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Abstract. We provide a new proof of two theorems of Ingelstam that identify

the Hilbert spaces with a unital multiplication satisfying \\xy\\ < \\x\\ \\y\\ and

Pll = l.

Ingelstam [3, Corollary 2], as a consequence of his analysis of the vertex

property for Banach algebras with identity, proved that any complex Hilbert

space admitting a unital multiplication satisfying

H*y||<IMIIMI,      Mill = i
must be the complex numbers. It was later conjectured by Kaplansky [4] and

proved by Ingelstam [4, Theorem 2] that any real Hilbert space admitting a

unital multiplication with the above properties must be the real, complex, or

quaternion numbers.

The above results are relevant to the theory of strictly cyclic operator algebras

[5, 8], and our recent interest in these algebras led us to reconsider the proofs. A

unital operator algebra sf on a Hilbert space 77 is called strictly cyclic if there
is a vector h £ H such that the linear manifold sfh = {Ah:A£sf} = H.

The algebra is called separated if in addition Ah = 0 implies that A = 0.
If sf is a separated strictly cyclic algebra with strictly cyclic and separating

vector e then the map A —► Ae gives a Banach space isomorphism between

the operator algebra sf and the Hilbert space 77. Thus the operator norm on

sf is equivalent to an inner product norm || ||. Therefore we may choose || ||

such that
P*|| < KPH ||7?||, ||1|| = 1

for any A, B £ sf , where K > 1 . Conversely, given a Hilbert space 77 with

unital multiplication satisfying the above properties, the left regular representa-

tion

sf = {Ln:h£H},       Lh(k) = h-k

is a separated strictly cyclic operator algebra with cyclic vector 1 and the operator

norm on sf is equivalent to the Hilbert space norm.

Thus separated strictly cyclic operator algebras and Hilbert spaces with con-

tinuous unital multiplication are equivalent notions and Ingelstam's results may
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be interpreted as saying that the operator norm equals the Hilbert space norm

only in certain special cases.

In this paper we provide a unified approach to Ingelstam's theorems that

relies only on a few elementary ideas from the theory of Banach algebras and

Hilbert space geometry.

Theorem 1. Let H be a real Hilbert space with a unital multiplication satisfying

ll*j>ll< 11*11 IMI,      imi = i-
Then 77 is the real, complex, or quaternion numbers.

Proof. We will show that 77 is a division ring. If not, then there is a nonzero

a £ H that is not invertible. Consider the closed subalgebra sf generated by

a, 1. There is a maximal ideal M c sf containing a. Then sf /M is a field

isomorphic to 7? by the map [X • 1] —> X, and we have that q: sf —> sf /M « 7?

is a multiplicative linear functional with q(l) = 1, keri? = M, and ||i?|| = 1

[7, Theorem 10.7]. By the Riesz-representation theorem there is a y 6 sf such

that
q(x) = (x,y)   for all x £ sf .

Since ||<7|| = 1, it follows that ||y|| = 1 and q(l)—l = (l,y) implies that y =
1 by the equality condition of the Cauchy-Schwarz inequality. It follows from

ker q = M that 1 is orthogonal to M. Therefore sf = R® M isometrically.

Let rn e M and consider

||(1+777)2||2<(1 + ||777||2)(1 + |M|2).

This yields
2||777||2 < ||777||4 - ||7772||2 - 4(777 , 7772) .

Replacing 777 by s • m, dividing by e2, and letting e —» 0, we obtain that

||w|| = 0 so M — {0} . This is a contradiction. It follows that 77 is a normed

division ring over R and so 77 is the real, complex, or quaternion numbers [6,

Theorem 1.7.6].

The same argument also produces

Theorem 2. Let H be a complex Hilbert space with a unital multiplication sat-

isfying
\\xy\\<\\x\\\\y\\,       ||1|| = 1.

Then 77 = C.

Added in proof

After the paper was submitted we discovered that M. F. Smiley [9] has also

obtained a simplification of Ingelstam's theorems different from ours.
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