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Abstract. It is shown that a norm-closed subtriple ß of a 7ß*-triple A is an

inner ideal if and only if every bounded linear functional on B has a unique

norm-preserving extension to a bounded linear functional on A . It follows

that the norm-closed subtriples B of a C*-algebra A that enjoy this unique

extension property are precisely those of the form eA"filA where (e,f) is

a pair of centrally equivalent open projections in the W^-envelope A** of A .

1.  INTRODUCTION

A complex Banach space A equipped with a triple product

(a, b, c) —» {a b c} = D(a, b)c

that is symmetric and linear in the first and third variables and conjugate linear

in the second variable is said to be a JB*-triple if the following conditions hold:

(i) The mapping D is continuous from A x A into the Banach space of

bounded linear operators on A ;

(ii) For each element a in A , the linear operator iD(a, a) is a derivation of

the triple product structure, that is, satisfies the condition that for all elements

b, c, and d in A ,

iD(a, a){bcd} = {iD(a, a)bcd} + {biD(a, a)cd} + {bciD(a, a)d};

(iii) For each element a in A , the operator D(a, a) is hermitian with non-

negative spectrum and such that \\D(a, a)\\ - \\a\\2.
An important characterization of JB*-triples is that obtained by Kaup who

showed that a complex Banach space possesses a triple product with respect to

which it is a JB*-triple if and only if its open unit ball is a bounded symmetric

domain. The properties of //?*-triples and of those //?*-triples that are dual

spaces, the JBW*-triples, have been the subject of much research in recent

years. For the basic theory of JB*-Xrip\es the reader is referred to [20] and [27]

whilst for that of JB W*-triples one is referred to [3-10, 16, 18, 19, 22].
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Examples of JB*-triples are 7F*-algebras [29] (Jordan C*-algebras [28]) with

triple product defined for elements a , b, and c by

{a b c} = a o (b* o c) - b* ° (c o a) + c o (a o b*)

where (a, b) —> a o b is the Jordan product. In particular, every C*-algebra is

a JB*-triple with triple product defined for elements a, b , and c by

{abc} = (ab*c + cb*a)/2.

Consequently, JBW*-algebras [29] (Jordan H/*-algebras [9]) and ^"-algebras

provide examples of JBW*-triples.

A subspace B of a JB*-Xriple A is said to be a subtriple if {BBB} is con-

tained in B and is said to be an inner ideal in A if {BAB} is contained in

B. A norm-closed subtriple of A is itself a 75*-triple and an inner ideal in

A is clearly a subtriple of A . Some progress has been made in the classifica-

tion of inner ideals in JBW*-triples [11-15, 23, 27]. However, the algebraic

characterization requires a consideration of different cases. The purpose of this

paper is to provide a geometric characterization of norm-closed inner ideals in

any JB*-triple A amongst all norm-closed subtriples of A . It is shown that a

norm-closed subtriple B of A is an inner ideal if and only if every bounded

linear functional on B has a unique norm-preserving linear extension to A . It

was shown by Phelps [25] that the closed subspaces W of a Banach space V

that enjoy this unique norm-preserving linear extension property are precisely

the annihilators W° of which have the property that for every element x of

V* there is a unique element of W° at which the distance from x to W° is

attained. This gives a further characterization of norm-closed inner ideals in a

JB*-Xriple.
In recent papers [11, 13] the authors showed that there is an order isomor-

phism

(e,f)-+eA**fr\A

from the complete lattice of centrally equivalent pairs of open projections in

the W/*-envelope A** of a C*-algebra A onto the complete lattice of norm-

closed inner ideals in a C* -algebra. Consequently, the norm closed subtriples

of the C* -algebra A the bounded linear functionals on which possess unique

norm-preserving extensions to A are precisely those of the form eA**f n A .

Moreover, by restricting attention to *-subalgebras rather than subtriples it can

be seen that the norm-closed *-subalgebras of A that enjoy the unique norm-

preserving extension property are those of the form eA**e n A for some open

projection e in A**. These are of course the hereditary C*-subalgebras in

A. This is a slightly weaker result than that recently obtained by Kusuda [21]

who showed that the hereditary C*-subalgebras of A are precisely those whose

states have unique extensions to states to A. However, as a consequence of

the proofs of the main results of this paper, it can be seen that the theorem of

Kusuda also holds for /F*-algebras.

2. Main results

A Jordan *-algebra A that is also a complex Banach space such that for all

elements a and b in A,

||flo¿,||<||a||||6||,     Hal = ||a||,    and   \\{aaa}\\ = ||a||3
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where

{abc} — a o (b* o c) - b* o (c o a) + c o (a o b*)

is the Jordan triple product on A, is said to be a JB*-algebra [29] (Jordan

C*-algebra [28]). Examples of /ZT-algebras include all C*-algebras A with
Jordan product defined for elements a and b in A by

a o b = (ab + ba)/2.

A Jß*-algebra A that is the dual of a Banach space A* is said to be a JBW*-

algebra (Jordan W*-algebra [9]).
A real Jordan algebra A that is also a Banach space such that for all elements

a and b in A,

||a2-/32||<max{||tf2||,||/32||}   and   ||«2|| = ||«||2,

is said to be a JB-algebra. The set A+ consisting of squares of elements of A

forms a norm-closed cone in A. For elements a and c in A , let Ua,c denote

the bounded linear operator operator on A defined, for each element b in A ,

by Ua,cb = {abc} . The positive bounded linear operator Ua,a is denoted by

Ua . A subspace B of a real Jordan algebra A such that {BAB} is contained

in B is alternatively referred to as an inner ideal or as a quadratic ideal.

If the /ß-algebra A is the dual of a Banach space ^4* then A is said to be

a JBW-algebra. In this case /4+ is weak*-closed and monotone complete. It

follows that A possesses a multiplicative unit and a unique predual. Let A*_

denote the weak*-closed cone of elements of A* that are positive on A+ . Then

A+ can be identified with the cone of positive normal linear functionals on A .

The selfadjoint part Asa of a //?*-algebra A (respective, JBW*-algebra) is

a JB-algebra (respectively, JBW-algebra) and every JB-algebra (respectively,

JBW-algebra) is obtained in this manner. The correspondences so established

are one-one. Moreover, for a JBW*-algebra A, (Asa)t coincides with (A,)sa .

Examples of JB W* -algebras are If*-algebras with the Jordan product defined

above. For more details to the theory of the Jordan algebras defined above, the

reader is referred to [2, 7-9, 17, 26, 28, 29].
The first two results are slight generalizations of the corresponding results for

C*-algebras.

Lemma 2.1. Let A be a JBW-algebra with unit e and predual A* and let B
be a weak*-closed Jordan subalgebra of A. Then B is an inner (quadratic)

ideal in A if and only if every element of the cone B+ of positive normal linear

functionals on B has a unique norm-preserving extension to an element of A+ .

Proof. Let B be a weak*-closed inner ideal in A . By [7, Theorem 2.3], there

exists an idempotent p in A such that B coincides with UPA . Moreover, the

predual 5» of B can be identified with U*A,. Under this identification the

cone Bf coincides with U*A% . Now let x be an element of U*A+ and let y

be an element of A+ such that y\s — x\b and ||y|| = ||x||. Then U*y and x

coincide. Since \\U*y\\ - \\y\\, it follows from [2, Lemma 4.10] that x = y .

Conversely, suppose that B is weak*-closed Jordan subalgebra of A with

the property that every element x in /?+ has a unique extension y/(x) to

an element AX such that ||v(x)|| = ||x||. For each element y of A* let

<p(y)  denote its restriction to B.   Then 0 is a positive norm nonincreasing



1052 C. M. EDWARDS AND G. T. RÜTTIMANN

linear mapping from A* onto ß*. The adjoint cf>* of </> is the inclusion

mapping from B into A. By [1, Theorem 12.6], each element x in B* has

a unique decomposition x = X\ — Xi, with x\ and x2 in ß+ , satisfying

IWI = llxill + ll*2ll • Moreover, there exists an idempotent q in B such that,

UqXi = Xx , U*x2 = 0 , U*_qXx = 0, U*_qx2 = x2 ,

where p denotes the unit in B . For each such element define

y/(x) = y/(xx)- y/(x2).

Then

||*(*)||sH*rll + ||*2ll = M.
Moreover,

\\y/(x)\\ > y/(x)(2q -p) = xx(q) + x2(p - q) = \\xx\\ + \\x2\\ = \\x\\.

Since the norm is additive on A+ , it is clear that y/ is a positive linear isom-

etry from B* into A*. Therefore, the adjoint y/* of y/ is a positive weak*-

continuous norm nonincreasing linear mapping from A into B . For each

element x in B* and b in B,

x(yv*rb) = y(x)(<p*b) = x(b)

and it follows that y/*<p*b = b. Hence, y/*4>* is a positive weak*-continuous

norm nonincreasing projection from A onto B. Next observe that for each

element y in A\ ,

\\v<Ky)\\ = U(y)\\ =y(P) = y(uPe) = u;?(e) = \\u;y\\.

Moreover, for b in B,

(0^(y))(A3) = <p(y)(i/f'<l>*b) = <P(y)(b) = y(<p*b)

- y(Up(cp*b)) = U*py(cp*b) = (0C/;y)(6).

By uniqueness it follows that y/(p(y) = U*y and hence that 4>*yi* = Up . There-

fore B coincides with the weak*-closed inner ideal UPA and the proof is com-

plete.

Let A be a JB -algebra with dual A* and second dual A** . When endowed

with the Arens multiplication, A** isa JB l^-algebra with predual A*, which

is said to be the JBW-envelope of A. The canonical mapping from A into

A** is an algebraic isomorphism. In what follows, a Banach space will always

be identified with its image in its second dual under the canonical mapping.

The next result is not needed in the proof of the main theorems but provides

a slight extension of Theorem 2.2 of [21].

Corollary 2.2. Let A be a JB-algebra with dual A* and let B be a norm closed

Jordan subalgebra of A . Then B is an inner (quadratic) ideal in A if and only

if every element of the cone B*+ of positive linear functionals in B* has a unique

norm-preserving extension to an element of A*+ .

Proof. Let B be an inner ideal in A . By [8, Theorem 2.3], there exists a unique

idempotent p in A** such that B coincides with UPA** n A and the weak*

closure of B in A** with UPA** . Since the preduals of A** and B** are

respectively identified with the duals of A and B, Lemma 2.1 shows that B

has the required extension property.
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Conversely, if B has the given property it follows from Lemma 2.1 that B**

is an inner ideal in A**. Since, under the usual identification, B coincides

with B** n A , it follows that B is an inner ideal in A .

It should be observed that the norm-closed inner ideals in a /5-algebra co-

incide with its hereditary norm closed Jordan subalgebras. Moreover, since the

selfadjoint part of a 7ß*-algebra is a /ß-algebra and every 7/?*-algebra arises

in this way, the above result could just as easily be phrased in terms of hered-

itary norm-closed Jordan *-subalgebras of a /5*-algebra, thereby generalizing

[21, Theorem 2.2].
An element u in a /5*-triple A is said to be a tripotent if {u u u} is equal

to u. The set of tripotents in A is denoted by W(A). For each tripotent u,

the operators Q(u), Pj(u), j = 0, 1, 2, are defined by

Q(u)a = {uau},       P2(u) = Q(u)2,

Px (u) = 2(D(u, u) - Q(u)2),        Po(u) = 1- 2D(u, u) + Q(u)2.

The linear operators Pj(u), j = 0, 1, 2, are norm nonincreasing projections

onto the eigenspaces Aj(u) of D(u, u) corresponding to the eigenvalues j/2

and

A = Ao(u) @A\(u)@ A2(u)

is the Peirce decomposition of A relative to u . For i, j, k = 0, 1, 2, A¡(u)

is a norm-closed subtriple such that

{A¡(u)Aj(u)Ak(u)} C Ai_J+k(u)

when i - j + k = 0, 1 , or 2 and {0} otherwise, and

{A2(u)Ao(u)A} = {Ao(u)A2(u)A} = {0}.

Let A be a JB ^"-triple. Then the operators D(a, b), Q(u), Pj(u), j —
0, 1,2, are weak* continuous and Aj(u), j' — 0, 1,2, are weak*-closed sub-

triples of A. Moreover, Aq(u) and A2(u) are weak*-closed inner ideals in

A and A2(u) is a JBW*-algebra with product (a, b) —> {aub}, unit u, and

involution a —> {uau}.

For two elements u and v in ?/(A) we write u < v if {uvu} = u. This

defines a partial ordering on i/(A) with respect to which %(A) with a greatest

element adjoined forms a complete lattice [10]. An element u in ^(A) is

maximal if and only if ^o(w) is zero, or, equivalently, if and only if u is an

extreme point of the unit ball Ax in A .

For each element a in the JBW*'-triple A there exists a smallest element

r(a) in W(A), called the support of cz, such that a is a positive element in the

JBW*-algebra A2(r(a)).

Lemma 2.3. Let A be a JBW*-triple and let B be a weak*-closed subtriple of

A . Then B is an inner ideal in A if and only if \Jue&<B) ^2(«) Ç B and, in

this case, \Ju€W{B) A2(u) = B .

Proof. Let B be an inner ideal in A. Then for each element u in f¿(B),

A2(u) is contained in B. Conversely, suppose that a is an element in B with

support r(a) in A. Since, by [10] and [16], r(a) is contained in the smallest

weak*-closed subtriple of A containing a, it follows that r(a) lies in B. But
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A2(r(a)) is an inner ideal and, therefore,

{aAa} çA2(r(a)) ç B

by hypothesis, and it follows that B is an inner ideal in A . Furthermore, since

a is contained in A2(r(a)), it follows that B C \Jue%/iB\ ̂2(") ar*d the proof is

complete.

Lemma 2.4. Let A be a JBW*-triple and let u be a tripotent in A. Then every

weak*-continuous linear functional on the weak* closed inner ideal A2(u) in A

admits a norm-preserving extension to an element of A*.

Proof. Let x be an element of A2(u)t. Since P2(u) is a weak*-continuous

norm nonincreasing projection, it follows that x o P2(u) is an extension of the

required kind.

Recall that for each element x in the predual A* of a JBW* -triple A there

exists a unique element e(x) of %(A), called the support of x such that the

restriction of x to A2(e(x)) is a faithful positive normal linear functional [16,

Proposition 2; 10, Corollary 4.2].
We proceed to the first main result.

Theorem 2.5. Let A be a JBW*-triple and let B be a weak*-closed subtriple

of A. Then B is an inner ideal in A if and only if every weak*-continuous

linear functional on B has a unique weak*-continuous norm-preserving linear

extension to A.

Proof. Suppose that B is an inner ideal in A and x is an element of £*.

Let eB(x) be the support of x in %(B). The restriction of x to B2(eB(x))

is a positive normal linear functional such that x(eB(x)) = \\x\\. Since B is

an inner ideal in A, B2(eB(x)) coincides with A2(eB(x)). By Lemma 2.4

there exists an element y in A* that agrees with x on A2(eB(x)) and such

that ||y|| = ||x||. Let z be a norm-preserving linear extension of x to A. It

follows that z is a norm-preserving linear extension of the restriction of x to

A2(eB(x)). By [16, Proposition 1], it follows that y and z coincide.

Conversely, suppose that B is a weak*-closed subtriple of A and u is an

element of %?(B). Let x be an element of B2(u)t. By Lemma 2.4, there exists

an element Xi in /?* such that Xx\B2(U) = x and ||xi|| = ||x||. By hypothesis,

there exists an element y in A* such that y\B = Xi and ||y|| = ||xi||. Then

y(M) = x(w) = ||x|| = ||y||.

By [10, Lemma 2.3], yU2(M) is a positive normal linear functional on A2(u)

and a norm-preserving extension of x. Let z be any further such extension

of x to A2(u). By Lemma 2.4, there exists an element z{ in A* that is a

norm-preserving extension of z. Then zx and Xi agree on B2(u) and, by

[16, Proposition 1], it follows that they agree on B . Since ||z]|| = \\x\\\, from

the uniqueness part of the hypothesis it can be concluded that Z\ and y are

equal. By Lemma 2.1, B2(u)sa is an inner ideal in the JBW-algebra A2(u)sa ,

and therefore, B2(u) and A2(u) coincide. It now follows from Lemma 2.3 that

B is an inner ideal in A .
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Recall that the second dual A** of a JB*-triple A possesses a triple product

with respect to which it is a /AW7"-triple and the canonical mapping from A

into A** is a triple isomorphism [3, 6, 18].

The second main result of the paper is an almost immediate consequence of

Theorem 2.5 and the above remark.

Theorem 2.6. Let A be a JB*-triple and let B be a norm-closed subtriple of A .

Then B is an inner ideal in A if and only if every bounded linear functional on

B has a unique norm-preserving linear extension to A.

Proof. Identifying a Banach space with its image in its second dual under the

canonical mapping as before, B** may be identified with the weak* closure of

B in A**. Let B be an inner ideal in A . Then, by separate weak* continuity

of the triple product, it follows that B** is a weak *-closed inner ideal in A**.

Since the preduals of A** and B** are respectively identified with the duals of

A and B , the result follows from Theorem 2.5.

Conversely, if every element of B* has a unique norm-preserving extension

to an element of A* then, from Theorem 2.5, B** is an inner ideal in A**.

Since B may be identified with B** n A, it follows that B is an inner ideal

in A.

Recall that a pair (e, f) of projections in a W^-algebra is said to be centrally

equivalent if e and / have the same central support [11]. Let A be a C*-

algebra and let A** be its enveloping If-algebra. A projection e in A** is

said to be open if the weak* closure of eA**eC\A coincides with eA**e. Notice

that the norm-closed *-subalgebras of A of this form are precisely the hereditary

norm closed *- subalgebras of A . For the basic properties of C* -algebras and

^"-algebras, the reader is referred to [24]. In [13] the authors showed that the

norm closed inner ideals in a C*-algebra A are of the form eA**f n A for

some unique pair (e, /) of centrally equivalent open projections in A**.

When applied to a C*-algebra, Theorem 2.6 yields.

Corollary 2.7. Let A be a C*-algebra and let B be a norm closed subtriple of

A. Then B is of the form e A** fn A for a pair (e,f) of centrally equivalent

open projections is A** if and only if every bounded linear functional on B has

a unique norm-preserving linear extension to A .

Applying the above corollary to norm-closed *-subalgebras leads to

Corollary 2.8. Let A be a C*-algebra and let B be a norm-closed *-subalgebra

of A . Then B is a hereditary norm-closed *- subalgebra of A if and only if every

bounded linear functional on B has a unique norm-preserving linear extension

to A.

Proof. Let B be a norm-closed *-subalgebra of A with the given property.

Then, by Corollary 2.7, there exists a unique pair (e, f) of centrally equivalent

open projections in A** suchthat B coincides with eA**fC\A. Since B is

selfadjoint, it follows that

a** r ^.   a r a**     ^   aeA**ff)A = fA**enA,

and hence that

eA**f = (eA** f n A)~w' = (fA**e n A)~w' =fA**e.
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By [ 12] it follows that e and / are equal. Therefore, B is of the form eA**eC\A

for some open projection e in A** and is therefore hereditary.

Conversely, if B is of the form eA**eC\A then it is an inner ideal in A and

the result follows from Corollary 2.6.

Notice that it is a consequence of this result and that of [21, Theorem 2.2]

that a norm-closed *-subalgebra B of a C* -algebra A has the unique norm-

preserving extension property for bounded linear functionals if and only if it

has the same property for positive bounded linear functionals. Of course, from

Corollary 2.2 it can be seen that the same result holds for any JB*-algebra.
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