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Abstract.
A capital letter means a bounded linear operator on a complex
Hilbert space H . By a nice application of the Furuta inequality, we give two
kinds of determinant type generalizations (Theorems 1 and 2 in § 1) of the famous and well-known Heinz-Kato theorem containing the terms T, \T\, and

\T'\.

0. Introduction
An operator T is said to be positive if (Tx, x) > 0 for all x £ H. We
recall the following famous Lowner-Heinz theorem [5, 8]. If A > B > 0, then
Aa > Ba for each a £ [0, 1]. There are a lot of proofs of this famous theorem,
in particular, an elegant proof given in [9].
Also we recall the following famous Heinz-Kato theorem [5, 7]. If A and
B are positive operators such that ||7x|| < \\Ax\\ and ||r*y|| < ||fiy|| for all
x, y € H, then the following inequality holds: |(7x, y)| < PQx|| ||51_Qy|| for
any 0 < a < 1 .
We have the Furuta inequality [2] as some extension of this Lowner-Heinz
theorem as follows: If A > B > 0, then for each r > 0
(i) (BrAPBr)xli > B(P+2rVi and
(ii) A(P+2ry<>> (A'BPA'yit

hold for each p and q such that p > 0 and q > 1 with (1 + 2r)q > p + 2r.
When we put r = 0 in (i) or (ii) in the Furuta inequality stated above,
we have the famous Lowner-Heinz theorem. Alternative proofs of the Furuta
inequality are given in [1, 3, 6], and an elementary proof is shown in [4].
In this paper, as an application of the Furuta inequality we shall show Theorems 1 and 2, which are two kinds of determinant type inequalities, and these
two theorems yield Theorem 3, which is a generalization of the Heinz-Kato
theorem. Also we shall show that any one of these generalizations is equivalent
to the Furuta inequality.
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1. Determinant

furuta

type generalizations

of the Heinz-Kato

theorem

Put f = (I + 2r)a and g = (1 + 2s) B for any r > 0, 5 > 0, and a, P £
[0, 1]. Let the nxn

determinant

G\}\r, s, a, /?) be defined by the following

formula for h = (1 + 2r)a + (1 + 2s) fi - 1 > 0 and xx, x2, ... , xn£ H:
G{nl)(r,s,a,P)

=

(\T\2fxx,xx)

(T\T\hxx,x2)

(T\T\hxx,Xi)

■•■ (T\T\hxx,xn)

(\T\hT*x2,xx)

(\T*\2sX2,x2)

(|r*|2^x2,x3)

•••

(|H2Sx2,x„)

(\T\hT*X3,Xx)

(|r*|^X3,X2)

(m2SX3,X3)

••■

(|r*|2^X3,X„)

(\T\hT*xn,Xi)

(\T*\2Sxn,x2)

(|r*|^x„,x3)

•••

(|r*|2^x„,x„)

.

Theorem 1 (Type 1). Let T be an operator on a Hilbert space H. If A, B2,
B}, ... , Bn are positive operators such that \\Tx\\ < \\Ax\\ and \\T*y\\ < \\Bjy\\

for all x, y £ H and j = 2, 3, ... , n, then, for each r > 0 and s > 0, the
following inequality holds for all xx, x2, ... , xn £ H:

(irpc+^x^xondri2^2^-,^)
7=2

(1)

< G^(r,

s,a,0)

+ ((|r|2r,42p|r|2r)(1+2r)a/(p+2r)xi,

xx)

n

x Y[((\T*\2sB2g\T*\2sYx+2s^^+2s)Xj,Xj)
J=2

for any p>\,

q>\,

and a, j? e [0, 1] such that (1 + 2r)a + (1 + 2s)/3 > 1.

In the case a > 0 and /? > 0, the equality in (1) holds for some vectors
xx, x2, ... , x„ £ H iff the following (ax), (bx), and (cx) hold together for
some vectors xx, x2, ... , x„ £ H:
(ao

{|r|2(1+2r)Qx,, |r|(1+2r)a+(1+2s^-1r*x2,
|r|(1+2r)a+<1+2*w,-1r*jc3,...,
|j-|(i+2r)a+(i+2j)^-i f* x„} is a sequence of linearly dependent vectors,

(b,)

|r|2(1+2r'ax,

(ci)

|r*|2<1+2^x7- = (\T*\2sB2/\T*\2SYx+2s^^+2^Xj

= (\T\2rA2P\T\2ryx+2r^HP+2r^xx,

for j = 2,3,...,

n.

We define f, g, and h the same as in the definition of G(„\r, s, a, /?); that

is, /= (1 +2r)a and g = (l+2s)0 for any r > 0, 5 > 0, and a, 0 £ [0, 1].
Let the 2n x 2n determinant G\^(r, s, a, /?) be defined by the following
formula for h = (l+2r)a + (l +2s)jl- 1 > 0 and xx, x2, ... , x2n-X, x2„ £ H:
G™(r,s,a,B)

(T\T\hxx,x2)

•■■

(\T\hT*x2,xx)

flrp/*,,

Xl)

(\T*fsx2,x2)

■■■

(\T\2fx2n_x,Xl)

(T\T\hx2n_x,x2)

•■•

(|7f/x2»-i.

■••

(\T\hT*x2n,x2n_x)

{\T\hT'x2n,xx)

(\T'\^x2n,x2)

(mV^.jrj,,.,)
(\T\hT*x2,x2n-X)

X2„-i)

(T\T\hxx,x2n)
(\T'\2*x2,

x2n)

(T\T\hx2n_x,x2n)
(\T*\^x2n,

x2n)

Theorem 2 (Type 2). Let T be an operator on a Hilbert space H. If Ax,
A?,, ... , A2n-X and B2, B4, ... , B2n are positive operators such that || Tx|| <

||.42./-i.k|| and \\T*y\\ < \\B2jy\\for all x,y £ H and j = 1,2, ... , n, then, for
each r > 0 and s > 0, the following inequality holds for all xx,x2,
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x2„ £ H:

fl{(\T\2«+2r*x2j-i, x2j_x)(\T^x+2^x2,,x2j)}
7= 1

(2)

< Gf„V,s, a, fi) + n{((l71ar^S-im2r)<I+2rW<rf2r)^-i'
*V-0
7=1

,fXT.fsB2q\T*fs)(l+2s)M<l+2s)X2.f X2j)]

for any p>\,

q>\,

and a, fi £[0, 1] such that (1 + 2r)a + (1 + 2s)ft > 1.

In the case a > 0 fl/irf /J > 0, the equality in (2) holds for some vectors
xx, x2, ... , X2„_i, x2n£ H iff the following (n2), (b2), and (c2) hold together
for some vectors xx, x2, ... , x2n- x, x2n £ H:
(a2)
{\T\2V+2r*Xi,

\T\(x+2r^x+2W-xT*x2,

|r|(I+2r)a+(l+2S)/»-irjC4)

_

|r|2<1+2^x3,

> \T\2^X+2r^X2n^x , \T\^+2r^+^2s^-X

T*X2n}

is a sequence of linearly dependent vectors,
(b2)

|r|2(i+»^2,_,

= (|r|2^_1|r|2o<1+2f^+2^x2,_l

for j = 1,2.

n,
(c2)

|r*|2(1+2^x2> = (|r*|2*/32J|r*p)(1+2*W(<7+2s)x2/ for j = 1, 2, ... , n .

Theorem 3. Let T be an operator on a Hilbert space H. If A and B are positive
operators such that \\Tx\\ < \\Ax\\ and \\T*y\\ < \\By\\ for all x, y £ H, then,
for each r > 0 and s > 0, the following inequality holds for all x, y £ H:

(3)

|(r|71(1+2/')a+(1+2^~1x,

y)|2

< ((|r|2r/l2p|r|2'')(1+2'',a/(p+2r)x,

x)((|r*|2iy32«|r*|2s)(1+2s)^(«+2i)y,

y)

for any p > 1, q > 1, and a, /3 e [0, 1] such that (1 + 2r)a + (1 + 2s) fi > 1 .
In the case a > 0 and ft > 0, the equality in (3) holds for some vectors x
and y £ H iff the following (a3), (b3), and (c3) hold together for some x and

y£H:
(a3)

\T\^x+2r^x

(b3)
(d)

|r|2(1+2')ax = (\T\2rA2P\T\2r)(-x+2^a^P+2r^x,
\T*\2(-x+2s^y = (|r*|2-s/32«|r*|2's)(1+2-s^/(«+2i)y .

and \T\(i+2r1a+^+2s^-xT*y

are linearly dependent,

Remark 1. We remark that the condition (1 + 2r)a + (1 + 2s)/? > 1 in Theorems
1, 2, and 3 is unnecessary if T is a positive operator or invertible operator. This
is easily seen in the proofs of their results.

Theorem 4. Let T be an operator on a Hilbert space H. If A and B are positive
operators such that \\Tx\\ < \\Ax\\ and \\T*y\\ < \\By\\ for all x, y £ H, then

the following inequality holdsfor all x, y £ H:

(4)

|(r|rr^'x,y)|<K||||2^y||

for any a and ft such that a, ft £ [0, 1] and a + /? > 1.
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In the case a > 0 and /? > 0, the equality in (4) holds for some x and
y iff \T\2ax and |r|a+^_1r*y
are linearly dependent and \T\2ax = A2ax and

\T*\2&y= B2Py hold for some x and y together.
Theorem A (Heinz-Kato). Let T be an operator on a Hilbert space H. If A
and B are positive operators such that \\Tx\\ < \\Ax\\ and \\T*y\\ < \\By\\ for

all x, y £ H, then the following inequality holdsfor all x, y £ H:
\(Tx,y)\ < \\Aax\\\\Bx-ay\\ foranya£[0,
2. Proofs

1].

of the results

At first we cite the following well-known folk lemma.
Lemma. For any vectors xx, x2, ... , xn £ H, let Gn be the determinant of the
square matrix of order n defined by Gn = \((Xj-, xk))\. Then 0 < G„ . The
equality holds if and only if xx, x2, ... , xn are linearly dependent.

In order to give proofs of the results, we need the following inequalities which
are equivalent to the Furuta inequality [2].

Theorem B. If A>B>0,
(i)

then for each r>0
fgrAPSrs(\+2r)6/(P+2r)

> fi(l+2r)d

and
(ij)

^(\+2r)6

■> ,ArBPAry\+2r)8/(p+2r)

holdfor any p > 1 and 6 £ [0, 1].
Proof of Theorem 1. Let N(X) denote the kernel of an operator X. Let T =

U\T\ be the polar decomposition of an operator T, where |r| = (r*r)'/2

and

U is a partial isometry operator with N(U) = N(\T\).
The case g = (1 + 2s) ft > 0. In the Lemma we replace Xi by |r|^xi

and

Xfr by \T\gU*xk for k = 2, 3, ... , n . Then we have
(5)

(\T\fXx, \T\W*xk) = (U\T\f+*xx, xk)
= (T\T\f+g~xxx,xk)

fork = 2,3,

...,«

and
(6)

{\T\'U'Xj,

\T\gU*xk) = (U\T\2W*Xj,xk)
= (\T*\2gXj,xk) for j,k

= 2, 3, ... , n,

since |T*|2^ = U\T\2gU* holds for any positive number g in general.
Thus we can construct G„(r,s,a,/i)
defined in §1. By the Lemma we
have

(7)

O<GP(r,s,a,0).

The two hypotheses ||rx|| < \\Ax\\ and ||r*y|| < \\Bjy\\ for all x,y £ H
and j = 2, 3, ... , n are equivalent to the following (8) and (9) respectively:
(8)
and

(9)

\T\2<A2

|r*|2<fi2

for > = 2, 3, ... , n.
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Applying Theorem B(i) to (8), for each r > 0 we have
(io)

(|r|2(1+2r)ax,,

x,) < ((|r|2r^|r|2r)(1+2r)a/(p+2'')x1,

Xx)

for any p > 1 and a £ [0, 1].
Also applying Theorem B(i) to (9), for each s > 0 we have
(11)

(\T*\2V+2sV>Xj,Xj) < ((\T*\2sB2q|r|2*)<1+2*W<«+2*>x,, Xj)

for any q > 1, /? £ [0, 1], and j = 2, ... , n . Hence the following inequality

(1) holds by (7), (10), and (11); that is, for each r > 0 and s > 0 and all
X\ , X2 , ... , Xn € H

(|r|2(1+2^x1,xl)n(|r*|2('+2^x;,x7)
7=2

(1)

< G(„l)(r,s,a,

p) + ((|r|2r^2*|r|2r)(1+2r)a/(p+2r)x,,

Xy)

x f[((\r\2sB2i\T*\2sf+2sW«>+2shj,Xj)
7=2

for any p > 1 , q > 1, and a, /? £ [0, 1] such that (1 + 2r)a + (l +2s)B > 1 .
The case g — (1 +2s)B = 0. The result is obvious, so we omit its description.
We cite the following obvious results to scrutinize the equality case in (1):
/ n

,

For a positive operator 5, (Sx, x) = 0 holds for some vector
x iff Sx = 0 holds for some vector x .

,

For a positive operator S, N(Sq) = N(S) holds for any positive
number q.

In the case / = (1 + 2r)a > 0 and g = (1 + 2s)B > 0, the equality in (7)

holds iff
{\T\'xi, \T\gU*x2, \T\gU*X), ... , \T\gU*xn}
is a sequence of linearly dependent vectors. That is,

{\T\VXl, \T\f+*-i\T\lTx2,

\T\f+g-x\T\U*X),...,

\T\f+*-l\T\U'x„}

is a sequence of linearly dependent vectors by (**); namely,

(12)

{|r|2/x,,

|r|/+*-'r*x2,

|r|/+^-1r*x3,...,

\T\f+g~xT*xn}

is a sequence of linearly dependent vectors. That is, (12) is (aj) in Theorem 1.
The equality in (10) holds for some vector Xi iff
(13)

(\T\2rA2p\T\2rYx+2r)a^P+2rhx = |r|2(1+2r>axi

holds for some vector xj by (*), and also the equality in (11) holds for some
vectors Xj for j = 1, 2, ... , n , iff
(14)

nT*i2sB2q,T*,2s-j(\+2s)P/(q+2s)x. _ \T*\2(l+2s)0x .

holds for some vectors x7 for j = 1, 2,...,
n by (*).
The case a > 0 and /? > 0 is equivalent to the case (1 -f 2r)a > 0 and
(1 + 2s) p > 0. In this case, the equality in (1) holds iff the equalities in (7),
(10), and (11) hold together; that is, the conditions (ai), (bi), and (ci) in
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Theorem 1 hold together by (12)—(14). Therefore, the proof of the equality in
(1) is complete.
Hence, the proof of Theorem 1 is complete.
Proof of Theorem 2. The case g = (1 + 2s) ft > 0. In the Lemma we replace
X2j by \T\gU*x2j for j - 1,2, ... ,n and also x2j-X by \T\^x2j-X for j =
1, 2, ... , n . Then we have
i\T\fX2j-i.

\T\gU*x2k) = (U\T\f+*x2j.x,

= (T\T\f+g-xx2j-X,

x2k)

x2k)

for j, k = 1, 2, ... , n

and
(\T\gU*x2j,

\T\gU*x2k) = (U\T\2gU*x2j,x2k)

= (|T*|^x2;-, x2jt) for j,k

=1,2,

... ,n,

since |r*|2g = U\T\2gU* holds for any positive number g in general.
Thus we can construct G22^(r, s, a, ft) defined in §1. By the Lemma, we
have

(17)

0<G^(r,s,a,p).

The two hypotheses ||!Tx|| < ||/42,_ix|| and ||r*y|| < ||52_/y|| for all x, y £
H and j = 1,2, ... , n are equivalent respectively to
(18)

\T\2<A22j_x

forj=l,2,...,n

\T*\2<Blj

forj=\,2,...,n.

and

(19)

Applying Theorem B(i) to (18), for each r > 0 we have
(20)

(|r|2(1+2^X2y_,

, Xy-,)

< ((|r|2^2^1|r|20(1+2r)a/("+2r)X27-1

, XV-i)

for any p > 1, a £ [0, 1], and j = 1, 2, ... , n . Also applying Theorem B(i)
to (19), for each s > 0 we have
(21)

(|r*|2(1+2^x2;-,

for any # > 1, j?€[0,

x2j) < ((\T*\2sB29\T*\2sfx+2s^^+2^x2j,

1], and 7 = 1,2.n.

x2J)

Hence the following inequal-

ity (2) holds by (17), (20), and (21); that is, for each r > 0, 5 > 0, and for all
xx, x2, ... , x2n-X, x2n £ H:

JJ{(|r|2(l+2r)aJC2._] t Xl]_,)(\r\2^2^x2],X2])}
7= 1

< G%(r,s,a,

P) + f[{((\T\2rA2^\T\2r+2r)a/{p+2r)x2j^,

x2j.x)

7= 1

^T*\2sB2c,\T*^(l+2s)ll/(q+2s)X2.

j X2.^

for any p > 1, # > 1, and a, /? e [0, 1] such that (1 + 2r)a + (1 + 2s)B > 1 .
The case g = (\ + 2s)B = 0. The result is obvious, so we omit its description.
Next we shall scrutinize the equality case in (2). In the case / = (1 +2r)a > 0

and g = (1 + 2s)0 > 0, the equality in (17) holds iff
{\T\fXx, \T\gU*x2, |7fx3,

\T\gU*x4,...,

\T\'xU-i,
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is a sequence of linearly dependent vectors by the Lemma. That is,

{|7f'x,,

\T\f+*-l\T\U*x2, \T\2fXi, \T\f+g~x\T\U*x4, ... ,
\T\2fX2n_x,\T\f+g-x\T\u*x2n}

is a sequence of linearly dependent vectors by (**); namely,

(22)

{\T\2fxx,\T\f+g~xT*x2, |7f/x3,

\T\f+g~xT*x4, ... ,
\T\2fx2n_x,\T\f+g-xT*x2n}

is a sequence of linearly dependent vectors. That is, (22) is (a2) in Theorem 2.
The equality in (20) holds for some vectors x2j-X iff
(23)

(\T\2rA2P\T\2r)(x+2rWp+2r)x2j-X

= |r|2(1+2r>ax2j_,

holds for some vectors X2y_i for j = 1, 2, ... , n by (*), and also the equality
in (21) holds for some vectors X2; iff
(24)

^T*\2sB2q\T*^(l+2S)P/(q+2s)X2. = \T*f(l+2s)llX2j

holds for some vectors X2_,for j = 1, 2, ..., n by (*).
The case a > 0 and p > 0 is equivalent to the case (1 + 2r)a > 0 and
(1 + 2s)P > 0. In this case, the equality in (2) holds iff the equalities in
(17), (20), and (21) hold together; that is, the conditions (a2), (b2), and (C2)
in Theorem 2 hold together by (22)-(24). Hence the proof of Theorem 2 is
complete, together with the proof of the equality in (2).
Remark 2. Equivalent conditions. In the special case a = 0, scrutiny of the
equality in (1) is obvious. In the case p = 0, scrutiny of the equality in (1) is
also obvious. In the case a > 0 and p > 0 in Theorem 1, we shall show that
the following two conditions (ai) in Theorem 1 and (a',) are equivalent:
(a,)

{|r|2<1+2'>ax,,

|r|(1+2r)Q+('+2^-1r*x2,

|r|(1+2r>«+(1+2^-1r*x3,...,

|7-|(i+2r)a+(i+2.s)0-iT*x„} is a sequence of linearly dependent vectors.
(a',)

{r|7-|(l+2»-)a+(l+25^-lXl)

|r.|2(l+2WJC2>

|r*|2<1+2^X3,

...

,

\T*\2(\+2s)pXnj js a sequence 0f linearly dependent vectors.
In fact the former condition (ai) is equivalent to

{|7-|'jci , \T\gU*x2, \T\gU*Xi,...

, |2Tl/*x„}

is a sequence of linearly dependent vectors, as is easily seen in the proof of the
equality in (7), and this condition is equivalent to
{U\T\f+*xx, U\T\2gU*x2, U\T\2gU*x3,...,U\T\2gU*xn}

is a sequence of linearly dependent vectors by (**) and N(\T\) = N(U). That
is,
{T\T\f+g~xxx, \T*\2gx2, \T*\2gx3, ... , \T*\2gxn}
is a sequence of linearly dependent vectors; that is, (a',) holds.
In the case a > 0 and P > 0, we shall show that the following (a2) and
(a2) are equivalent:
(a2)

{|r|2(1+2r)aX, , |r|(l+2r)a+(l+2S)/i-ir»X2j
\T\2(X+2r)a+(l+2s)li-XT*X4,...,

\T\2(H-2r)ax^

|r|2(1+2,>X2;-i

, |7'|(1+2',)0+(1+2'>*-1r*Jt2,i}

is a sequence of linearly dependent vectors.
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(a2)

{T'|7'|(l+2'-)«+(l+2i)/3-l_Xlj

1^*12(1+2*)^

> ^|^|(l+2r)a+(l+2s)yj-l;c3)

|r*|2('+2^x4,
... , r|r|'(|+2r)«+(1+2^-1'x2„-i,
quence of linearly dependent vectors.

In fact the former condition
{\T\fXx,\T\gU*x2,

|r*|2('+2^x2„}

'is a se-

(a2) is equivalent to

\T\'x3,

\T\*U*xA, ... , \T\fX2H-i,\T\'U'x2ll}

is a sequence of linear dependent vectors, as is easily seen in the proof of the
equality in (17), and this condition is equivalent to
{U\T\f+gxx, U\T\2gU*x2, U\T\f+gx3, U\T\2gU*x4,...,
U\T\f+gx2n.x,U\T\2gU*x2n}

is a sequence of linearly dependent vectors by (**) and N(\T\) = N(U).
is,
{T\T\f+*-lXi,

|r*|2*X2,

T\T\f+*-lx3,

|r*|2gx4,...

That

,

T\T\f+*-lx2n-i,\T*\2*x2n}

is a sequence of linearly dependent vectors; that is, (a2) holds.

Proof of Theorem 3. In Theorem 1, we put n = 2. Then for each r > 0 and
s > 0 the following inequality holds for all x, y £ H by Theorem 1:
(|r|(1+2r>ax,x)(|r*|2(1+2s>^y,y)

< G2i](r, s, a, P) + ((|r|2M2p|r|2f)(1+2r'Q/(p+2r»x,

x)

X ((|7,*|2-S/32l?|;r*|2'S)(1+2-S)M<7 + 2*)y ^ y\

That is,
(|r|<1+2'>°x,x)(|r*|2(1+2^y,y)
< (|r|<1+2r»QX , x)(|r*|2(1+2i»V

, y) - |(r|r|2(l+2r)a+2(l+2,)/»-lJC

> y)|2

+ ((|7'|2r^42/'|7'|2',)(1+2r>Q/(/'+2r)Jc, x)((\T*\2sB2q\T*\2s)(x+2s)l}l(q+2s)y,

y);

namely,

(3)

Kririt'+^+c+^-'x^)!2
< ((|r|2M2p|r|2r)(1+2r>a^+2r>x,

x)

x ^t*^B2q\T*\2s)(X+2s)pl{q+2s)y,

y)

for any p > 1, q > 1, and a, P £ [0, 1] such that (1 + 2r)a + (1 + 2s)P > 1.
Hence the proof of Theorem 3 is complete.
Also, Theorem 3 easily follows by Theorem 2, putting n = 1.
Proof of Theorem 4. Theorem 4 easily follows by Theorem 3, putting r = s = 0.

Proof of Theorem A. Theorem A easily follows by Theorem 4, putting a+P = 1 .

3. The equivalence relation between
Theorems 1, 2, and B
Theorems 1 and 2 are proved by Theorem B, which is an extension of the
Lowner-Heinz theorem. In this section, conversely we shall show that Theorem
B can be derived from Theorems 1 or 2 as follows:
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Theorem 1 =>•Theorem B. In (1) of Theorem 1, we put n = 2, T = B,
a = P , r = s , and also we put Xi = X2 = x . Then the hypothesis || Tx|| < \\Ax\\
is equivalent to B2 < A2. Theorem 1 and Remark 1 ensure the following
inequality for each r > 0 and a £ [0, 1]:
|(/32<1+2f>Qx,x)|2<G21)(r,'",a>a)

+ ((B2rA2PB2r){x+2r)a/{P+2r)x,x)(B2^x+2r)ax,x)

for any p > 1 . In this case
G2l)(r, r, a, a) = \(B2(X+2r)ax, x)|2 - |(52(1+2r)ax,

x)|2 = 0,

so we have for each r > 0 and a £ [0, 1]
(25)

|(52(1+2r)ax,

x)| < {(B2rA2PB2r)(x+2r)al{P+2r)x, x)

for any p > 1.

Then by (25) we have for each r > 0
(26)

B2{X+2r)a< (B2rA2pB2r)(x+2r)al{p+2r)

for any p > 1

holds under the hypothesis B2 < A2, and the inequality (26) is equivalent to
Theorem B(i), which is also equivalent to Theorem B(ii).
Theorem 2 => Theorem B. Also putting n = 1 in Theorem 2, we can show
that Theorem B can be derived from Theorem 2 by the same way as in the proof

that Theorem 1 =>•Theorem B.
Hence Theorems 1, 2, and B are mutually equivalent.
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