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Abstract.
We study the problem when a compact Hermitian *-Einstein surface M is Kahlerian and show that it is true if M is additionally assumed to
be either Einstein or anti-self-dual. We also prove that if the *-scalar curvature
of M is positive then Af is a conformally Kahler surface with positive first
Chern class.

1. Introduction
A well-known conjecture of Goldberg [Go] says that any compact almost
Kahler Einstein manifold is Kahlerian. This conjecture is still open, but some
progress has been made under additional curvature conditions [Go, Ol, SI,
SV]. In particular, Sekigawa and Vanhecke [SV] have proved that the Goldberg
conjecture is true for four-dimensional *-Einstein manifolds with constant Hescalar curvature.
The purpose of this note is to obtain Hermitian analogs of the abovementioned result. More specifically, we study the problem when a compact
Hermitian *-Einstein surface is Kahlerian. Our interest in this problem was
also motivated by the following observations. First, any compact Hermitian *Einstein surface with positive *-scalar curvature is globally conformally Kahler
(cf. Theorem 3.1). Second, the Page metric on the complex surface F\ [B,
11.82] is Einstein *-Einstein and with nonconstant positive *-scalar curvature.
Since the Page metric is non-Kahler, the following conjecture seems to be true:
Any compact Hermitian *-Einstein surface M with constant positive *-scalar
curvature is Kahlerian.
In this note we prove the above conjecture under the additional assumption
that M is either Einstein or anti-self-dual (Corollaries 4.2 and 4.3). These
results are consequences of the following

Theorem 1.1. Let M be a compact Hermitian Einstein and *-Einstein surface.

Then either
(i) M is Kahlerian, or
(ii) the metric of M is conformal to an extremal Kahler metric with nonconstant positive scalar curvature. Moreover, the scalar curvature of M is a positive
constant, and the *-scalar curvature of M is positive and nonconstant.
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The converse statement is also true.
We should note that the proof of Theorem 1.1 relies heavily on some results
of Derdzinski [D], Vaisman [V], Sekigawa [S2], and Koda [K].
2. Preliminaries
Let M = (M, J, g) be a Hermitian surface (i.e., a Hermitian manifold
of real dimension four) with complex structure J and compatible Riemannian

metric g. Denote by Q. the Kahler form of M given by £l(X, Y) = g(X, JY)
for X ,Y £ x(M), where ^(M) is the Lie algebra of all smooth vector fields
on M. We assume that M is oriented by the volume form dM = 5Q2 . It is
well known [V] that d£l = to A Q, where to = 8Q. o J is the Lee form of M.
Recall [V] that M is called locally conformally Kahler provided do) = 0.
Let V, R, p, and t be the Riemannian connection, the Riemannian curvature tensor, the Ricci tensor, and the scalar curvature of M, respectively.
Here
R(X,Y,Z,

W) = g([Vx,VY]Z-Vlx,Y]Z,W),

p(X,Y) = ^R(Es,X,Y,Es),

r = Y,P(Es,Es)

s

s

for X, Y, Z , W £ x(M), where {Es} , is an orthonormal frame. Furthermore
we denote by p* and t* the *-Ricci tensor and the *-scalar curvature of M
defined respectively by

p*(X,Y) = Y,R(Es,X,JY,JEs),

r* = Y,P*(Es,Es).

s

s

By using the first Bianchi identity we get

(2.1)

p*(X,Y) = ~Y,R(X>JY>Es>JEs)s

Note that on a Kahler manifold the *-Ricci tensor and the Ricci tensor coincide.
We shall say that Af is a *-Einstein surface if the *-Ricci tensor is a functional
multiple of the metric g, i.e., if p* = r*/4-g. Note that in contrast to Einstein
manifolds the *-scalar curvature of a *-Einstein surface need not be a constant.
On any Hermitian surface the Ricci tensor and the *-Ricci tensor are related

by

(2.2) P(X,Y) + p(JX,JY)-p*(X,Y)-p*(JX,JY)

= ^~^.g(X,Y)

for X, Y £ x(M) (cf., e.g., [TV]). We also have [V]

(2.3)

t-t*

= 28w +|M|2.

Denote by y{ the generalized first Chern form of M [S2]. Then

Zny^X, Y) = -£(2R(X,

Y,ES, JES) + g((VxJ)(Es),

(VJYJ)(ES))),

s

and by (2.1) we get
(2.4)

SnYl(X, Y) = -4p*(X,

JY) - £

g((VxJ)(Es),

s
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Note that when M is compact the 2-form yx represents the first Chern class
of M in the de Rham cohomology group.
The Riemannian metric g induces a metric on the bundle /\2 TM of 2vectors by (X\ A X2 , Xi A X4) = det(g(Xt, Xj)). The curvature operator 3? is
the selfadjoint endomorphism of A2 TM defined by (31 (X A Y), Z A W) =
R(X, Y, Z, W). The Hodge star operator defines an endomorphism * of

A2TM with *2 = Id. Hence A2TM = f\2+TM© f\2_TM, where Al TM
are the subbundles of A TM corresponding to the (±l)-eigenvalues of * . The
block-decomposition of 3i with respect to the above splitting of A2 TM is

[T/12.Id+a^

[-D)

L

38

'38

xj\2-\d+W-_

where t is the scalar curvature; 38 and W = W+ + 'W- represent the traceless
Ricci tensor and the Weyl conformed tensor, respectively. Recall that M is

called (anti-) self-dual if (W+)W- = 0.
3. Conformally

Kahler

*-Einstein surfaces

Recall [V] that a Hermitian surface (Af, J, g) is called (globally) conformally Kahler if the metric g is conformal to a Kahler metric with respect to

J.
Theorem 3.1. Any compact Hermitian
curvature is conformally Kahler.

*-Einstein surface with positive *-scalar

Proof. We first prove the following lemma.

Lemma 3.2. Any compact Hermitian

*-Einstein surface is locally conformally

Kahler.
Proof of the lemma. Let Af = (Af, J, g) be a compact Hermitian *-Einstein
surface with Lee form to and Riemannian curvature tensor R. For any orthonormal /-frame {Es} (i.e., JE\ = E2, JE2 = -E\ , JE-$ = £4, JE4 =
-Ei) we set

F, = (Ei - iE2)/V2,

FT = (Ex + iE2)/y/2,

F2 = (Ei - iE4)/V2,

Fj = (Ei + iE4)/V2,

and Kabcd = R(Fa , Fb, Fc, Fd), where the curvature tensor /? is continued by
complex linearity. Then a direct computation involving (2.1) shows that Af is

*-Einstein iff
(3.1)

^!2lT + ^1222 = "'

^12lT + ^-1222 = " '

^llll

_ -^"2222= ^,

The first identity of (3.1) together with a result of Koda [K, Lemma 6.3] implies
that dto is an anti-self-dual 2-form. Hence dto = 0 since Af is compact.
Now we are ready to prove the theorem. Let Af be a Hermitian *-Einstein
surface with t* > 0 everywhere on Af. Consider the Riemannian metric g*

on Af defined by

(3.2)

g*(X , Y) = z*g(X,Y) + J2 g((VxJ)(Es), (VYJ)(ES)),
s
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where {Es} is an orthonormal frame. It follows easily that the metric g* is
compatible with the complex structure J since for any Hermitian manifold

we have (VJXJ)(Y) = J(VXJ)(Y)

(cf., e.g., [Gr]). From (3.2), (2.4), and the

fact that Af is a *-Einstein surface we deduce that the Kahler form Q* of
(Af, J, g*) is given by Q* = -%ny\ , where y\ is the generalized first Chern
form of Af. Hence d£l* = 0, which shows that g* is a Kahler metric on Af
with respect to / . In particular, the first Betti number of Af is even, and the
theorem follows by a result of Vaisman [V].
Remarks. (1) From (2.4) it follows that the first Chern class of Af is positive,
i.e., Af is an algebraic surface. This is another way to prove the existence of a

Kahler metric on Af.
(2) By the classification of compact complex surfaces with positive first Chern
class (cf., e.g., [B, 11.13]) it follows that the only surfaces on which the existence
of *-Einstein metrics with positive *-scalar curvature can be expected are CPX x
CPX and Zr, 0 < r < 8 .
Theorem 3.1 reduces the problem of describing the compact Hermitian *Einstein surfaces with positive *-scalar curvature to the problem when the conformal class of a Kahler metric contains a *-Einstein metric. The next theorem
gives a partial answer to this question.

Theorem 3.3. Let M be a compact Kahler surface with Kahler form Q., Ricci
form y, and scalar curvature x. Let F > 0 be a smooth function on M. Then

(i) the metric g = F~2 • g is *-Einstein iff

(3.3)

(x/4-AF/F)-Q

= y-2iddF/F,

where A is the Laplace operator. Moreover, the *-scalar curvature of g is given

by
(3.4)

f* = F2 • x - 2FAF - 4\\dF\\2.

(ii) The conformal class of g contains at most one (up to a constant) *Einstein metric.
Proof. To prove (i) we continue all tensor fields on Af by complex linearity.
For a tensor field Z of type (0,2) we denote by Z1,1 its (1, 1)-part given by

Zl'l(X,

Y) = \(Z(X,

Y) + Z(JX, JY)) for all complex vector fields X, Y

on Af. Let Po(Po) and Pq(Po) be the traceless Ricci tensor and the traceless
*-Ricci tensor of the metric g(g), respectively.

Lemma 3.4. The metric g is *-Einstein iff p~01'1
= 0.
Proof of the lemma. Denote by to the 1-formon Af defined by to = d(\ogF2).
It is well known (cf., e.g., [02]) that the *-Ricci tensors of the metrics g and

g are related by

(3.5)

p*(X, Y) = p*(X, Y)+l/2(P(X,

Y) + P(JX, JY))

for X, Y £ x(M), where

(3.6)

P(X, Y) = (Vxto)(Y) + 1/2 • to(X)to(Y) - 1/4 • |M|2 • g(X, Y).

Moreover,

(3.7)

F2x* = x*-8to-

1/2-|M|2.
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Assume that g is a *-Einstein metric. Then (/Jq)1'1 = 0, and (2.2) shows
that (po)1>l = 0. Conversely, let (p0)x•' = 0. Then from (2.2) it follows that
(Pq)x'x = 0. On the other hand from (3.5) and the fact that g is a Kahler

metric (i.e., p = p*) we get Pq(X, Y) = p~l(JX, JY). Hence p^ = 0, which
simply means that g is a *-Einstein metric.
To prove statement (i) we first recall that the traceless Ricci tensors of the
metrics g and g = F~2g are related by (cf. [B, (1.161b)])

(3.8)

p0 = 2/F-(DdF

+ AF/F-g) + po.

Hence the first part of (i) follows from (3.8) and Lemma 3.4 using the fact that
for Kahler manifolds the following identities hold:

(DdF)x'x(X, JY) = -i(ddF)(X,

Y),

(Po)x'x=Po.

Formula (3.4) is an easy consequence of (3.7).
To prove (ii) let F and H be positive smooth functions on M such
that the metrics F~2g and H~2g are both *-Einstein. Then (3.3) implies

(HAF-FAH)Q. = 2i(HddF-FddH)
,_andtaking into account the fact that the
2-forms Q. and HddF-FddH
are dd-closed, we get dd(HAF-FAH)A£l =
0. On the other hand,

A(HAF - FAH) ■dM = 2i(dd(HAF - FAH) ,Q)-dM
= 2idd(HAF - FAH) A Q
since *Q = Q. Hence A(HAF - FAH) = 0, which implies (HAF - FAH) =
const, since Af is compact. Now integrating over Af gives

(3.9)

(HAF - FAH) = 0.

An easy computation involving the definition of the Laplace operator shows that

A(F/H) = 2 • (d(F/H), d(\o%H))+l/h2- (HAF - FAH). This, together with
(3.9), implies that AU-2-(dU, d(\ogH)) = 0, where U = F/H. Now by the
maximum principle for second order strongly elliptic differential operators we
conclude that U = const, and statement (ii) is proved.
An immediate consequence of Theorem 3.3(ii) is the following.

Corollary 3.4. Let (M, J, g) be a Kahler-Einstein surface. Then the only *Einstein metrics in the conformal class of g are the constant multiples of g.

4. Proof of Theorem

1.1 and applications

We begin the proof of Theorem 1.1 with the following
Lemma 4.1. A compact Hermitian Einstein surface M is *-Einstein iff it is

locally conformallyKahler.
Proof of the lemma. Using the same notation as in the proof of Lemma 3.2 we

check easily that Af is Einstein iff
,a , -,

^-1212 = -^1212 = 0 >

•K-lTlT= ^2222 '

^12lT + ^1222 = 0 '

-N21T ~ -^-1222-

On the other hand by [K, Lemma 6.3] and the fact that Af is compact it follows

that Af is locally conformally Kahler iff
(4.2)

*12iT + jk:122I= o.

Hence the lemma follows from (3.1), (4.1), and (4.2).
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Now let Af be a compact Hermitian Einstein and *-Einstein surface. Then
by a result of Derdzinski [D, Proposition 5] it follows that either W+ = 0
identically or W+ ^ 0 everywhere on Af. Consider the case W+ = 0. Then by
[K] we get t = 3t* , i.e., x* is a constant. Assume that x* < 0. Then a result
of Sekigawa [S2] says that Af is a Kahler surface. Hence x = x* = 0, which
is a contradiction. If t* = 0 then x = 0 and (2.3) implies 28to + \\to\2 = 0.
Integrating over Af gives JM \\to\\2dM = 0, which shows that Af is a Kahler
surface. It remains to consider the case x* > 0. Then by Theorem 3.1 it follows
that Af is conformally Kahler, i.e., to = dF, where F is a positive smooth
function on Af. Using (2.3) and x = 3t* we get

(4.3)

2t* = 2AF + ||<1F||2.

Let F(po) = minpeM F(p). Then (dF)Po = 0, (AF)Po < 0, and 4.3 implies
t* < 0, which is a contradiction. The arguments above show that if W+ = 0
then Af is a Ricci-flat Kahler surface.
Now consider the case when W+ ^ 0 everywhere on Af. We shall show
that \\W+H2/3• g is a Kahler metric on Af. By Lemma 4.2 we know that Af is
locally conformally Kahler. This means that for any point p £ M there exist
a connected neighbourhood U of p and a positive smooth function F on U
such that F •g is a Kahler metric with respect to J on U . Since Af is Einstein
by a result of Derdzinski [D, Proposition 5 (ii)], it follows that there is a constant
Cv such that F = CvW+W2^ . Hence \\W+\\2ly■g is a Kahler metric on Af.
Suppose that the tensor field W+ is parallel. Then from [D, Proposition 5 (iii)]
it follows that ||^J.||2/3 is a constant, i.e., g is a Kahler metric. It remains
to consider the case when W+ is not parallel. Now from [D, Theorem 2(ii)]
we deduce that g = \\W+\\2ly• g is an extremal Kahler metric whose scalar
curvature f is nonconstant and positive everywhere on Af. Moreover

T = f3 _ 6fAf - \2g(dx, dx) > 0.

On the other hand, from (3.4) it follows that

t* = f3 - 2fAf - 4g(dx, dx).
Hence 3t* = 2f3 + x > 0, and statement (ii) is proved. The converse statement
follows by Lemma 4.2 and the results of Derdzinski [D].
From Theorem 4.1 we obtain the following Hermitian analogs of the result
of Sekigawa and Vanhecke [SV] mentioned in the introduction.

Corollary 4.2. Any compact Hermitian Einstein and *-Einstein surface with constant *-scalar curvature is Kahlerian.
Corollary 4.3. Any compact Hermitian anti-self-dual and *-Einstein surface with
constant *-scalar curvature is Kahlerian and Ricci-flat.
Proof. From (2.2) it follows that the Ricci tensor p satisfies the following iden-

tity: p(X, Y) + p(JX, JY) = x/2 • g(X, Y) for all X, Y £ x(M).

This,

together with (2.5) and an integral formula of Sekigawa [S2, (3.29)], gives

(4.4)

[ (\\W+\\2+ x2/48-(x*)2/16-\\38\\2)dM

Jm

= 1/16- / x*\\to\\2dM.
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On the other hand, x = 3t* since W+ = 0 (cf. [K]). Hence from (2.3), (4.4),
and the fact that x* is a constant we get JM \\38\\2dM = 0. Therefore, g is
an Einstein metric, and the corollary follows by [K] and Corollary 4.2.
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