1.4) the Euclidean distance of OX can be easily
computed:
distE(0,

X) = (er~b - \)/(er~b + I).

Let Q £ Sp(b) be any point and let Y be the intersection of the circle So(r-b)
and the line segment OQ. Now, because the hyperbolic metric "grows" with
the distance from O it is easy to see that the intrinsic length of the piece of the
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circle So(r - b) joining X and Y is smaller than disin(P, Q) = b. So if we
denote the arc joining X and Y by arc(X, Y) we have from (1.4)

length£(arc(X, Y))<\-(\-

dist£(6>, X)) ■length„(arc(Jr, Y))

<rO.-Ai)-»<r^Now, for the <p¿(OP, OQ) = ¿(OX, OY), we have
(1.5)

<p< be-(r-b)/2,

(because dist£(0, X) < 1)

which proves the lemma.
Returning to our convex set C = C(v , a, r), v £ TPNn , define

ß = sup{Z(« , PQ): Q £ S"-l(oo)\C}
ßi = sup{¿(PX, PY):X £T,, Y£ TM , dist(X, Y) = l}.
From the construction of C it is now obvious that

ß<a + Y,ßii
According to Lemma 1.2.
(1.6)

ßi<\e-r>,

so we have for ß

ß <a+e-'Y,e~ni
To prove that C(v, a, r) contains a cone, we have to show that if we choose
r large enough then ß < n ; that is, we have to prove that

(1.7)

J2e~n^°

asr^oo.

This will be done in the next section.
2. Solution

of the Dirichlet

problem

First we prove the existence of arbitrarily "small" convex neighborhoods of
X £S"-x(oo).
Theorem 2.1. Suppose N" satisfies the conditions of Theorem 0.1. Let O £ Nn .
Given any v g To Nn, \v\ = I, S > 0, <7>0 there is a convex set C, such that

(i) CcT(v,S,q),
(ii)

T(v , ô') n S"-x(oo) c C n Sn~x(oo) for some small 0 < Ô' < ô.

Proof. Let y be the geodesic from O such that y'(0) = v and set a - 3n/4.
Construct according to §1 the convex set C = C(-y'(t), a, st) for some 0 <
S<1First we prove (ii). Because the cone topology of N , defined at the beginning
of §1, does not depend on the base point (see [5]), it is enough to prove that,
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for some large t, C contains a cone, that is C D T(y'(t), n) for some n > 0.
That is, using the notation of §1, we have to prove that

(2.1)

X>->0

asr-,00,

where, according to the construction of C, r = r0 = st,
Recall the definition of en-i from Proposition 1.1:

r„ = rn-i + en-i ■

e„ = S/an,
where ô > 0 is an absolute constant and

a„ = max{\K(a)\:a is a two-plane at R £ BP(r„ + 1)}.
Because a„ < g(t + r„ + 1), where g is the function from Theorem 0.1, we can
choose
En = Ô/g(t + r„ + 1)

and use this e„ in the construction of the convex set C. It is obvious that the
sequence r„ —>oo . Otherwise, if rn < L then e„ would be bounded away from
0 which would lead to a contradiction.
Denote by tn the number of r, 's in the interval [2nr, 2n+xr], n = 0, 1,2,...
and let

(On=

¿2

A-

2"r<n<2"+]r

Using (1.6) we have
0)„<t„-

--e

¿r.

The function g is nondecreasing, therefore, e„ is nonincreasing and hence we

have the following
tn-S/g(t

+ 2n+xr+l)<2nr.

Combining the two inequalities we have
œ„ < ¿

- 2nr • g(t + 2n+xr + 1) • e~rr.

¿o

By the assumption of Theorem 0.1 we know that g(t) < eXt for large enough
t. Recalling that r = st we have
œn<^-2nst-e-2"st-eW+2"+lsll

2o

We can write the exponent of e in the form of t(X + (2X - 1)2"s).
X < 1/3 we can choose j sufficiently close to 1 such that
X+ (2X- \)2ns = c„ <0,
for n = 0, 1, 2, ... .
Moreover it is easy to see that c„ decreases rapidly, that is
cn - cn+i = -2(2A - 1) • 2ns > -2(2A - l)s = d > 0.

Now we have, with an absolute constant L, for u>„
œ„ < L2nt • et{Ca-nd) < L • eW)c*-n(td-i)

f

for large enough t. Because c0 < 0 and d > 0 it is easy to see that

£ ßi < ¿2 m < L • e^'2^ - Y, e-^-V - 0 as t - oo.
That proves (2.1) and claim (ii) as well.
To prove (i) we need the following fact:
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Fact. If N" satisfies the condition of Theorem 2.1 then there is a to, depending
on q, S , a, such that for any t > t0 we have T(y'(t), n -a) c T(v , ô, q).
Proof of Fact. Consider the geodesic triangle Oy(t)Q in A^", where
¿(y(t)0, y(t)Q) - a, distff(y(t), Q) = p. Because the above statement is
obviously true in H2(-\) we only have to prove that

(2.2)

tp= ¿(Oy(t),OQ)<ip = ¿(Öy(t), OQ)

where Oy(t)Q is the corresponding geodesic triangle in H2(-\).
It now follows from the Rauch comparison theorem (see [3, 1.28 and 1.30]) that u =
disido, Q) > dist#(<9, Q) - ü. Form the geodesic triangle Öy(t)Qx in

H2(-l), such that dist//(Ö, Qx) = u, dist#(Ö, y(t)) = t, and distH(y(t), Qx)
— p. Then Qx is in the intersection of the circles S~(u) and S7(t)(p). In
H2(-1 ) geodesic balls are actually Euclidean balls (because isometries of H2(-1 )
are the Moebius transformations that preserve circles, but not centers) and because u > ü it is fairly easy to see that

¿(Ö~y(t),ÖQx)<(p.
Again applying Topogonov's theorem [7, Theorem 2.7.6] to the geodesic trian-

gles Oy(t)Q and Oy(t)Qx, we see that

tp= ¿(Oy(t), OQ) < ¿(Oy(t), OQx)< ¿(Oy(t), OQ)= (p.
This proves (2.2) and the fact as well.
We now return to the proof of Theorem 2.1. From the construction of C =
C(—y'(t), a, st) it is obvious that

(2.3)

CcBy(l)(st)UT(y'(t),7t-a).

Fact implies that for large t, T(y'(t), n - a) c T(v, ö, q) and from Lemma
1.2 it is obvious that for large t, By^(st) c T(v, S, q). This proves (i) and
the theorem as well.
Proof of Theorem 0.1. As a consequence of Theorem 2.1. and Choi's theorem
(Theorem A) we have our main theorem. The proof is rather easy moreover it
is exactly the same as of Theorem 3.2. in [1].
Because the curvature K < —1, Nn satisfies the visibility property (see [5]),
that is, for each x, y £ Sn~x(oo) there is a unique geodesic "joining" x and
y (being in the asymptote class defined by x and y as in §1). Therefore we
can define the convex hull C(S) of a given set S c Sn~x(oo) to be the smallest
geodesically closed set in A^ containing 5.
The main tool in the proof of [1, Theorem 3.3] was the existence of "large"
convex sets, that is, the following:

Lemma 2.2. Suppose Nn satisfies the assumptions of Theorem 0.1. Then for
each O £ Nn and v £ ToNn and for any 0 < a < y < n, for large enough t
the convex set C = C(v , a, t) will satisfy
Sn-x(oo)nT(-v,

n-y)cCnS"-x(oo)

c SB-1(oo) n T(-v , n - a).
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Proving Lemma 2.2 is the same as proving (1.7) or (2.1) which was basically
done in the proof of claim (ii) in the proof of Theorem 2.1.

Now the proof of [1, Theorem 3.3] applies without any change in our case
too. So we have the analogous theorem.

Theorem 2.3. Let N" be a complete simply connected Riemannian manifold
satisfying the assumptions of Theorem 0.1. If S is a closed set in Sn~x(oo),
then C(S)nSn-x(oo) = S.

References
1. M. T. Anderson, The Dirichlet problem at infinity for manifolds of negative curvature, J.

Differential Geom. 18 (1983), 701-721.
2. W. Ballmann, On the Dirichlet problem at infinity for manifolds of nonpositive curvature,

Forum Math. 1 (1989), 201-213.
3. J. Cheeger and D. Ebin, Comparison theorems in Riemannian geometry, North-Holland,

Amsterdam, 1975.
4. H. I. Choi, Asymptotic Dirichlet problems for harmonic functions on Riemannian manifolds,

Thesis, Univ. California, Berkeley, 1982.

5. P. Eberlein and B. O'Neill, Visibilitymanifolds,PacificJ. Math. 46 (1973), 45-109.
6. W. I. Kifer, Brownian motion and harmonic functions on manifolds of negative curvature,

Theory of Probab. Appl. 21 (1976), 81-95.
7. W. Klingenberg, Riemannian geometry, De Gruyter, 1982.
8. D. Sullivan, The Dirichlet problem at infinity fora negatively curved manifold, J. Differential

Geom. 18(1983), 723-732.
Department

of Mathematics,

University

of Notre Dame, Notre Dame, Indiana 46556

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use

