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Abstract. For a three-dimensional model of a positive feedback loop, Selgrade

[11, 12] proved that every positive-time trajectory in the nonnegative orthant

converges. Hirsch [6] gave another proof of this result under slightly different

assumptions. This paper provides a new proof of Selgrade's result that is much

shorter and presents a generalization that can be applied to positive and negative

feedback loops and other systems.

1. Introduction

Consider the system of differential equations

(1) x = -ax + f(z)       y = x - by       z = y-cz,

where a, b, and c are positive constants, and x, y , and z are nonnegative

variables. Many authors have studied this model (see [1-6, 10-13]). If / is
C1 and /' > 0, then system (1) describes a positive feedback loop; if / is
C1 and /' < 0, then system (1) describes a negative feedback loop. Selgrade
[11, 12] studied the positive feedback system (1) and proved the following main

theorem:
If ( 1 ) satisfies the following conditions for z > 0 :

(Al) /(z)>0 if z#0;
(A2) / is C1 and /'(z)>0;
(A3) f(z) is bounded, and
(A4) the equilibria are finite in number;

then every positive-time trajectory converges to an equilibrium (see [11, Theo-
rems 9.1, 10.2]). Using the order-preserving properties of cooperative systems

and the first Cech cohomology group, Hirsch [6] provided another proof of
Selgrade's theorem under slightly different assumptions (see [6, pp. 104-105]).

The purpose of this paper is to propose a new simpler proof and a generaliza-

tion of Selgrade's theorem. Actually, we shall present a criterion for convergence
of solutions of (1). This criterion can be applied to positive feedback loop (see
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Corollary 2), negative feedback loop (see Corollaries 3, 4) and other systems

(see Remark 4). The method employed here is based on an idea of Liapunov
to construct a function that decreases along solutions with increasing time (see

[7-9]).

2. The main results

Let Sx = a + b + c, S2 - ab + be + ca, and S3 = abc where a, b, and c
are positive. Denote by R3 the nonnegative orthant of R3.

In this paper, we shall prove the following results.

Theorem 1. Assume that f is Cx on [0, 00) and that R3 is positively invariant

for (1). If SxS2 - S3 +/'(z) > 0 for z > 0, then every bounded solution of il)
converges to an equilibrium.

Corollary 2. Suppose that (1) satisfies assumptions (Al) and (A2). Then every

solution of il) converges to an equilibrium if and only if fizk) < S^zk for some

sequences zk —> 00.

If /(z) = (1 + zm)~x for An > 1, the system (1) is a model of a neg-

ative feedback cellular control process studied in [2-4, 10, 13]; if /(z) =

a(l + exp[-AC - p(b - c)z])~x where a and p are nonnegative numbers and

0 < b < c, the system (1) is a nerve equation studied in [1]. For each of these

two systems, we give the following condition for the unique equilibrium to be

globally asymptotically stable.

Corollary 3. // f(z) = (1 + zm)~x for m > 1 and

SxS2 - S3 + /'( y(m-l)/(m + l)) > 0,

then the unique equilibrium of (I) is globally asymptotically stable in R+ .

Corollary 4. If f(z) = a(l + exp[-A: - />(/> - c)z])~x where 0 < b < c and

SxS2 - S3 + \apib - c) > 0, then the unique equilibrium of (1) is globally

asymptotically stable in R3 .

Remark 1. For positive feedback loop, Selgrade's theorems in [11, 12] and

Hirsch's result in [6] are contained in Corollary 2.

Remark 2. Othmer [10] studied the asymptotic behavior of the flow generated

by the vector field F(x ,y, z) = (-kxX + (l+Kxzm)~x, kxx-k2y, k2y-kjz).
He proved that for fixed m , when k\ = k2 and either K\ is sufficiently small

or AC3 is sufficiently large, the unique equilibrium is globally asymptotically

stable (see [10, Propositions 1-5]). We can easily transform this system into

(1) with f(z) = (1 + zm)~x , a = kxp, b = k2p, and c = k^p where p =

(kxk2K¡'m)~x/3. The above-mentioned result of Othmer follows immediately

from Corollary 3.

Remark 3. Let F(x, y, z) = (-ax + (l + zm)~x , x- by, y -cz), and denote

by u the unique equilibrium of Hastings [4, p. 514], which is stated by the

following proposition: Suppose abc < 1. Then there is a aaao such that DF(u)

has two eigenvalues with positive real parts whenever m > mo. However,

this is not true if a, b, and c are allowed to vary with m . For example, if

we put a = b = m and c = (2m2)~x , then we can easily prove that u is
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globally asymptotically stable for sufficiently large m by Corollary 3; however,

abc = \ < 1.

Remark 4. Theorem 1 can be applied to the system that is neither positive

feedback loop nor negative feedback loop. For example, let a = b = c = I and

f(z) — j(3 - cos2z) in (1). We can prove that R3 is positively invariant and

every trajectory in R^ is bounded. It is easy to show that SiS2 -S3 + /'(z) > 0

and that ( 1 ) has a unique equilibrium in R3^. Applying Theorem 1 we know

that the unique equilibrium is globally asymptotically stable in R3 ; however,

/'(z) = sin2z, which changes sign on [0, 00).

3. The proof of results

Proof of Theorem 1. Let L = {tibe, c, 1) : t > 0} and E be the set of equilibria
for ( 1). It is easy to see that E c L. In order to construct a Liapunov function,

we shall make a change of coordinates that takes L to the u-axis; therefore,

(2) u = z       v — y - cz

Transforming (1) by (2), we obtain

(3) ù = v       v = w - Sxv

We construct the Liapunov function,

1 f"
V(u ,v,w) = -(S1S3M2 + 2S3uv + S2v2 + w2) - vf(u) - Sx      f(x) dx.

2 Jo

Differentiating V along a solution of (3) yields

^ = -(S,S2-S3 + /'(M))a;2<0.

If (u(t), v(t), w(t)) is a bounded solution of (3), then the symbol of limit

v(t) = 0 by LaSalle's invariance principle (see [9, Theorem 2]). Denote by £2

the limit set of the solution; Q is a compact, connected subset of the plane

{v = 0} . For any (wn, vq , wq) e £2, (3) has one solution (uo(t), Vo(t), Wo(t))

with initial point (uq , Vo, too) defined on R such that (uo(t), Vo(t), Wo(t)) £ £2

for t £ R. Hence, Vo(t) = 0, Uo(t) = «o, and Wo(t) = 0, that is, £2 consists
of equilibria of (3). Equivalently, every bounded solution of (1) approaches the

set of equilibria.
We write p < q (p < q), where p and 0 are vectors in R3, in case the

specified inequality holds componentwise. If p and q are two vectors with

p < q , let [p, q] = {r : p < r < q} .

Let Q be an w-limit set of a bounded solution (x(t), y(t), z(t)) for (1),

as just proved, £2 c LCi E. We claim that £2 only contains one point. If

not, it follows from the compactness of £2 that there are maximal and minimal

elements p, q of £2 under the partial order <. Hence, p < q. Let p —

(xx, yx, zx) and q = (x2, y2, Z2). Denote by / the closed line segment with

endpoints p and q. By the connectedness of £2, we can easily prove that

£2 = i. Equivalently, f(z) = S3Z for zx < z < z2. Since f'(z) = S3 > 0
for zx < z < z2, following Hirsch [5], (1) is a cooperative system on [p,q].

The well-known Kamke theorem (see [5, p. 425]) tells us that if rx, r2 £ [p, q]

with rx < r2 and r,(i) £[p, q] for all í > 0   (/' = 1, 2) then rx(t) < r2(t) for

w - x + ay - (a + b)cz.

w = -S3M - S2v + f(u).
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all t > 0, where r,(r) is the solution of (1) with initial point r¡ (a = 1, 2).

Therefore, it follows from i c E that [r, q] is a positively invariant set for

any r £ I. Choose a point r0 £ I such that p < r0 < q. Since q £ £2,

there exists in > 0 such that (x(in) > yito) > z(¿o)) G [r0, q]. Because [ro, q] is

positively invariant, (x(t), >>(/), z(r)) G [a*o, q] for t > to, which implies that

£2 c [ro, q] , contradicting £2 = a . This contradiction shows our claim, that is,

(x(r), y it), z(/)) converges as t -, oo. This completes the proof.

Remark. If F(w, v, w) —> oo as «2 + v2 + w2 —> oo, every solution of (1) in

R3  is bounded.

Proof of Corollary 2. It follows from (A2) that R3 is positively invariant. Since

SiS2 - S3 > 0 and /'(z) > 0 for z > 0, S[S2 - S3 + f'(z) > 0. In order to
prove Corollary 2, by Theorem 1, it suffices to prove that every solution of (1)

in R^ is bounded if and only if fizk) < S¡zk for some sequences zk —► oo.

The vector field of (1) is denoted by F . We write í> = (be, c, 1). If for
sequences zk —> oo, f(zk)<Sizk, then by calculation F(z¿<I>) < 0. It follows

from [11, Lemma 2.3] that the positive orbit of zk<t> is bounded and its w-limit

set is an equilibrium. By the well-known Kamke theorem, every solution of ( 1 )

is bounded. Conversely, there is a Z such that /(z) > S3Z for z > Z . This

implies that F(z4>) ^ 0 for z > Z . It is easy to see that the set of equilibria
for ( 1 ) is bounded. Without loss of generality, we may assume that all equilibria

of ( 1 ) are contained in [0, Z]. Therefore, it follows from [11, Lemma 2.3] that

the positive orbit of z is unbounded for z > Z . The proof is complete.

Proof of Corollary 3. By Theorem 1, to complete the proof it suffices to show

that /'(z) > /'( ï/{m- l)/(m+l)) for z # ty(m - l)/(m + 1).
By calculation, we know that f'(z) = -mzm~x(l + zm)~2 and f"(z) -

-mzm~2(l + zm)~3[m-l-(m + l)zm]. Hence, when z= %/(m - l)/(m+ 1),

/'(z) has minimum value, i.e., f'(z) > /'( t^/(m - l)/(m + 1)) for z ^

t¡/(m - l)/(m + 1). This completes the proof.

Proof of Corollary 4. By Theorem 1, to complete the proof it suffices to show

that f'(z) > \ap(b - c).
By calculation we see that

f'(z) = ap(b - c) exp[-Ac -p(b - c)z](l + exp[-k -p(b - c)z])~2.

It is easy to see that

x(l+xr2<±   forx>0.

So we immediately obtain that

f'(z)> \ap(b-c)   forz>0.

This proves Corollary 4.
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