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(Communicated by Louis J. Ratliff, Jr.)

Abstract. An upper bound for the length of a commutative Artinian ring in

terms of the length of a faithful module is given. This generalizes a theorem of

Schur and Jacobson.

Long ago, in days of yore, Schur [3] proved that commutative subalgebras of

M„(C) have dimension less than or equal to [«2/4] + 1. In 1945 Jacobson [2]

proved the same inequality for any field K. His proof consists of putting the

matrices in the subalgebra in a "standard form" by conjugation. Later many

proofs by manipulation of matrices were given. In 1976 Gustafson [1] proved

the theorem by representation theoretic methods. In his paper Gustafson asked

whether the theorem could be proved for Artinian rings (which are not algebras)

in terms of length. Here we prove the following theorem (the proof of which is

essentially Gustafson's proof of his theorem) answering the question. We thank

W. Brown for bringing back to mind the problem.

Theorem 1. Let A be a commutative Artinian ring and let M be a faithful

A-module of length n. Then 1(A) < [n2/4] + 1. (Here I denotes the length
function and [x] denotes the integral part of x.)

Proof. We may assume by going to the components of A that A is a local ring
with maximal ideal m.

Lemma 2. Let M and N be A-modules, TV having finite length. Then,

/(Hom(A/\ TV)) < p(M) • l(N).

Proof. Let p(M) = m. We have an exact sequence Am —> M —> 0. Homing

this into TV we get: Hom(M, TV) is a submodule of Nm that has length m •
l(N). So the lemma is proved.

[Aliter: This can also be proved by induction on length of TV.]

To continue the proof of the theorem, as M is a faithful ,4-module,  m
injects into Hom(Af, mM). Applying the lemma we get

/(m) < /(Hom(M, mM)) < p(M) • l(mM)

= p(M) • {l(M) - p(M)} <[(/(M))2/4].

Whence, 1(A) = l(m) + 1 < [(/(M))2/4] + 1.
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