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Abstract. We extend the classical theorem of Rado, valid for the Cauchy-

Riemann operator, to locally solvable first-order operators with smooth coeffi-

cients in R^ .

0. Introduction

A classical theorem of Rado, in the form given by Cartan, states that a con-

tinuous function defined in an open set of the complex plane which is holomor-

phic outside the closed set where it vanishes is holomorphic everywhere. This

theorem implies easily that the same result also holds for functions of several

complex variables. Recently, Rosay and Stout [RS] obtained an analogue of
Rado's theorem for certain classes of CR-functions of hypersurface type and

formulated a general problem about vector fields which we now describe. Let

fi c RN be an open set and consider a vector field L in Q. A continuous

function u £ C(fi) that satisfies the equation Lu = 0 in the sense of distribu-

tions on the set Q \ w~'(0) is called a Rado function. The vector fields L for

which all Rado functions are weak solutions of Lu = 0 throughout fi are said

to have the Rado property. For instance, the Cauchy-Riemann operator has the
Rado property by the classical theorem of Rado. A similar definition can be

given for systems of vector fields.

In this paper we prove that locally solvable vector fields with smooth coef-

ficients in R^ have the Rado property. They are known to be characterized

by the Nirenberg-Treves condition (3°) introduced in [NT]. The proof exploits

two properties of this class of vector fields: its essentially two-dimensional char-

acter (expressed by the fact that orbits have dimension at most two) and the

property of local integrability that allows reduction of the problem to the clas-

sical version of Rado's theorem in the plane. However, we do not know if a

general locally integrable vector field in two variables has the Rado property.

The paper concludes with an application to uniqueness in the Cauchy problem

with irregular initial surface.
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1. Background on solvable vector fields

We deal with a complex smooth vector field L defined on an open subset

fi of R"+1, n > 1. We assume that L never vanishes in fi and satisfies the

Nirenberg-Treves condition (3s) [6], which we now describe. The principal

symbol / of L is defined on the cotangent bundle T*(fi) by the identity

l(dtp) = L((p), tf> £ C°°(fi; R). Then L is said to verify (3s) in fi if there is
no complex-valued function g £ C°°(fi) such that Im(g7) takes both positive

and negative values on a null bicharacteristic of Re(g7) where g ^ 0. We recall

that a bicharacteristic of a real function / defined on T*(fi) is an integral

curve of the Hamiltonian field Hf. Since Hff = 0, f is constant along its
bicharacteristics; when the constant is zero the bicharacteristic is said to be null.

Let us write A = Re L, Y = Im L. The orbits of the pair of vector fields
A and Y in the sense of Sussmann [S] are called the orbits of L. Two points

belong to the same orbit if and only if they can be joined by a continuous

piecewise differentiable curve such that each piece is an integral curve of ±A

or ±Y. The orbits are connected submanifolds of fi, tangent to A and Y,

and can be used to characterize the vector fields that satisfy (3s) [Ho, Theorem
3.1]. In particular, if L satisfies (3°), the orbits of L are submanifolds of

dimension 1 or 2. If u is a distribution solution of Lu = 0 in fi, the support

of u is a union of orbits of L. This follows from the fact that if L satisfies

(3s), it has uniqueness in the Cauchy problem with respect to noncharacteristic

surfaces in the class of distributions [CH] (actually, we will only be interested in

continuous weak solutions). In fact, this uniqueness property holds for the more

general class of locally integrable vector fields [T]. We recall that L is locally

integrable if every point p £ fi possesses a neighborhood U such that there

exist smooth functions Zx, ... , Z„ £ fi with linearly independent differentials

satisfying LZj = 0, ;' = 1, ... , n. If u £ C°(U) then every point q £ fi
has a neighborhood V where u can be uniformly approximated by a sequence

of polynomials Pj(Z) = Pj(Zx, ... , Zn). This is an instance of the Baouendi-

Treves approximation theorem [BT1, BT2]. If F is a fiber of Z in V, i.e., a

set of the form Z~X(Q n V with £ £ Z(V), it follows that u is constant of

F.

Definition 1.1. Given a vector field L in fi c R^ we say that u £ C(fi) is a

Rado function for L if

Lu = 0    onfi\«-'(0)

in the sense of distributions. If every Rado function for L is a weak solution

of Lu = 0 in fi, we say that L has the Rado property.

Notice that the property of Rado is of local nature.

Lemma 1.2. Let L be locally integrable, and let u be a Rado function for L.

Then u is constant on the orbits of L of dimension one.

Proof. Let y be an orbit of L of dimension one. If u vanishes identically

in y, there is nothing to prove. Consider a point p £ y such that u(p) ^ 0,

and choose local coordinates (x, t) in a neighborhood of p such that x(p) =

t(p) = 0 and Zj(x, t) = Xj + i(pj(x, t), j = 1, ... , n , \x\ < 1, \t\ < 1 . After
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multiplying L by a convenient nonvanishing function we may assume that

L — d, + Y!\ hjdxj where the coefficients Xj are determined by the equations

LZj = 0, j = I, ... , n. Since A and Y are linearly dependent on y and

this is only possible where kj — 0, j = 1,... , n, we conclude that in our

coordinate patch y can be parametrized by {(0,5): - 1 < s < 1} (note that

the integral curve of A through the origin is contained in y). Hence, the

equations LZj = 0 when restricted to y mean that dsZj = 0, which implies

that y is contained on a fiber of Z . Since u is a Rado function and w(0) # 0,

we know that Lu = 0 for \x\, \t\<& for a certain e > 0 and, by the remarks

made above, that u must be constant in y for \s\ small. By connectedness it

follows that u is constant throughout y.

We will also make use of the following observation. Let P(x, y, Dx) be a

differential operator with coefficients depending on jc e R" and y £ Rm con-

taining derivatives just with respect to x. If u(x, y) is a continuous weak

solution of P(x, y, Dx)u = 0 in Rn+m , then v(x) = u(x, yo) is a weak solu-

tion of P(x, yo, Dx)v — 0 in R" . For the proof it is enough to consider test

functions of the form <j>(x)\p(y), observe that Px(<py) = yPx(4>), and then use

Fubini's theorem and a density argument to conclude that f v(x)Pl(tp)dx = 0

(Pl is the transpose of P). In particular, assume that L is a vector field de-

fined on an open set U c R" and that L is tangent to the leaves of a regular

foliation of U. If a continuous function u satisfies Lu = 0 in U in the sense

of distributions and Z is a leaf of the foliation, then the restriction v of u to
I satisfies Lv - 0 in Z (we are identifying L and its pullback to I).

2. The main result

In this section we prove

Theorem 2.1. Let L be a vector field with smooth coefficients in fi c R"+1

satisfying condition (3°). Then L has the property of Rado.

After localization, choice of appropriate coordinates, and multiplication of

L by a nonvanishing factor we may write

(2-1)        ^It'E^*'^'    w-1, |'1-1'
;'=i ;

where the coefficients bj(x, t) are real smooth functions. We denote by b(x, t)

the vector field in R" given by Y!j=\ bj(x, t)d/dxj , \x\, \t\ < 1. The fact that

L verifies (3s) implies that there exists a unit vector field v(x) defined on R"

for |jc| < 1 such that

b(x, t) = \b(x, t)\v(x),       x£R", t£R,  pc|,|f|<l.

Set
Jf = {x £Rn:b(x,t) = 0,  |x|,|r|<l}

and
p(x) = sup \b(x, t)\,       x £ R" ,  |x| < 1,

l'l<i

so that yy is precisely the set where p vanishes. The function p(x) is Lip-

schitz and ||Vp11/.oo < ||VxS||ioo.  Assuming, without loss of generality, that
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||v£||ioo < 1 we obtain the following estimate that we note for later reference:

(2.2) \p(x)-p(x')\<\x-x'\,        x, x'eR",  \x\, \x'\ < 1.

In the next lemma D indicates the transpose of L.

Lemma 2.2. Let x be the characteristic function of JV, and let <p £ Q°(R"+1)

be supported in the unit cube Q. Assume that the continuous function u satisfies
Lu = 0 where u ^ 0. Then

(2.3) llu(x,t)x(x)Li4>dxdt = 0.

Proof. If x £ yV, the segment {x} x (-1, 1) is contained in an orbit of L

of dimension one. By Lemma 1.2 we conclude that the restriction of u to

/x(-l, 1) is a function of x alone. Furthermore, D = -d/dt + c(x, t) if

x £ JV, where c(x, t) = i(J2k dbk/dxk). We may write JV = JVX UJV2 with

yVx = {x£sV:3t, Vxb(x,t)^0}

and JV2 = JV \yVx. By the implicit function theorem Nx is a negligible set and

Lx4> — -<t>t on JV2 x (-1, 1). If we let x vary over JV2 in (2.3) and integrate

first in t we obtain (2.3).
Our next step is to prove that

(2.4) JJu(x,t)(l-x(x))Lt<pdxdt = 0,        <t>£C^(Q).

Let Qx be the open cube |x| < 1 in R". Consider a sequence of functions

<pk(x) £ C™(Qx\jV) such that tpk(x) = 1 if dist(x, JV) > l/k and \Vtpk(x)\ <
Ck where C > 0 is independent of k . This sequence is easily constructed.

Lemma 2.3. For k = 1, 2, ...

(2.5) JJu(x,t)Lt(cPk(p)dxdt = 0,        tp£C™(Q).

We postpone the proof of Lemma 2.3 to the next section and continue our

reasoning. Letting k —► oo in (2.5) we observe that the integrand converges

pointwisely and boundedly to u(x, t)(l - x(x))Ll<p. This is so because the

derivatives with respect to Xj of (pk(x), which are bounded by Ck , appear

as factors of the coefficients bj, which are majorized by p(x), and since the

support of V(pk is contained in a 1/fc-neighborhood of JV, it follows from
(2.2) that p < l/k on the support V^. Hence, the dominate convergence

theorem applies and (2.5) implies (2.4) when k —► oo. Finally, adding (2.3)
and (2.4) we obtain that Lu — 0 in the sense of distributions in Q.

3. Proof of Lemma 2.3

Since <pk<p £ Cc°°((2 \yV x (-1,1)), (2.5) will follow if we prove that u
is a weak solution of Lu = 0 in Q\/"x (-1, 1) under the assumption

that u is a Rado function. Every point of Q\yV x (-1, I) is contained

in a two-dimensional orbit of L in Q because all one-dimensional orbits are

contained in yV x (-1, 1). In a neighborhood of such a point we may choose

the coordinates so that the two-dimensional orbits are given by x, = constant,
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j = 2, ... , n. This is easily achieved by (locally) rectifying the flow of v,

which is smooth outside JV. In such coordinates, L assumes the form

lt-^(x,t)^-,        \x\<a,  \t\<l,

with b(x, t) > 0. Furthermore,

,., n For all x 6 [-a, a] the function (-1, 1) B t —►
* ' ' b(x, t) does not vanish identically.

Considering x2, ... , xn as parameters we may now deal with a vector field in

two dimensions (see the observation at the end of §1). To simplify the notation

we write x instead of Xi and consider a vector field

L = — = ib(x,t)—,       (x,t)£R2,

with b(x, t) > 0 defined in a neighborhood of fi = [-a, a] x [-T, T]. Solving

the equation LU = ibx in a neighborhood of fi we may construct a smooth

function Z such that

LZ = 0,    Zx ? 0,        (x,t)£ii.

This is the property of locally integrability. We also assume that (3.1) holds.

The construction and basic properties of Z are thoroughly explained in [H,

Corollary 4.5] and the following discussion (cf. also [C, p. 12]). We wish to

prove that Lu = 0 in the sense of distributions. Since this is a local property, it

may be studied in the neighborhood of a given point p 6 fi. If L is elliptic at

p £ fi then L is a multiple, in convenient new local coordinates, of the Cauchy-

Riemann operator. By the classical theorem of Rado Lu = 0 in a neighborhood

of p. From now on we assume that L is not elliptic at p, which we take to

be the origin without loss of generality. Thus, assume that b(0, 0) = 0 and let

[to, tx] be the maximal closed subinterval of [-T, T] containing the origin on

which b(0, t) vanishes. Observe that [to, tx] may reduce to {0} but cannot be

equal to the whole [-T, T] in view of (3.1), say tx < T. On / = {0} x [t0, tx]

the vector field L reduces to d/dt and Zx is constant. To check this observe

that since b(0, t) vanishes on / = {0} x [/0, tx], to < 0 < tx , and b > 0, it

follows that also bx vanishes on / = {0} x [to, tx]. Differentiating the equation

Zt - ibZx = 0 with respect to x and setting x = 0 we obtain dt(Zx(0, t) = 0

for t £[to, tx], which implies that Zx is constant on /.

Using (Re Z, t) as new coordinates in a neighborhood of / we may assume,

after redefining a and T, that we are in the following situation:

(i) Z(x, t) = x + itp(x, t) with <p(x, t) real valued, \x\< a, \t\ < T;

(ii) |<Mx,0l< 5, M<a> V\<T;
(iii) the function t -> <f>(x, t) is monotone nondecreasing and not constant

for any x ; and

(iv) L = d/dt - B(x, t)d/dx with B(x, t) = i<pt/( 1 + i<t>x).

Let us see why property (ii) is relevant for us. Let R be a rectangle, with

sides parallel to the coordinate axis, contained in |x| < a, \t\ < T, and assume
that u satisfies Lu = 0 in a neighborhood of R. Then the Baouendi-Treves

formula gives a sequence of entire functions of one complex variable vk(Q such
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that vkoZ converges uniformly to aonii provided that \<f>x\ < \. That this

can be achieved is easily seen by recalling that we may, in the first place, choose

Z so that 4>x(0, 0) = 0, and this implies that tpx vanishes throughout / . Then

tpx will have the required property in a neighborhood of /. Concerning (iii)

see [H].

Lemma 3.1. The function u is constant on the fibers of Z . Hence we may write

u = v o Z with a uniquely determined v £ C°(Z(fi)).

Proof. Notice that because of (iii) the fibers of Z are of the form F = {x} x

[b, c] with t —> <p(x, t) constant in [b, c]. In particular, L — d/dt on F .

Then, on the open set (-a, a) x (b, c), the segment {x} x (b, c) is a one-

dimensional orbit of L and Lemma 1.2 shows that u must be constant on

{x} x (b, c) and also on its closure F .

Lemma 3.2. The function v of Lemma 3.1 is holomorphic on the open set

U = {£ = x + iy: -a<x<a,  tp(x, -T) < y < <j>(x, T)].

Proof. By the classical version of Rado's theorem we need only show that v is

holomorphic where v does not vanish. Assume

C = x +icp(x, t) £ U   and   v(Q = u(x, t) = X / 0.

If <pt(x, t) ^ 0 then Z is a local diffeomorphism in a neighborhood of (x, t)

that takes L into a multiple of d/dC so dv/dt, = 0 in a neighborhood of

C. Suppose now that <pt(x, t) = 0, and consider the fiber F of Z containing

(x, t). Then u = X on F and u / 0 in a neighborhood of F . Choose a closed

rectangle R containing F in its interior such that the equation Lu = 0 holds

in a neighborhood of R (the fact that £ £ U implies that F does not touch
<9fi). It is a consequence of the approximation theorem of Baouendi-Treves

that u = v o Z on R, with v holomorphic in the interior of Z(R). Now

Z(R) contains C in its interior and, of course, v is just the restriction of v

to Z(R). This proves the lemma.

Lemma 3.3.  Lu = 0 in the sense of distributions in fi.

Proof. By Lemmas 3.1 and 3.2 u = v o Z with v continuous in U and holo-

morphic in U. Using Mergelyan's theorem we may_consider a sequence of

polynomials pk(C) converging uniformly to v on U. Then the functions

Uk = Pk ° Z are smooth solutions of Luk = 0 on fi that converge uniformly

to u. This proves Lemma 3.3, which, as noted before, implies Lemma 2.3.

4. Uniqueness in the Cauchy problem

Let L = X + iY be a smooth complex vector field in fi c R"+1, let U C fi
be open, and denote by d U the relative boundary of U in fi.

Definition 4.1. We say that dU is weakly noncharacteristic for L if for every

point p £ dU the orbit of L passing through p intersects fi \ U.

Note that if d U is weakly noncharacteristic, U is not dense in fi. If d U

is a regular (say C1) noncharacteristic surface, at any point of dU either A
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or Y is transversal to d U and it is clear that d U is weakly noncharacteristic.

On the other hand, if dU is regular and totally characteristic, i.e., A and Y

are tangent to dU everywhere, dU is not weakly noncharacteristic.

Theorem 4.1. Let L be a smooth complex vector field in fi c R"+1, and let

U c fi be open. Assume that L satisfies (3s) and that dU is weakly nonchar-

acteristic. If u is continuous in U U d U, satisfies Lu = 0 in U in the sense of

distributions and vanishes on dU, then u vanishes in a neighborhood of dU.

Proof. Define w £ C(fi) by w = u in U,w = 0inQ\U. Then w is a
Rado function for L and by Theorem 2.1 it satisfies Lw = 0 in fi. Thus, the

support S of w is a union of orbits of L (see §1) and so is Q\S D fi\f7 ^

0. But the union of orbits that intersect fi \ U covers d U because d U is

weakly noncharacteristic. Thus, fi \ S is an open neighborhood of dU where
u vanishes.

Remarks, (i) Theorem 4.1 weakens the hypothesis of previous theorems on

uniqueness in the Cauchy problem for operators satisfying (3s), at least for

continuous solutions, in the following way. First, no regularity is assumed on

the initial "surface"; secondly, some regular points of the initial surface are al-

lowed to be characteristic; and, finally, the function u is assumed to verify the

equation only on one side of the initial surface.

(ii) Theorems 2.1 and 4.1 are still valid for a general first-order operator

with smooth coefficients. Indeed, if L is a vector field satisfying (3s) and we

consider the operator P = L + c(x, t), the zeroth-order term can be absorbed

because we can solve locally the equation Lv = c with, say, v continuous, and

then L(evu) = 0 is equivalent to Pu = 0.
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