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Abstract. Let n : X —> C be an elliptic surface defined over a number field k .

We consider the field K in which all the sections are defined. Assuming that the

^'-invariant is nonconstant, K is again a number field. We describe the primes

of possible ramification of the extension K/k in terms of the configuration of

the points of bad fibers in C . Aside from few possible exceptions, K/k is

unramified outside of the primes of bad reduction of C and the primes p for

which two or more points of bad fibers become identical modulo p .

Introduction

Let n : X —» C be a smooth minimal elliptic surface defined over a number

field k. Suppose that X has a /c-rational section and that the ./-invariant of

X is nonconstant. Let F be the fiber of X at the generic point of C. F is

an elliptic curve defined over the function field k(C). Let k be an algebraic

closure of k . By the generalization of the Mordell-Weil theorem by Néron, the

group of /c(C)-rational points, E(k(C)), is a finitely generated abelian group.

Thus there exists a finite Galois extension K/k in which all the /c(G)-rational

points are defined. We call the smallest of these fields the field of definition of

the Mordell-Weil group.

In [K] we found an upper bound for the field of definition K. The con-

struction was quite complicated because of the nature of this problem. In this

paper we try to understand K better by looking at one of the most important

properties of K as a number field, namely, the primes of ramification of K.

Let X be the set of points in G where n : X —* C has a bad fiber. Our main

result is that we can describe the primes of ramification only by the geometry

of C, configuration of the points in Z, and the types of bad fibers. As is

shown in [K], the torsion points play an important roll. In §1 we will define

a readily computable number m , which we will call the potential exponent of

the Mordell-Weil group. In many cases this is equal to the exponent of the

torsion subgroup of the Mordell-Weil group of F , and it is always divisible by

the exponent. With this notation, we state our main theorem.
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Main Theorem. The field of definition K ramifies only over a subset of the union

of
(1) the primes that divide 2, 3, or the potential exponent m,

(2) the primes of bad reduction of the base curve C, and

(3) the primes p for which two or more points in the singular locus Z be-

comes identical modulo p.

The proof of the main theorem consists of two parts. First we construct a

branched covering C of C so that ñ: X xc C —> C has the necessary torsion.

Two things have to be done here. First we have to study the field of definition

of the covering C. This has been done by Beckmann [B]. Secondly, we have

to know what the torsion subgroup of this new surface might be. Once these

are done, we can use the result of [K] to study the field of definition of the

Mordell-Weil group of X xc C.
Our result becomes simpler when the genus of the base curve is 0, in partic-

ular, when the surface is either a rational surface or a K3 surface. In his series

of papers [Shi, Sh2], Shioda studied the Mordell-Weil groups of rational elliptic
surfaces. He presented some examples that have interesting fields of definition.

In the last section, we study one of his examples from our point of view.

1.  A BRANCHED COVERING OF   C

In order to use the result in [K], we need to have enough torsion points in

F. Adding a torsion point to F by extending the function field is equivalent

to taking a branched covering of the base curve C and constructing a fiber

product of X and this covering.

Lemma 1.1. There exists a Galois covering C -* C that satisfies the following:

(1) The generic fiber of ñ: X xc C —► C contains the full 2-torsion points

and the full 3-torsion points.

(2) The degree of the covering is 2fc3f for some integers k and I.

(3) The branch points are contained in S.

Proof. Consider n: X —> C over k. Take a finite extension of k(C) so that

E(k(C)) has the prescribed torsion points. Corresponding to this extension,

there exists a covering C —► G. Since we are adding the full torsion points to

E(k(C)), the extension of the function field is Galois. Thus, the covering is

Galois.

Let
Y2 = X3 + AX + B ,        A,B£k(C),

be the minimal Weierstrass equation of E(k(C)). In order to add the full 2-

torsion points, it is sufficient to take the splitting field of X3 + AX + B = 0.

Thus, the degree is no greater than 3. As for 3-torsion points, we first take the

splitting field of 3X4 + 6AX2 + 12BX - A2 = 0 to add the x coordinates of
the 3-torsion points. The y coordinates are obtained by taking square roots of

X3 + AX + B . Thus the degree of extension is of the form 2^3' for some k

and £ . This proves the second assertion.

When we add an w-torsion point to an elliptic curve, the field ramifies only

at the primes that divide m and the primes of bad reduction (cf. [Mill, Propo-
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sition 20.7]). In our situation this fact tells us that the branch points of the

covering are contained in the set of points of bad fibers Z.    □

When we add full 2- and 3-torsion points, it is conceivable that we might get

more torsion points. These unwanted torsion points may cause a problem later,

so we must know how much more torsion we might get.

Lemma 1.2. If the curve E(k(C)) has a p-torsion point for p > 5, then X —> C

has at least one bad fiber of type lnp or \*np for some integer n .

Proof. It is well known that the specialization of a torsion section to each fiber

is injective (cf. [Mir]). Thus, if there is a p-torsion section for p > 5, then

all the bad fibers are of type 1^. Also it is known that only the zero section

passes through the identity components of all the bad fibers. This implies that

there exists at least one fiber of type lnp for some n . We constructed C by

taking double or triple coverings consecutively from C and the branch points

are contained in Z. Computing how each type of bad fibers is transformed

by taking double or triple covering, we conclude that the original surface must

have at least one bad fiber of type lnp or Vnp .   D

Definition 1.3. Let JV be the set of integers defined by the following property:

If X —> G has a bad fiber of type I^ or 1^,, then N £ Jf. Let m be the
product of all the primes that divide at least one member of A". We call m

the potential exponent.

Looking at the proof of the previous lemma, we know that the exponent of

E(k(C)) divides m.

We now study the arithmetic properties of the covering C. A recent result

by Beckmann [B] is exactly what we need.

Lemma 1.4 (Beckmann). Let Ko be the field of definition of the covering C —> C.

Ko ramifies only at the primes of bad reduction of the covering.  The primes of

bad reduction are contained in a subset of the union of

( 1 ) the primes that divide 2 or 3,
(2) the primes of bad reduction of the base curve C, and

(3) the primes p for which two or more points in the singular locus Z be-
comes identical modulo p.

Proof. Since the degree of the covering is 2^3^ , the first statement is the result

in §3 of [B] and the second is in §§4 and 5. Note that in [B] the result is stated

for the field of moduli of the Galois covering, but the field of definition of the

covering without the Galois action is contained in it.   D

Corollary 1.5. The Jacobian J(C) of the curve C has bad reduction only at the

subset of the primes described above.

Proof. This follows from a well-known fact that if the curve C has good re-

duction at p then its Jacobian has good reduction at p (cf. [Mil2, Theorem

8.1]).
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2. Proof of the main theorem

We now prove our main theorem.

Lemma 2.1. Let Kx be the smallest extension of Ko in which all the 6-torsion

points of the Jacobian of C are defined. Then any point in the generic fiber of

ft: X xc C —» C is defined over Kx after it is multiplied by 6m.

Proof. Since multiplying 6m kills all the possible torsion in E(k(C)), the as-

sertion of the lemma follows from Theorem 1.1 of [K].   □

Lemma 2.2. Let P be a point in E(k(C)) . Suppose that nP is defined over L

and P itself is defined over its extension Lq. Then L0/L ramifies possibly over

the primes that divide n and the primes of bad reduction of C.

Proof. Once again, this follows from [Mill, Proposition 20.7].   □

Proof of Main Theorem. The extension Kx / Kq ramifies possibly over the primes

that divide 6m or the primes of bad reduction of J(C). By Corollary 1.5, the

primes of bad reduction of J(C) are contained in the subset of the primes

described in the theorem. Thus Kx /Ko ramifies only over the primes described

in the theorem. Finally, combining Lemmas 1.4 and 2.2, we conclude that the

primes of possible ramification of the field of definition K is still in the list of

primes described in the theorem.   D

3. Shioda's example

Let F be the elliptic curve F : y2 — x3 +x +15 defined over Q(t). In [Shi]

Shioda considered the above elliptic curve as an example of his theory for the

rational elliptic surfaces (cf. [Sh2]). He obtained the following

Theorem 3.1 (Shioda). There is a natural isomorphism

E(Q(t))cZ[C20](l/G)x'20

that is compatible with the action of the Galois group Gal(Q/Q). Here C20 —

e2"'/20 and G is an element of Q(C2o) given by

-     -11261 + 6745^     -2550+ 1365^  15 + y/5G=-8-+-2-V^- •

When the base curve C is a rational curve, our main result is reduced to the

following.

Corollary of Main Theorem. Let E be an elliptic curve

E:y2 = x3 + A(t)x + B(t),        A(t), B(t) £ Q(t),

defined over Q(t). Let ö be the discriminant of the polynomial A(t) = 4A(t)3 +

21B(t)2. Then the field of definition for the Mordell-Weil group E(Q(t)) is
unramified outside of the primes that divides 6mô.

Note that it is not hard to compute the potential exponent m in this case

using the algorithm of computing the types of bad fibers (cf., for example, [Sil]).
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In Shioda's example we have A(t) = 4 + 27f10 and thus ô = -228327510.

F has 10 bad fibers of type L and one bad fiber of type II at t — oo . Hence

the potential exponent m for this curve is 1. Thus the field of definition K is

unramified outside of the primes that divide 2, 3, or 5. Considering this result,

we can predict some properties of G. For example, the norm NQ^20yQ(G) must

be the product of the powers of 2, 3, and 5 together with some 20th powers. In

fact, calculation shows that it equals 2~8. Further calculation shows that G is

of the form ^ • (unit in Q(Ç2o) )s ■
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