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(Communicated by J. Marshall Ash)

Abstract. Let D be a domain in R" and let S+(D) be the set of all nonneg-

ative superharmonic functions on D . It is shown that if S+(D) C IP(D) with

some p > 0 , then for each x0 € D there is a constant C = C(D, p, x<f) > 0

such that the inequality

f u(x)pdx < Cu(x0)p
Jd

holds for all u e S+{D).

1

Let D he a domain in R", n > 2. Denote by S+(D) the set of all non-

negative superharmonic functions on D and by LP(D), 0 < p < oc, the space

of pth integrable functions on D with respect to the ^-dimensional Lebesgue

measure dx. Our concern is the following problem: For what domains D does

there exist a number p > 0 such that

(1) S+(D)cLp(D)

holds? This global integrability of superharmonic functions was first studied

by Armitage [1, 2] for a bounded domain with bounded curvature and then

by Maeda and Suzuki [5] for Lipschitz domains. Recently, Masumoto [6] and

Smith and Stegenga [7] discussed this property for a large class of plane domains

and for Holder domains, respectively. We remark that in order to show the

inclusion (1), they all proved the following inequality: For each domain D

under consideration, one can choose a number p > 0 satisfying

(2) / u(x)p dx < Cu(x0)p   Vw 6 S+(D)
Jd

with some constant C = C(D, p , xo) > 0 (xq e D: arbitrarily fixed). It is clear

that (2) implies (1). In this article we shall prove the converse implication.

Namely, we have the following
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Theorem. Let D be a domain in R" and p > 0. If S+(D) c LP(D), then for
each xq e D there is a constant C = C(D, p, xo) such that the inequality

(3) f u(x)p dx < Cu(x0)p
Jd

holds for all ueS+(D).

2

Proof of Theorem. Let C7(-, •) denote the Green function on D. We consider

the functional <J> on the Banach space Ll(D) defined by

where

Then clearly Vf e S+(D) so that 0 < <P(/) < oo. Furthermore, for any

a eR, <&(af) = \a\Q>(f), <P(f+g) < Mp(<b(f) + <P(g)) with some constant
Mp > 0, and liminf||/_g|| , _»0^(/) > ®(g) ■ Thus the Gelfand theorem

(cf. [3]) assures a constant C > 0 such that <P(/) < Cx!p\\f\\V{D). Since

II/IIl'(Z)) — vf(xo), this constant C brings us to inequality (3) for each u = Vf,

where feLx(D) and f>0.
Now let i) bea potential on the domain D with compact carrier, i.e.,

v = JD G(-, y) du(y) and v is a nonnegative Borel measure on D with compact

support. To show (3) for v we may assume that v(xo) = JD G(xo, y) dv(y) <

oo. Then there is a sequence {fn}n^=x in LX(D) such that fndy converges

to G(xo,-)du vaguely as n —> oo and lim„^oo ||/„||Li(D) = v(xo). Since

liminfn-.oo Vfn>v, JD v(x)p dx < liminf„_oo JD Vfn(x)p dx by Fatou's lemma.

Hence inequality (3) for v with the constant C is also valid. Since every

u e S+(D) can be approximated by an increasing sequence of the said poten-

tials v (cf. [4, Chapter 7, §3]), we obtain (3) for all u e S+(D).

3

Denote by P(D) (resp. H+(D)) the set of all potentials (resp. nonnegative

harmonic functions) on D. The proof of theorem involves the following fact.

Corollary 1. // P(D) c L»(D) with some p>0, then S+(D) c L»(D).

Modifying the preceding argument, we have the following harmonic version

of our theorem.

Corollary 2. Let p > 0. If LP(D) contains H+(D), then for each x0 e D there
is a constant C = C(D, p, xo) > 0 such that the inequality

(4) f h(x)pdx < Ch(x0)p
JD

holds for all heH+(D).

Proof. We consider the Martin boundary X of D (cf. [4, p. 240]). Let K(-, •)
he the Martin kernel on D x X normalized at Xo, i.e., K(xq ,•) = !. Taking a
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nonnegative Borel measure m on X with supp(m) = X, we define the follow-

ing functional 4* on L'(I,m)   (= the Lx space on X with respect torn):

4/(/) = Ud (JxK(x'y)Wy)\dm(y))P dx)   ■

Again, the Gelfand theorem gives a constant C > 0 such that

(5) V{f)<C\\jlmx,m)= I K(xQ,y)\f(y)\dm(y).
Jx

Now let h e H+(D). Then by the Martin representation theorem [4, p. 249],

there is a nonnegative Borel measure p on X such that h = Jx K(-, y) dp(y).

Approximating p vaguely by a sequence {fdm}^ , where /„ e LX(X, m)

and /„ > 0, we have h(x) = lim^oo fxK(x, y)fn(y)dm(y)  and h(xo) =

lim^—oo fx fn(y) dm(y). Thus from (5), inequality (4) for h follows.
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