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AN EXAMPLE OF A HARMONIC MAP
BETWEEN EUCLIDEAN BALLS

ANTONIOS D. MELAS

(Communicated by Peter Li)

Abstract. Here we construct a homeomorphism of the unit sphere in three-

dimensional Euclidean space to itself whose harmonic extension in the unit ball

is not a diffeomorphism.

A theorem of Rado [R] states that if Q. Q R2 is a bounded convex domain

with smooth boundary dQ and if <p: Sx —> d£l is a homeomorphism then its

harmonic extension u: D -> Q, where D is the unit disc, is a diffeomorphism.

Here we will show that this is false in the 3-dimensional case. In fact, we

will construct a homeomorphism cp: S2 -* S2 such that its harmonic extension

u: B3 —► B3, where B3 is the open unit 3-ball, is not a diffeomorphism.

Of course, this leaves open the question of whether the harmonic extension

of a homeomorphism cp: S2 -* S2 is a homeomorphism.

Notation. S2 denotes the 2-sphere of radius 1 in R3 and B3 the open unit

ball in K3. For a continuous function /: S2 —> R its harmonic extension is the

unique continuous function v: B -» R such that Ad = 0 in B3 and v = f on

<9B3 = S2. For a C function g: R3 —► R3, Jg denotes its Jacobian matrix.

Theorem. There exists a homeomorphism cp: S2 -» S2 whose harmonic exten-

sion u: B3 —> B3 satisfies det/u(0) = 0, hence it is not a dijfeomorphism.

Proof. Given a continuous function /: S2 -> R, its harmonic extension v: B3
—► R is given by

(1) v(x) = i^£ f JM^da{y)
An    Jsi \x -yy

for x € B3, where do denotes the surface measure on S2. Hence

(2) vw(0) = ^- / xf(x)do(x).
An Js*

Now choose coordinate axes xx, x2, xj, so that 0 is the center of B3 and let

r, 6 denote polar coordinates on the XiX2-plane. Let d > 0 be small enough

so that if

(3) E = {x£S2:x3£[-l+d,0]U[l-d, 1]}
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then

(4) I x3do(x)<0.
Je

By (4) there exists n > 0 sufficiently small so that if

F = {x£S2:x3£[-l+d,0], \6\ >n, \n - 6\ > n}

(5) U [x £ S2 :x) £ [0, l-S],\d- || <n, \d + || < »/}

U{jce52:jc36[l-i5, 1]}

then

(6) j x3do(x) <0.

The interior of F and S2\F are simply connected domains in S2 whose

common boundary is a Jordan curve y: Sx -»52. Moreover, y is symmet-

ric with respect to the x\x-$- and X2-^-planes. Also (0,0, 1) e intF and
(0, 0, -1) £ S2\F . Therefore there exist homotopies

C,: Sx -» F   and   C_,: S1 - S2\F,        where 0 < r < 1,

having the following properties:

(i) C0 = y,
(ii) Ct, C-t are Jordan curves and are symmetric with respect to the X{X-$-

and X2X3-planes for 0 < t < 1;

(iii) C,(S>) = {(0,0, 1)} and C_,(5') = {(0, 0, -1)};
(iv) Ctl(Sx)nCh(Sx) = 0 if -I <tx<t2< I;

(v) 52 = U_1<k,C(.

Then for any continuous strictly increasing h: [-1, 1] —> [-1, 1] such that
h(-l) = -l and h(l) = 1, let ^:52^[-l, 1] be defined by

(7) <ph(x) = h(t)   ifxeCt, -l<r< 1.

By (ii), (iii), (iv), and (v), f?A is well defined and continuous on S2 and,

moreover, it is even in the xx and x2 variables. Hence

(8) / Xifh(x) do(x) = 0   for i = 1, 2.
Js2

By (iii) there exists 0 < e,  <  1   such that  C, £ {x £ S2 : x3 > ^}  and

C-t c {x £ S2 : xj < -5}  if 1 - ex < t < 1.   Hence there exist e2 > 0
sufficiently small such that if /z0: [-1, 1] —► [-1, 1] is defined by /2n(-l) = -1 ,

ho(-l +£[) = -e2, ho(\ -£\) = e2, /Jn(l) - 1, and ho is linear in the intervals

determined by the points -1, -\ + ex, 1 - ex , 1, then

(9) / xi<pho(x)da(x)>0.
Js2

By (6) there exist 0 < £3 < 1 and £4 > 0 sufficiently small such that if
hx: [-1, l]-»[-l, 1] is defined by hx(-l) = -1, hx(-l +e3) = -e4 , ^(0) =
0, hx(ej) = 1 - e4, hx(l) = 1, and hx is linear in the intervals determined by

the points -1 , -1 + £3, 0, £3, 1, then

(10) / xi<phl(x)do(x)<0.
Js2
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By (9), (10) there exists s £ (0, 1) such that if hs = sh0 + (1 - s)hx then

(11) [ x3<phs(x)do(x) = 0.
Js2

Then hs: [-1, 1] —> [-1, 1] is continuous strictly increasing, hs(-l) = -1,

and hs(l) = 1. Hence by the properties of the Ct% -1 < t < 1, it follows
that there exists a homeomorphism cp: S2 —► S2 such that if cp = (cpx, cp2, <pi)

then cpi = cphs. By (8) and (11), it follows that

(12) / x<pi(x)da(x) = 0.
Js2

Let u: B3 —> B3 be the harmonic extension of cp. Then by (2) and (12) it

follows that

(13) VM3(0) = 0

and hence

(14) det/u(0) = 0.

Hence u is not a diffeomorphism.

Remarks. 1. This example can be easily generalized to the ^-dimensional case

for n > 3. Also by being more careful in the construction of the C, 's and

ho, hx , it is possible to construct a smooth diffeomorphism cp: S2 —► S2 whose

harmonic extension is not a diffeomorphism.

2.   Actually we have constructed a homeomorphism  cp: S2 -» S2  whose

third coordinate ^3: S2 —> [-1, 1] is orthogonal to the coordinate functions

X\, X2, X3.

References

[C]        G. Choquet, Sur un type de transformation analytique generalisant la representation con-

forme et definie au moyen defonctions harmoniques, Bull. Sci. Math. (2)69(1945), 156-165.

[K]        H. Kneser, Losung der Aubgabe 41, Jber. Deutsch. Math.-Verein. 35 (1926), 123-124.

[R]       T. Rado, Augabe 41, Jber. Deutsch. Math.-Verein. 35 (1926), 49.

Department of Mathematics, University of California at Los Angeles, Los Angeles,

California 90024-1555


