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Abstract.
It will be proved that the ideal class group of the cyclotomic field
of 65th roots of unity is of type (4,4,2,2),
and remarks on the exponents
of ideal class groups of cyclotomic fields will be made.

Let <Q>
be the rational field, Z the additive group of (rational) integers, and
N the set of positive integers. We shall assume all algebraic extensions over
Q dealt with hereafter to be contained in the complex field. The exponent
of each finite group G will be denoted by exp G. For any m £ N, let Cm
denote the ideal class group of the cyclotomic field Q(e2n'/m). We then note
that Q(e27!'/m') = Q(e2n'/m) for some m! £ N less than m if and only if m = 2

(mod 4).
In this paper, we shall prove the following results.

Proposition 1. C^ is isomorphic as an abelian group to the direct sum of two

copies of Z/4Z and two copies of Z/2Z:
C65 =■(Z/4Z)2 © (Z/2Z)2.

Proposition 2. Let m be a positive integer £ 2 (mod 4). Then:

(i) exp Cm = 2" does not hold for any n £ N exceeding 3,
(ii) exp Cm = 8 is equivalent with m = 68,

(iii) expCm = 4 is equivalent with m = 65 or 120,
(iv) exp Cm = 2 is equivalent with m = 29, 39, or 56.
Remark. It is well known that for m in Proposition 2, exp Cm = 1, i.e., Cm =

{1} if and only if m £ {1, 3, 4, 5, 7, 8, 9, 11, 12, 13, 15, 16, 17, 19, 20, 21,
24, 25, 27, 28, 32, 33, 35, 36, 40, 44, 45, 48, 60, 84} (cf. [9]).
1
Let us prove Proposition 1. We put

K = Q(C) where C = e2ni/65.
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The class number of K equals 26 by [2, 6, 8]: |C651= 26. For any finite abelian
group A, let r(A) denote the rank of A . We shall first show r(Ces) = 4 and
then show r(C%5)= 2.
Let H be the maximal unramified abelian extension over K, k the maximal real subfield of K, and L the maximal abelian extension over k in

which no finite prime of k is ramified. Note that k C K C L C H. The
integral group ring of Gal(K/k) acts on both C65 and Ga\(H/K) in the obvious manner. Let L' be the maximal unramified abelian extension over K
such that expGal(L'/#)
< 2, i.e., the intermediate field of H/K such that
Gal(H/L') = Gal(H/K)2. Let j be the complex conjugation of K, i.e., the
generator of Gal(K/k): (j) = Gal(K/k). Since the class number of k equals

1 (cf. [8]), we then have C^j = {1} so that, by class field theory,

Gal(H/K)x~J = Gal(H/K)2 = Gal(H/L').
Hence L' is a Galois extension over k and

Gal(L'/k) = (/) x Gal(L'/K)
where / is the complex conjugation of L'. It therefore follows that L' is an
abelian extension over k in which no finite prime of k is ramified. This fact
means

(1)
L'CL.
Now, let E be the unit group of K, E+ the unit group of k , k+ the subgroup of the multiplicative group k x consisting of all totally positive numbers
in k , P the group of principal ideals of k , and cf the ring of algebraic integers

in k;
P = {acf\a£kx}.

Let P+ denote the subgroup of P defined by

P+ = {ficf\fi£ k+}.
Then, letting each a £ kx correspond to atf, we obtain homomorphisms

kx^P,

k+^P+.

These obviously induce an exact sequence

{1} __ E+/E+ _^ k*/k+ -^ P/P+ _> {1},
where E+ denotes the group of totally positive units in E+ : E+ = E+nk+ . As
the class number of k equals 1 , we obtain Gal(L/k) = P/P+ . In particular,
LC L' so that L' = L by (1). Hence it follows from kx/k+ = (Z/2Z)^:«
that

r(Ga\(L'/K)) = r(P/P+) - 1 = [k : Q] - 1 - r(E+/E+).
Consequently,
(2)

r(C65) = 23 - r(E+/E+).

The main result of [10] (based on the analytic class number formula) implies
that since just two distinct prime numbers are ramified in K and since the class
number of k equals 1 , E is contained in the subgroup of Kx generated by
1 - C" for all u £ Z with 65 { u , whence E is generated by -£, 1 - (" for all
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, 32} prime vo 65, (1 -Cb)/(1 - C5) for all b £ {2, 3, 4, 5, 6},

and (1 -C26)/(l-C13):
/

E = (-C,
\

1 _ £5fc

1 - Ca, i

it'S./

1 _ £26 \

r5 > i _n3 /

i<a<32,

(a,65)=l;

2<fc<6

Let £' be the subgroup of E+ with generators -1, (1 - ()(1 - C~') = 11- C|2,
sin ^/sin|f
= (Ca- C~a)/(C- C"1) for all a £ {2, ..., 32} prime to 65 ,
sin 2^/ sin |f for all 6 e {2, ..., 6}, and sin 3f/ sin ^ . Then

(i - o2 = -C(i - C)(i- r1) 6 <-C>£',

£ = (i - C, -C>£';

so the index [E : (-QE'] does not exceed 2. However, [E : (-QE+] = 2 as
is well known. Thus (-QE' = (-QE+ . It is now easy to see E' = E+ :

Next, for any « G N, let «* denote the number of distinct positive integers
< n prime to 65. With c varying through the positive integers < 32 prime

to 65, put

f(l,c*) = l+21,
f(a*,c*)=

2ac

-j£

f(b + 23,c*)=(^

+2Z

for a £ {2,. ..,32},

- f^)+2Z

(a,65) = l,

forb €{2,. ..,6},

/(30,O=([f]-[f])+2Z.
Here [q] denotes for each q £ Q the maximal integer < q and we understand
that, for each « e Z, u + 2Z = {u + 2v \v £Z} belongs to F2, the field whose
additive group is Z/2Z. We can then define a matrix
M = (j(S,

0)1<i<30i

l<f<24

of size (30, 24) with coefficients in F2. Furthermore, we readily see from (3)
that r(E+/E+) equals the rank of M while elementary calculations show that
the rank of M equals 19. Therefore we obtain r(C65) = 4 from (2).

Now, let F be the subfield of K such that [K : F] = 3, and let 0 be a
generator of Ga\(K/F). As the class number of F equals 1 (cf. [2, 8]), we
have

(4)

C\$°W = {1},

viewing C65 as a module over the integral group ring of Ga\(K/F). On the
other hand, we have r(C%s) = 1 or 2 by |C651= 26 and r(C65) = 4. In
particular, there exists an element x of C65 with x2 & C%5. If r(C|5) = 1 or
equivalently C%s/C%5= Z/2Z, then x2aC%5= x2C%5 so that
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This conclusion contradicts (4), however (for a general argument, cf.
Theorem 10.8]). Hence
r(Ci5) = 2,

[12,

namely, C65 = (Z/4Z)2 © (Z/2Z)2.

2
It is proved in [3] that if m is a positive integer ^ 2 (mod 4) different from

29, 39, 56, 65, 68, 120, then \Cm\ either equals 1 or has an odd prime divisor.
Proposition 2 therefore follows from Proposition 1 and the well-known facts

below (cf. [1,4, 5, 8, 11]).
C29 = (Z/2Z)3,

C39SC56SZ/2Z,

C68SZ/8Z,

C120 = Z/4Z.

Remark. Modifying the proof of Proposition 1, we can further find other facts
such as

C77 = (Z/4Z)4 © (Z/5Z),
C87= (Z/8Z)3 © (Z/3Z),
but we omit the details here.

Ci56 = Z/4 • 3 • 13Z ;
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