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TOPOLOGICAL ORBIFOLDS

CARLA FARSI

(Communicated by Palle E. T. Jorgensen)

Abstract. We show that two topologically homeomorphic orbifolds are also

Lipshitz homeomorphic. We then prove that the L-class of a good orbifold

with finite fundamental group depends only on the topological structure.

1. Lipschitz structures

A ^-dimensional smooth orbifold Q is a second countable topological space

endowed with an atlas TJ = {U,■, </>,-},e/ of open sets, with each [/,- homeomor-

phic to Rq/Gi, where C7, is a finite subgroup of 0(q). Let rp,-: £/,- h-» R*/C7,
be such a homeomorphism. The following compatibility condition must also be

satisfied: Vi, j for which UjDUj ^ 0, <pjO<p~x locally lift to a diffeomorphism
from R« to R«.

A smooth manifold is trivially an orbifold. (Take C7, = 1 Vz.) Let Q be a
smooth orbifold. If x e Q, we define Gx to be the finite subgroup of O(q) for

which Q looks like Rq /Gx arbitrarily close to x. If x, y £ Q, x ~ y if and
only if Gx is conjugate in O(q) to Gy . The equivalence classes of points of

Q are called the strata of Q. If x 6 Q with Gx ± 0, x is said to be singular

and the set of singular points is called the singular set.

Proposition 1. The following are equivalent:

(1) Q is a smooth orbifold.
(2) Q is the quotient of a smooth locally free action by a compact Lie group

G on a smooth manifold P.

Proof. See [5, 1]. For any orbifold Q we construct the orthonormal frame

bundle P of Q on which the 0(#)-action is locally free. Conversely we use

the slice theorem to give a local description of the action of G on P.   O

Definition 2. A topological orbifold Q is a second countable topological space

endowed with an atlas U = {U,■, 0,},e/ of open sets, with each £/, homeomor-

phic to R?/C7,, where C7, is a finite subgroup of O(q). Let 0,: i7, ■-> R9/Gj
be such a homeomorphism. The following compatibility condition must also
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be satisfied: Vi,j for which £/,-n t/;-^ 0 , 4>j°<t>~x locally lift to a homeomor-

phism from Rq to Rq . (If we require that tpj o <p"~x locally lift to a Lipschitz

homeomorphism, we obtain a Lipschitz orbifold.)

As above, a stratification can be defined on the topological orbifold Q. It

is a classical result of Sullivan that topological manifolds admit a unique Lip-

schitz structure. Rothenberg and Weinberger generalized Sullivan's theorem to

topological manifolds with certain group actions (see [7]; for our purposes (A)

is enough) as stated in [6]:

Theorem 3. Let M be a topological manifold on which the finite group G acts

continuously and locally linearly, with no component of MH of dimension four

for every subgroup H of G. Then M admits a G-invariant Lipschitz structure

(unique up to Lipschitz conjugacy at least when G has odd order).

Definition 4. An orbifold homeomorphism between two topological orbifolds

Qx and Q2, f: Qx -* Q2, is a homeomorphism between the two underlying

spaces which preserves strata.

If <2i and Q2 are as in Definition 4, they will be said to be orbifold home-
omorphic.

Theorem 5. Two orbifold homeomorphic topological orbifolds with no strata of

dimension four are Lipschitz homeomorphic.

Proof. This is an adaptation of the proof in [7]. We will prove the existence of

a Lipschitz structure on an orbifold Q. In an analogous way we can argue for

the existence of a Lipschitz homeomorphism between two orbifolds Qx and Q2

noticing that we are going to approximate the homeomorphism /: Qx —> Q2.

We induce on the number of strata and their size. Start with the one with the

smallest stabilizer Gx = 1. This is an open dense set in Q, and we have on

it the Lipschitz structure induced by the orbifold charts [/,-. (This stratum is

a Lipschitz manifold.) To extend the Lipschitz structure to the next stratum,

we write it locally as a quotient U/Gy and put on U the Lipschitz structure

induced by the one we already have. The action of Gy can be made Lipschitz on

it by Theorem 3. Since the Lipschitz structures must coincide on an open dense

set each time, they must agree. To illustrate the procedure we just described we
take the orbifold whose underlying space is a triangle T. The inside of T has

the smallest stabilizer Gx = 1, while on the edges the stabilizers are Z2, and

at the vertices dihedral groups. A neighborhood U of the base b of T can be

obtained as the Z2-quotient of an open neighborhood U ( U folds along b to

give U as quotient). We put on U the unique Lipschitz structure existing on

Int(7j U U. The action of Z2 can be made Lipschitz by Theorem 3. Then we
redo the same with the three vertices of T.   □

2. The L-class

Now suppose that Q = P/G is a C°° even-dimensional orbifold. We want

to investigate the dependence of the L-class (i.e., the class in A^-theory of

the signature operator) of Q. If Af is a smooth manifold then a theorem

of Hilsum guarantees that the class of the signature operator on M depends

only on the Lipschitz structure and, therefore, only on the topological structure

of M.
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Theorem 6 (Hilsum [3]). Let D be the signature operator on a closed Lipschitz

manifold M and let Kg be the Hilbert space of forms a> such that / co A

*W < +oo with the hermitian product (cox, a>2) = J ojx A *W2 with respect to a

Riemannian structure g on M. Then

(i)  D is a selfadjoint operator on Kg ;

(ii)   [D,<p] is bounded for every Lipschitz function 4> on M;

(iii)   (l+D2)~x is compact; and

(iv) the pair (Kg, D(l+D2)~xl2) defines an element in K0(M) whose class

does not depend on the choice of g, but only on the Lipschitz structure

ofM.

In analogy with the manifold case we (see [1, 2]) have the following:

Definition 7. The L-class of a closed smooth orientable even-dimensional orb-

ifold Q is the class [S] of the signature operator S on Q : [S] £ KK(C*(Q), C),

where C*(Q) is the C*-algebra of the foliation of P by G-orbits.

When Q is a smooth manifold, [S] depends only on the topological structure

of Q by Theorem 6. This happens also in the orbifold case, at least when Q

is good and its fundamental group is finite. The proof is an equivariant version

of Hilsum's result since in this case

[S] £ KK(C*(Q), C) <= KKT(C0(Q), C)

(cf. [2, Proposition 2]), where Q is the universal cover and Y is the fundamen-

tal group of Q, and Hilsum's proof can be repeated verbatim, the only change

being that T acts everywhere.

Theorem 8. Let [S] be the L-class of a smooth closed good orientable even-

dimensional orbifold Q with finite fundamental group. Then [S] depends only

on the topological structure of Q.

It is also possible to define the L-class of a Lipschitz good even-dimensional
orbifold Q with finite fundamental group, odd order stabilizers, and all strata

of even dimension. In fact, Q = Q/T, with Q a closed oriented Lipschitz man-

ifold and T a finite group acting locally linearly on Q. Q admits a T-invariant

Lipschitz structure. Then the signature operator on Q can be interpreted as an

operator on Q and defines (see [4]) an element of KKX-(C(Q), C) which coin-

cides with the one in Definition 7 if Q is smooth. We have (see [4, Proposition

4.6]):

Theorem 9. Let [E] £ KKT(C, C(Q)). Then the index S"E of the signature
operator on Q with coefficients in E is given by (using the notation in [4])

^ = iff E<ch/*(W* • Qh)L(Qh). lQhD-
1  ' her
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