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DOUBLE POINTS ON HYPERBOLIC SURFACES

TROELS J0RGENSEN AND HANNA SANDLER

(Communicated by Clifford J. Earle, Jr.)

Abstract. It is shown that every proper intersection point of two closed geo-

desies on an orientable hyperbolic surface is either a simultaneous double point

of two closed geodesies of equal length or a quadruple point, and this phe-

nomenon persists under deformations of the surface.

1. Introduction

A double point on a hyperbolic surface is a point at which a closed geodesic

properly self-intersects. A quadruple point is a point through which a single

closed geodesic passes at least four times in different directions. Given a hyper-

bolic surface, we use the term "permanent" for properties which persist under

arbitrary deformations of the surface. We prove:

Theorem. On any orientable hyperbolic surface, a point which is a proper inter-

section point of two distinct closed geodesies is either a permanent simultaneous

double point of two closed geodesies of permanently equal length or a permanent

quadruple point.

2. Closed geodesics

Throughout this paper, except in the last section, all hyperbolic surfaces are

assumed to be orientable. Such a surface can be thought of as the quotient space
of a hyperbolic plane by a certain group of orientation-preserving isometries of

hyperbolic 3-space which leaves the plane invariant and preserves its orientation.
The group acts freely and discontinuously on the invariant plane and may be

identified with a discrete subgroup of SL(2, C). The closed geodesics on the

hyperbolic surface correspond to (conjugacy classes of) axes of the associated
covering transformations. In order to determine whether two closed geodesics

are equal in length, we use the fact that the trace of A £ SL(2, C), denoted

Tx , determines the length of the associated geodesic. Indeed, the trace is twice

the hyperbolic cosine of half the length of the geodesic.

Suppose Ai and X2 are variable elements of SL(2, C) and W(XX, X2) is
a word in Xx and X2 . We make use of the fact that the trace t^*, tx2) is a
polynomial in tXi , 'rx1, and rx,x2 with integer coefficients (see [1, 3]).
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3. Palindromes

Given two elements A, Y £ SL(2, C), having no common fixed points on

the Riemann sphere, the Lie product XY - YX determines a Mobius trans-

formation whose axis is the common perpendicular of the axes of A and Y.

Furthermore, the axis of the Lie product is perpendicular to the axes of all

nontrivial palindromes in A and Y . (See [2].)
Let A and Y be elements of SL(2, C) with no common fixed points on

the Riemann sphere. In the following discussion we will assume that A and

Y generate a free group of rank two, since this is the case we will need for the

proof of our theorem in the next section. The common perpendicular of the

axes of any such pair A and Y is also the common perpendicular of the axes of

two elements A and B of equal trace which generate a free group of rank two.

For instance, we may let A = XY2X and B - YX2Y. (The construction we

give below would work for any pair of elements A and B of equal trace which

generate a free group of rank two. For the proof that follows in the next section,

we require that the axes of A and B have the same common perpendicular as

the axes of A and Y.) We consider the following conjugates of A2B2A~2B~2:

Sx = AB2A-2B~2A, Tx = BA~2B-2A2B,

S2 = A-XB~2A2B2A-X,        T2 = B~XA2B2A-2B-X .

If we define

w(u, v) = uv2u-2v-2u2v-2u~2v2u ,

then we have

SXS2-X = W(A,B), S1~XSX = W(A,B-X),

TXT2~X = W(B,A~X),        T2~XTX = W(B,A),

and all of these words are palindromes in A and B. Therefore, the axes of

these elements are all perpendicular to the axis of AB - BA . Furthermore, the

axes of these four elements are distinct. Indeed, if this were not the case then

two of the words, being of equal trace as is shown below, would have to be

identical or inverses. But, by inspection, this does not occur, since the inverse

of a palindrome is obtained by inverting the exponents of the letters.

The equality of the traces is seen as follows. Observe that

T5,5_1 = XW(A,B) — P(TA > TB j xAb) >

Tj—ij.   = TW(B,A) — P(tB , lA > Tba) >

where P is a polynomial with integer coefficients. Since xA = xB and xAB —

xBA , and, more generally, conjugate elements have equal trace, it follows that

(*) TS2"'S, = TSiS2_1 = TT~,Tl = XTiT~1  ■

4. Proof of the Theorem

Let G be a surface group represented in SL(2, C), and let 51 be the associ-

ated surface. Suppose A and B are elements of G with intersecting axes and
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with no common fixed points on the Riemann sphere. We may as well assume

(after replacing A and B by sufficiently high powers) that these elements gen-

erate a free group of rank two, F2. As mentioned above, we may also assume

that A and B have equal trace.

The group F2, generated by A and B, may be viewed as the covering group

of an open surface of genus one which we denote by S. Then S covers S

and, on both of these surfaces, the elements A and B give rise to distinct

properly intersecting closed geodesics. It will be enough to prove that the inter-

section point of the axes of A and B corresponds to a permanent simultaneous

double point of two distinct closed geodesics of permanently equal length on

S. Indeed, if this is the case, then the intersection point on S projects to a

multiplicity four intersection point on S. We will argue below that the lat-

ter intersection point must arise from either a permanent simultaneous double

point of two distinct closed geodesics of permanently equal length or from a

single permanent quadruple point.

The axes of A and B belong to a common hyperbolic plane. Moreover, the

axis of AB - BA meets this plane orthogonally at the point of intersection of

the axes of A and B. Since the axes of SXS2X, S2XSX, TXT2X, and T2XTX

also belong to this plane and are perpendicular to the axis of AB - BA, it

follows that all of these axes pass through the intersection point of the axes of

A and B . (These statements follow from [2].)

For a given surface group, two distinct axes of elements in the group will

correspond to the same closed geodesic precisely when they are conjugate in the

group. Therefore, the axes associated with the transformations determined by

the pair SXS2X and S2XSX and the pair TXT2X and T2XTX project onto S

as two distinct closed geodesics of equal length. This follows from the trace

equivalence in equation (*) and the fact that SXS2X and S2XSX are conjugate,

as are TXT2X and T2XTX.

Hence, on S the two closed geodesics, which come from the projections of

the axes of SXS2X, S2XSX, TXT2X, and T2XTX, have a double point at the

point of intersection of the closed geodesics determined by the axes of A and

B. As we deform the open surface of genus one and vary the representation of

F2 in SL(2, C), thereby varying A and B, the intersection point of their axes

remains a double point of the two closed geodesics of equal length associated

to the elements SXS2X, S2XSX, TXT2X, and T2XTX.

We have produced a permanent simultaneous double point of two distinct

closed geodesics of permanently equal length on S. If the elements SxS2 ' ,

S2XSX, and Tx T2X become conjugate in G, then the simultaneous double point

on S projects to a quadruple point on S; otherwise, it projects to a simulta-

neous double point. To deduce the desired permanence properties on S from

the corresponding properties on S, we use the fact that every representation of

G restricts to a representation of F2.

5. Final remarks

We observe that the above construction can also be carried out when the

axes of A and B do not intersect. In this case, the common perpendicular

to the axes of A  and B lies in the same plane as these axes.   The surface
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corresponding to the free group generated by A and B is then a three-holed

sphere. Instead of obtaining two closed geodesics with a simultaneous double

point on this surface, we obtain two closed geodesics of permanently equal

length each of which permanently intersects the common perpendicular twice

at right angles.
These results have a natural interpretation in the setting of orientable hyper-

bolic 3-manifolds (or orbifolds). Consider a geodesic line / in a hyperbolic

3-manifold. Suppose / meets arcs of closed geodesics orthogonally in two or

more ways. Then we expect that our methods can be used to show that there

exists a pair of closed geodesics of permanently equal length such that / per-

manently intersects each of these geodesics orthogonally twice.

It is also worth noting that the above construction provides us with a solution

to the problem of finding three elements Ai , X2, and A3 in a surface group G
having equal trace and satisfying t^,^^ = xXix2x{ for all representations of G

in SL(2, C). This equation, specialized to conjugate elements, arises when one

searches for permanent triple points. (A triple point is a point through which a

single closed geodesic passes at least three times in different directions.)

Typically, one expects that our construction will yield simultaneous double

points, as opposed to quadruple points. However, our methods, when applied to

nonorientable surfaces, can be used to produce permanent quadruple points as

follows. Consider three disjoint geodesics in a hyperbolic plane. Let a, B , and

y be elliptic elements of order two corresponding to half rotations about these

lines. Using the above arguments, with A = a fly and B — Bya, we obtain

four conjugate elements with distinct axes and a common point of intersection.
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