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Abstract. Let G be a topological Abelian group with character group GA .

We will say that G respects compactness if its original topology and the weakest

topology that makes each element of GA continuous produce the same compact

subspaces. We show the existence of groups which satisfy Pontryagin duality

and do not respect compactness, thus furnishing counterexamples to a result

published by Venkataraman in 1975. Our counterexamples will be the additive

groups of all reflexive infinite-dimensional real Banach spaces. In order to do

so, we first characterize those locally convex reflexive real spaces whose addi-

tive groups respect compactness. They are exactly the Montel spaces. Finally,

we study the class of those groups that satisfy Pontryagin duality and respect

compactness.

0. Introduction and notation

Let (G,x) be a topological Abelian group with underlying group G and

topology x. A character of G is a homomorphism from G into the circle

group T. Denote by (G, t)a the group of continuous characters of (G, x) with

multiplication defined pointwise, equipped with the compact-open topology. We

will say that (G, x) is a maximally almost periodic group if, for every a e G

different from the identity, there exists / e (G, t)a such that /(a) ^ 1. If
(G, x) is indeed maximally almost periodic, we will say that (G, x) satisfies

Pontryagin duality if the function t: (G, x) —> (G, t)aa , defined by

t(x)(x) = X(x)

for all x e G and x € (G, t)a , is a topological isomorphism. Let LCA, p, and

MAP denote the classes of those groups that are locally compact, satisfy Pon-
tryagin duality, and are maximally almost periodic, respectively. The classical

theorem on duality due to Pontryagin and van Kampen states that LCA C p.

The class p, however, is strictly wider than LCA: for example, p is closed

under arbitrary products [6], a property that LCA does not hold.

Let (G, x) e MAP. Denote by tw the weakest topology on G that makes ev-

ery element in (G, t)a continuous. It follows that (G, tw) is a totally bounded
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group and, since tw C t , we have that if AT is a subset of G which is compact

with respect to x then it is also compact with respect to tw . In the case that

x and tw have the same compact subspaces, we will say that (G, x) respects

compactness [12]. We denote by £ the class of groups that respect compact-

ness. It is a theorem of Glicksberg that LCA C £ [3]. We prove below that

J? is closed under arbitrary products. Therefore this class is strictly wider than

LCA. Those groups belonging to the classes p and J?, i.e., the class pR, are

our object of study in §2. This class is important: it contains properly LCA and

many features of the latter can be generalized to the former without too much

effort. See, for example, [13, 1.8].
In [ 14] the assertion is made that p c j?. We will see in § 1 that this is incor-

rect. Our counterexamples will be the additive groups of all infinite-dimensional

reflexive real Banach spaces. That such groups satisfy Pontryagin Duality is

proved in [11]. We benefit not only by quoting this result as Theorem 1.3 be-

low, but also by using the key observation [11, Lemma 1] that if E is a locally

convex real vector space, E' the additive group of the space of continuous linear

functionals on E, and EA the group of continuous characters of the additive

group of E, then E' and EA are algebraically isomorphic through the function

/ i-» e2n,f. See also [5]. In order to find our counterexamples, we character-

ize first those reflexive locally convex real vector spaces whose additive groups

belong to J?. They happen to be very important in Analysis: The Montel spaces.

What is wrong then in [14] with the "proof that p c 8.1 The situation

is as follows: Let (G, x) be a maximally almost periodic group that satisfies

Pontryagin duality, with character group (G, t)a . If d stands for the discrete

topology on G, then (G, d) is a locally compact Abelian group and, since it is

discrete, (G, d)A is compact [4, 23.17]. Since (G, x) e MAP, the underlying
group of (G, t)a is dense in (G, d)A [4, 24.10]. However, this does not imply

that tw = dy, as it is stated in [14]: If G denotes the additive group of the real

line R and x stands for its usual topology, then tw has infinite compact sets

whereas, since (G, d) respects compactness, the only compact subspaces with

respect to dw are the finite subsets of G.

All topological groups considered in this article will be in MAP; thus they

are Hausdorff and Abelian. We will use the notation so far introduced. In §2 it

will be necessary to denote the topological groups (G, t) just by G.

Some of the results of this paper were announced in [ 13].

1. Counterexamples

In the following, all topological vector spaces E are Hausdorff, nontrivial,

and real. E' denotes the dual space. Let cr(E, E') be the weak topology on

the additive group E of E [2, Definition 2, 11.42]: it is the coarsest topology

on E that makes every / e E' continuous. (E, te) denotes the topological

group defined by the vector space topology on the additive group E of E. A

locally convex barrelled vector space in which every bounded subset is relatively

compact is called a Montel space [2, Definition 4, IV. 18]. In the following, we

will need some tools from the theory of topological vector spaces. For the

reader's convenience we summarize them in

1.1.    Lemma. Let E be a locally convex vector space. Then we have

(a) Let f be a continuous linear form defined over a vector subspace of E.
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Then there exists a continuous linear form fi on E which extends f.

(b) Every subset of E which is bounded for the weak topology a(E, E') is

bounded in E.
(c) If E is reflexive, then E is barrelled.
(d) Let E be reflexive. Then every bounded subset of E is relatively compact

for the weak topology of o(E, E').

Proof, (a) is [2, Proposition 2, 11.24] and (b) is [2, Corollary 3, 111.27]. (c)
and (d) follow from [2, Theorem 2, IV. 16] and [2, Theorem 1, IV. 15], respec-
tively.   □

1.2. Lemma. Let E be a locally convex vector space. Then we have

(a) a(E,E')>rE.

(b) (E, ct(E,E')) and (£\ te) have the same compact subspaces.

Proof, (a) We show first that te < o(E, E'). Let x € (E, xE)A . Then there

is / e E' such that x(x) = e2ni^x) for all x e E [5, Theorem 6; 4, 23.32; 11,
Lemma 1]). Thus X'- (E, o(E, E')) ->T is continuous. Hence te < o(E, E').

Assume te — o(E, E'). Then a(E, E') is totally bounded. Thus the comple-

tion (E, rj(E, E'))~ of (E, o(E, E')) is a compact vector space. Every com-

pact vector space is {0} [2, Lemma 1, 1.15]. Thus we have (E, o(E, E'))~ =

{0}.
(b) By (a), it is enough to show that if K C E is compact with respect to te ,

then it is also compact with respect to <t(E, E'). Let V denote the topological

vector space RE' and denote by tv its topology. Let g: (E, cr(E, E')) —> V

be defined by g(x) = (f(x))fev . It is easy to see that g is an embedding

and hence, that the topological groups (E, a(E, E')) and U = (U, xv) are

topologically isomorphic, where U = g[E] and xv = xy\u ■ As in (a), for every

xe(U, tu)a there is / e U' such that x{x) = e2*'/(x) for all x e U . Now f

has a continuous linear extension /to V by Lemma 1.1(a). Let x(x) = e2*'^*'

for x eV. Then x 6 (V, rv)A extends x > where V is the additive group of
V. By this fact we derive x^\a = t^ . By Glicksberg's Theorem [3, Theorem

1.2], R respects compactness (a direct proof of this fact is given in [12, 2.7]).

It follows from Proposition 2.1 below that V also respects compactness.

We claim that (E, te) and (U, t^) are topologically isomorphic with re-

spect to g : by definition of te and (a) we have (E, te)a = (E, o(E, E'))A =

(E, te)a . If x & (E, te)a then x e (E, o(E, E'))A , and hence pf1 e

(U,xv)A. If x € (£/,tu)a then X°g € (E, o(E,E'))A . Thus x°g e

(E, te)a . The claim is proved.

Let K C U be compact with respect to tJJ . Then K is compact in (V, t^) ,

thus compact in (K,tv). Hence K is compact in (U, tu) . Since (£,te)

and ([/, t{J) are topologically isomorphic with respect to g , the proof is com-

plete.   □

1.3. Theorem. Let E be a reflexive locally convex vector space. Then (E, xE) e

P-

This is [11, Theorem 1].
Now we characterize all spaces from 1.3 that belong to 8..

1.4. Theorem. Let E be a reflexive locally convex vector space. Then (E, xE) e

8. if and only if E is a Montel space.
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Proof. (=>) Let (E, xE) e 8, and let B be a bounded subset of E. Since
E is reflexive, B is relatively compact in (E, o(E,E')) by 1.1(d). Thus

CI(e,o(e,e'))B is compact. Since (E, xE) e 8, we have that C\Ey(j{EyE'))B

is compact in E by 1.2. Now CIe-B C C\e,o{e,e>)) B. Hence B is relatively

compact in E. That E is barrelled follows from 1.1(c). Thus E is a Montel

space.

(<=) Let E be a Montel space, and let K be compact in (E, xE). By

1.2(b) K is compact in (E, er(E, E')), hence bounded. Now K is bounded in

(E, te) by 1.1(b). Since E is a Montel space, K is compact in (E, xE).   D

1.5. Corollary. Let E be a reflexive locally convex vector space. Then (E, xE) e

p& if and only if E is a Montel space.

Proof. Combine 1.3 and 1.4.   □

The following corollary gives many counterexamples to [14, Theorem 1.1],

which says p C &.

1.6. Corollary. Let E be an infinite-dimensional reflexive Banach space. Then
(E, xE)ep, but (E, te) i 8.

Proof. (E, xE) belongs to p by 1.3. E is not a Montel space; otherwise it

would be locally compact, hence finite-dimensional by [2, Theorem 3, 1.15].

Now apply 1.4 to complete the proof.   □

Remarks, (a) Since [14, Theorem 1.1] is wrong, the proof of Theorem 1.2 in

that paper is not correct. It is open if the theorem still remains true.

(b) [14, Theorem 1.1] is used twice in the proof of [16, Theorem 3.3]. Thus

this proof is incorrect. We do not know if the theorem still holds.

2. On the class p&

Since p ^ p& by 1.5, we will study p&.

2.1. Proposition.  J? is closed with respect to products.

Proof. Let ((Gi, t'))/g/ De a family in 8 and let x be the product topology

on G = n,e/ Gi. Let K be compact in (G, tw) . Then for each i e I, itj[K]

is compact in ((J,, t^) , where it,<: G —► G, is the canonical epimorphism. [To

see this let {^'[Ua] : a e A} be a subbasic open cover of it,[K], where

Xa C (Gj, t')a and each UQ is open in T. Then each Xa ° Ut C (G, t)a and

{(Xa ° ft;)-1[Ua] : a e A} is an open cover of K. Given finite F C A with

K C UaeF(^07r')_1[u«]> we have *'[*] £ IW *a'[lk] •] Since each (Gi , t')

respects compactness, iti[K] is compact in (G,, t') , and hence Y[ieIiti[K] is

compact in (G, x). Since K is Tw-closed, it is also t-closed. Therefore, since

K C n,€/ ni[K], it follows that K is compact in (G, x) as required.   □

2.2. Corollary.   p& is closed with respect to products.

Proof. Let (G,),e/ be a family in pft. By the Duality Theorem in [6], G =
n,6/G, satisfies Pontryagin duality. By 2.1 G = Yli€lGi respects compact-
ness.   □

Now Corollary 2.2, Glicksberg's Theorem, and Pontryagin-van Kampen's Du-

ality Theorem imply that products of locally compact Abelian groups belong to

pfi. Thus, the class p& contains LCA properly.
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2.3. Definition [10, p. 558]. Let H be a subgroup of the Abelian topological
group G. If each continuous character on H admits a continuous extension to

a character in G, then H is said to be dually embedded in G.

Note that if G is any Abelian topological group and H is an open subgroup

of G, then H is dually embedded in G [10, Lemma 3.3]. We easily derive

2.4. Lemma. Let G be a topological Abelian group which respects compactness.

IfH is a dually embedded subgroup of G, then H also respects compactness.

2.5. Proposition. Every closed subgroup of a product of locally compact Abelian
groups respects compactness.

Proof. By [7, Theorem 1], every closed subgroup of a product of locally compact

Abelian groups is dually embedded. Now apply 2.1, Glicksberg's Theorem, and
2.4.    □

2.6. Corollary. Every closed subgroup of a product of a countable number of
locally compact Abelian groups belongs to pR.

Proof. Apply 2.5 and note that every closed subgroup of a countable product

of locally compact Abelian groups satisfies Pontryagin duality [10, Corollary

3.5].   D

Leptin [9] proved that not every closed subgroup of a product of uncountably

many locally compact Abelian groups satisfies Pontryagin duality. Combining

this with 2.5, we derive that a maximally almost periodic group that respects

compactness does not have to satisfy Pontryagin duality.

2.7. Proposition. IfGepfi and H is an open subgroup of G, then H belongs
to pR.

Proof. H is dually embedded in G by the remark after 2.3, so H respects

compactness by 2.4. Since G belongs to p and H is an open subgroup of G,

it follows that H also belongs to p [15, Corollary 6.3].   □

There are noncomplete Montel spaces [1, 8]. Combining this with 1.5, we
see that there are noncomplete groups belonging to p& (note that every Montel

space is reflexive). Finally, we pose the following

Question. Let G e pR. Can G be embedded in a product of locally compact

Abelian groups?
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