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COMPACT PERTURBATIONS OF CERTAIN CSL ALGEBRAS

E. G. KATSOULIS AND S. C POWER

(Communicated by Paul S. Muhly)

Abstract. In this note we show that several CSL algebras, including

Alg^(20°, <, nip),        Q<p<\,

have compact perturbations that are norm closed.

If A is an operator algebra acting on a separable Hubert space %? and

Coo(^) is the ideal of compact operators in B(ßT), then the algebra

A + C00(X') = {A + K\AeA,  K£C00(J^)}

is called the algebra of compact perturbations of A. The study of such algebras

has had an important impact both on single operator theory and on the theory of

operator algebras. Compact perturbations of nest algebras, the quasitriangular
algebras, have been the subject of extensive research and deep results have been

obtained by several authors (see [1, 7]). The fact that these algebras are norm

closed was proven by Fall, Arveson, and Muhly [3]. A natural generalization of

nest algebras are the CSL algebras; these are reflexive algebras whose invariant

subspace lattice consists of mutually commuting projections and is referred to
as a CSL. Hopenwasser, Laurie, and Moore [8] extended the result of Fall,

Arveson, and Muhly to completely distributive CSL algebras and Gilfeather,
Hopenwasser, and Larson [6] to CSL algebras with finite width lattices. On

the other hand, Froelich [5] constructed an example of a CSL algebra whose

compact perturbations are not norm closed. The purpose of this note is to

present new classes of CSL algebras with closed compact perturbations.

We start with the algebras Alg S?(2°° , <, mp), 0 < p < 1. These algebras
were introduced in [2] and studied in [4, 5, 9]. Several authors have asked

if they have closed compact perturbations (see [5, p. 36]). The main reason

for such a question is the absence of compact operators in these algebras; all

known techniques for showing that certain CSL algebras do have closed compact

perturbations depend heavily on the abundance of finite rank operators. In

spite of this, in our case one proceeds by estimating the distance of an arbitrary

compact operator from Alg(2°°, <, mp), 0 < p < 1.
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Theorem 1. Let S? be a lattice of projections, and let Q be an operator belonging

to the weak closure of S?, whose spectrum does not contain 0 and 1. Then for

any compact operator K in B(%?)

\\Q-l\\-l\\íi-Q)-l\\-l\\K\\<distíK,Aig¿?)<\\K\\.

Proof. We establish the left inequality since the right one is trivial. First we

assume that K = £"_, e¡ ® f is a finite rank operator. Since Q belongs to the

weak closure of ¿zf , there exists a sequence LfI/}~, of projections in SC that

converges weakly to Q. Hence, the sequence {EHe, ® fi)Ej}°°=l converges, in

the weak operator topology, for all a and thus

WQ-'W-'Wil-Qy'VWKW^Wil-QWQW

< liminf \\EfKEj\\

< liminf \\EfiA - K)Ej\\ < \\A - K\\

for any operator A in Alg S? . This proves the result in the case where K is

of finite rank. The general case follows from the fact that the distance function

is norm continuous.   D

Corollary 2. Let Sf be any noncompact CSL . Then there exists a nonzero

projection P in 2"' such that the algebra Alg(P^) + C^ÍPÍ^)) is norm

closed.

Proof. Since 5? is not compact in the strong operator topology, there exists a

positive contraction Q in the weak closure of 2? that is not a projection. The

Spectral Theorem implies now the existence of a projection P £ 3"' such that

the spectrum of the operator PQP, acting on P(^), does not contain 0 and

1. With this P the result follows; indeed, if Aj £ AlgiP3), Kj £ C00(/'(^')),
and {Aj + Kj}JL{ converges in the norm operator topology then it is a Cauchy

sequence. Thus, by Theorem 1 the same true for {Kj}^x and the conclusion

follows.   D

Corollary 3. The algebras

Alg2(200,<,mp) + C00(^),        0<p<l

are norm closed.

Proof. Let {^«}^i, be the standard generating family of ^(2°° , <, mp) (see

[2] or [9] for more details). It is easy to check that this sequence converges

weakly to the operator M, which multiplies every element of ^ by the con-

stant function p. The result follows now from Theorem 1 and the fact that

both M and I - M are invertible.   G

Remarks, (i) If 5C is a (not necessarily commutative) subspace lattice

which contains ¿¿?(2°°, <, mp) then Alg J? has closed compact perturbations.

In particular, this applies to a lattice with an Arveson representation

^f(X, <, m), which arises from an infinite direct product

oo

iX,<,m) = Y[{Xn,<n,mn)
n=\

with m„ a nonatomic probability measure (and each Xn nontrivial). Indeed

using elementary cylinder sets of measure 1/2 leads to a natural identification
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of 2(2°° , <, AAI1/2) as a sublattice of 5?(X, <, m). In fact these lattices co-

incide with infinite tensor products of nonatomic commutative subspace lattices

(see [9]).
For another example consider the infinite direct product (X ,<, p) in which

each factor is a countable totally ordered set with a faithful measure. Then

either Jîf(X, <, m) is purely atomic, or, by the simple grouping argument

of [9, p. 523], there is a sublattice unitarily equivalent to ¿2?(2°°, <, mx/2).

It follows that for an arbitrary sequence {/An}£l, in the open unit interval

(0, 1), the direct product lattice 2(2°°, <, p) for the probability measure

p = px x Pi x ••• > where Pk({0}) = Pk, Pki{I}) = 1 - Pk, has a reflexive

algebra with closed compact perturbations.

(ii) Theorem 1 suggests the following abstract scheme for constructing non-

compact lattices whose algebra has closed compact perturbations. Let A be any

atomless maximal abelian von Neumann algebra and let A e A be any positive

contraction whose spectrum does not include 0 and 1. Then there exists a se-

quence {Ej}^ of projections in A that converges weakly to A. If ¿¿a is the

lattice generated by {Ej}Jix, then it is not compact and Alg S'a contains no

nonzero compact operators and has closed compact perturbations.

We now unify the results of Gilfeather, Hopenwasser, and Larson [6] and

Hopenwasser, Laurie, and Moore [8]. Except for one modification, our proof

follows step by step the proof of Gilfeather, Hopenwasser, and Larson in [6]

and we suggest that the reader first reads their proof.

Theorem 4. Let S? be a commutative subspace lattice generated by a completely

distributive CSL 3o and finitely many commuting nest Jfi, i = 1, 2, ... , n .

Then the algebra Alg Jz? + Coo(^) is norm closed.

Proof. For convenience we deal only with the case where Sf is generated by a

completely distributive CSL 2o and a nest Jf. (In the general case, one argues

as in Theorem 5.5 in [6].)
Let y/ be an expectation from B(%f) onto Jf' such that for any operator

X, the operator y/(X) = (id-^)(X) belongs to the ultraweakly closed convex

hull of

{EXF\E, F are intervals from J(, E <^F and ELF}.

Let Aj £ Alg S?, Kj £ C^ß^) and assume that Aj + Kj -, T. We proceed
in two steps.

Step 1. y/(T) belongs to Alg J? + Coo(^) ■ Indeed since y/ is norm contin-

uous, y/(Aj) + y/(Kj) -, y/(T). But y/(Kj) £ Cx(ßT) and y/(Aj) £ Jf'nAlgSCo
for all J and thus y/(T) belongs to the norm closure of (^#'nAlg^o)+C00(^).

However, Lemma 5.3 in [6] shows that this algebra is closed and so Step 1 is

complete.
Step 2. y/(T) belongs to Alg 2 + C^Zf). In [3] Fall, Arveson, and Muhly

define a linear subspace & to be local if the ultraweak closure of 9~ n Coo(^)

contains &. They then prove that if & is local and norm closed, then &" +

Coo(^) is norm closed. Hence it is enough to prove that the norm closure

of y/(Alg S?) is local. Since .So is completely distributive, any operator A

in Alg J? is the ultraweak limit of compact operators in Alg 3o (see [8]) and

thus, for every pair E, F of intervals from Jf such that E < F and ELF,

EAF is the ultraweak limit of compact operators belonging to Alg .¿on Alg ^# =
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Alg S?. The properties of y/ guarantee that the same is true for \p(A) and the
proof of Step 2 is complete.

The conclusion follows immediately from Steps 1 and 2.   D
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