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Abstract. We characterize the uniquely ergodic endomorphisms of the circle

in terms of their periodic orbits.

Let /: S1 -• S1 be a continuous endomorphism of the circle S1 . Denote

by F: R —► R its lifting to the universal covering space. Then, for all x £ R,

F satisfies F(x + 1) = F(x) + k for some k £ Z. The number k is called

the degree of / (when necessary this number will also be called the degree of

F ). Denote by Sf the class of all liftings of continuous endomorphisms of the

circle and by SCX the class of maps from J? having degree 1.

Let F £ S?x. For each x e R we define the rotation number of x, denoted

by Pf(x) , as (see [NPT]) limsup,,^^ Fn(x)/n .
From [I] it follows that the set LP = {pf(x) : x £ R} is a closed interval

(or perhaps a point). This interval is called the rotation interval of F . In what

follows, whenever Lf degenerates to a point it will be denoted by p(F). In

such a case we shall talk about the rotation number of F . It is well known that

when F is nondecreasing, it has degenerate rotation interval.

A continuous endomorphism of the circle / is said to be uniquely ergodic

if there exists a unique /-invariant probability measure on S1 . From [H] it

follows that every homeomorphism of the circle of degree one with irrational

rotation number is uniquely ergodic. The aim of this paper is to extend this
result to the endomorphisms of the circle. In fact, we shall give necessary and

sufficient conditions for an endomorphism of the circle to be uniquely ergodic.

Our main result is the following

Theorem. A circle endomorphism f is uniquely ergodic if and only if it has at

most one periodic orbit.

To prove the above theorem we shall use the following results. For them we

have to introduce some notation.
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We shall say that a point x e R is periodic (mod 1) of period q for a

map F £ Sf if Fq(x) - x - p for some p £ Z and F'(x) - x $. Z for
i = I, ... , q - I. Clearly, if F is a lifting of / then x is periodic (mod 1)
for F if and only if e2nxx is periodic for / and their periods are equal. For

x £ R the set {Fn(x) + m : n > 0 and m £ Z} will be called the (mod 1)
orbit of x. The (mod 1) orbit of periodic (mod 1) point will be called a

periodic (mod 1) orbit. We note that if x is a periodic (mod 1) point of a

map F £ Sfx and Fq(x) = x + p , then Pf(x) = p/q .

Proposition 1. The following statements hold:
(1) For each a £ R\Q there exists a noninvertible map F £ 5fx such that

p(F) = a.
(2) For each noninvertible map F e 5fx with p(F) d. Q there exists an F-

invariant Cantor set C c R such that F\c is semiconjugate to the rotation by

angle p(F). Moreover, for each x £ C, the (mod 1) orbit of x is dense in C.

Proof. (1) Given a £ R\Q, by the Denjoy construction (see [D, N]) there

exists a diffeomorphism G £ 5fx with p(G) = a. Moreover, the set R can

be decomposed into a disjoint union of a G invariant open set 7 and a G-

invariant cantor set C. Let K be a connected component of 7 and assume

that K c[0, 1]. Set L = G(K) C 7. Clearly there exists a map F £ Sfx such

that

(i) F\[o,i]\K = G\[o,i]\x ,
(ii) F(K) = L,

(iii) F\k is noninvertible.

To end the proof of (1) it only remains to show that p(F) - p(G) = a.

Since p(G) $ Q, G has no periodic points. Thus F\c has no periodic

orbits. Since Gn(K) n (K + m) = 0 for all 77 > 0 and m £ Z, by construction

the same holds for F . Therefore, F has no periodic points. By Misiurewicz's

Theorem (see [Ml]) we have the Lp degenerates to an irrational. On the other

hand, since F\c = G\c , we get that a £ LF . So p(F) = a .
(2) Let F £ Sfx be a noninvertible map with p(F) = a £ Q. From Theorem

A of [M2] it follows that there exists a closed, nonempty set C that is invariant,

minimal (i.e., for each x £ C the (mod 1) orbit of x is dense in C) and such

that F\c is semiconjugate to a rotation (of course, by angle p(F)). Moreover,

C is either R or a Cantor set. Therefore, F\c is nondecreasing. Since F is

noninvertible, we get that C^R. This ends the proof of the proposition.   □

Remark 2. From Proposition 1 (1) it follows that there exist noninvertible endo-

morphisms of the circle with irrational rotation number. Therefore, the theorem

really extends Herman's result to noninvertible endomorphisms of the circle.

Proposition 3. If a continuous endomorphism of the circle f has only one peri-

odic orbit P then the Q-limit set of fi is P.

Proof. Note that if a continuous endomorphism of the circle f has degree

different from -1,0, and 1 then it has infinitely many periodic orbits. Also,

if / has degree -1 it has at least two fixed points. Hence, if / has only one

periodic orbit then the degree of fi must be 1 or 0. Let F be a lifting of /.
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Assume that the degree of fi is 1. In view of [Ml], for each rational number

p/q £ LF with p and q relatively prime, there exists a periodic (mod 1)

orbit of F with period q and rotation number p/q. Therefore, since fi has
only one periodic orbit, Lp has to be degenerate. On the other hand, since /

has a periodic orbit, we have LF n Q ^ 0 . Then LF = {p/q} for some p £Z
and q £ N, with p and q relatively prime, and the period of P is q. Set

& = [x £ R: e2nix £ P} . Clearly & is the only periodic (mod 1) orbit of F .

Denote the map Fq - p by G. Clearly G(x) = x for each x £ £P , and these

are the only periodic (mod 1) points of G. Without loss of generality we may

assume that 0 € P. Then, since G £ Sfx, we get that G(l) = 1, and hence
t7([0, 1]) d [0, 1]. Thus Gn([0, 1]) c Gn+X([0, 1]) for all 77 e N. Let K
be the closure of U^li Gn([0, 1]). Clearly, K is a (7-forward invariant closed

interval containing [0, 1]. If K is not bounded, then there exist z e [0, 1]

and 777 e N such that Gm(z) > z + 1. Therefore, G has a periodic (mod 1)

point of period m and rotation number l/m ^ 0, which is a contradiction.

Thus K is bounded (in fact, K c [-1, 2]). Since the interval map G\k has
a finite number of periodic points (namely, 3s nK), it follows from [Sl] (see

also [S2]) that the Q-limit set of G\k is & n K. For each x € R there exists

r £Z such that x - r £ K. Since G £ 5fx, we get that Gn(x - r) = Gn(x) - r

for all 77 e N. Therefore, the Q-limit set of G is 3° .
Assume now that fi has degree 0. Since / has at least a fixed point, the

only periodic point of fi is a fixed point. Therefore, F has a unique periodic

(mod 1) orbit & that has period 1. Since / has degree 0, we have that

F(x + rn) = F(x) for all x 6 [0, 1] and meN. Hence, there exist z e £P

such that F(£P) = z. Therefore, z is the unique fixed point of F. Set

K = F([0, 1]). Clearly F(R) = K and z £ K. Since the Q-limit set of F
coincides with the Q-limit set of the interval map F\k , we only have to show

that z is the Q-limit set of F\k ■ This can be done by using the same result as

in the case of degree 1.   □

Proof of the theorem. Note that if a continuous endomorphism of the circle /
has two periodic orbits then it is not uniquely ergodic since invariant measures

exist concentrated on each of the two orbits. This proves the "only if part.

Suppose that / has no periodic orbits, and let F be a lifting of /. Then,

in view of Lemma 4 and Theorem 2 of [AK], for every x 6 R, the Q-limit set

of x is equal to C, where C is as in Proposition 1. Thus every F-invariant

probabilistic measure is concentrated on C. In view of Proposition 1, F\c

is semiconjugate to a rotation of the circle by an irrational angle. So F is

uniquely ergodic. In the remaining cases, from Proposition 3, we have that the

nonwandering set of f is the periodic orbit. Therefore, again there is only one

probabilistic F-invariant measure.   □

Remark 4. From the proof of the theorem it follows that for an endomorphism

fi to be uniquely ergodic there are only three possibilities:

(1) / has degree one and irrational rotation number;

(2) fi has degree one, rational rotation number p/q with p and q rela-

tively prime and a unique periodic orbit with period q;

(3) f has degree zero and a unique periodic orbit that is a fixed point.
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