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Abstract.
The Hofmann-Mislove Theorem has attracted increasing interest.
Through this note we intend to make it easily accessible by a simple direct
proof.

Theorem. For every sober space X there is an (order reversing) bijection between
the set of Scott-open filters of the lattice tf(X) of open subsets of X and the set
of quasicompact saturated subsets ofX.
This theorem as well as the corollaries below were shown by Hofmann and
Mislove in [2], with the help of the Spectral theory of continuous lattices (cf. [1,
Chapter V]). More direct, but still in the language of locales, is the proof of Theorem 8.2.5 in [3]. Because of its importance, it seems worthwile to present a
simple proof for the theorem which only uses standard general topology. However, we hasten to add that the underlying idea is essentially the same in all
three presentations. But first, let us clarify the terminology.
First, a topological space X is called sober if every irreducible closed subset
of X is the closure of some point x . Here a closed subset C of X is called
irreducible if C is nonempty and cannot be represented as a union of two of
its proper closed subsets. Equivalently, the complement U of C is prime in
the lattice cf(X) of open subsets of X; i.e., U is a proper open subset of X
that cannot be represented as an intersection of two strictly bigger open sets.
Second, let 9~ be a filter in the lattice tf(X), i.e., a collection of open subsets
of X such that

(i) X £ & ;
(ii) U £ & , U C V £ cf(X) imply V £ cf(X) ; and
(iii) U, V £ & imply U n V £ & .
Such a filter is called Scott-open (cf. [1, Chapter II]) if the following holds:
(O) Whenever (C/,-)ie/ is a family of open sets such that \Ji€I Uj £ J9~ ,
then there are finitely many ix, ... , i„ £ I such that [J£=1Ujk£ SF ,
or, equivalently,
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(O') Whenever 3

is a directed family of open sets such that \]3

£ S? ,

then 3 n OF / 0 .
In the following, let X always be a sober topological space. The proof of the
Hofmann-Mislove Theorem relies on the following key lemma.

Lemma. Let F

be a Scott-open filter in cf(X).

Then every open set U con-

taining K = n F~ is already a member of SF .
Proof. Assume that there is an open set U, which contains K but which does
not belong to 3r . As F is Scott open, by Zorn's Lemma, there exists an
open set W which contains U and which is maximal among all open sets
not belonging to F~ . Since 3r is a filter, W is prime in cf(X), which is
equivalent to saying that the complement of W is an irreducible closed set.
We assumed X to be sober. So the complement of W is the closure of a
point x £ X. Every open set V which does not contain x must be a subset
of W. It therefore follows that x is an element of every set V belonging
to 3r . Of course, this implies x £ f) F = K, a contradiction to W being a
neighborhood of K. □

Corollary 1. If F is a Scott-open filter in cf(X), then K = f| & is quasicompact; if in addition, all the members of F are nonempty, then K = f) fF is
nonempty, too.
Proof. Indeed, let (£/,•)/<=/be an open covering of K; then \JieI [/, is an open
set containing K. Thus, U,€/ C/, e F by the Lemma. As F is Scott-open,
there are ix, ... , in such that [/,-, U • • • U £/,„ £ & , i.e., /C c t/,, U • • • U Uin,
and we have shown that K is quasicompact. If K = 0, then 0 e F again
by the Lemma. □

To every Scott-open filter F in cf(X) we now have assigned a quasicompact subset K = p| !F of X. On the other hand, for any subset K of X,
the collection %f(K) of all open neighborhoods of K is a filter in cf(X) which
is easily seen to be Scott-open if K is quasicompact. By the Lemma, we have
^(fl F) = 3r . But fl^(^)
may be bigger than K. Therefore we restrict
ourselves to subsets K which are intersections of open sets; such subsets are
called saturated. This finishes the proof of the Hofmann-Mislove Theorem.
Finally, let us consider a family (A^,),6/ of quasicompact saturated subsets
of X which is filtered (i.e., nonempty and for any i, j £ I there exists an
/ such that Ki c Kj n Kj). The union 3r of the Scott-open neighborhood filters %(Ki), i £ I, clearly is a Scott-open filter again. Consequently,
f| F = p|ieI Kj is also quasicompact. If all the Ki are nonempty, their neighborhoods are nonempty, too, and we conclude that f|/e/ Kj is nonempty, also
by Corollary 1. Finally, if U is an open set containing f|/G/ AT,,then U £ F
by the Lemma, and consequently U D K, for some i £ I. So we have:
Corollary 2. Let (Ki)iei be a filtered family of nonempty quasicompact saturated
subsets of X. Then f]ieIKi is nonempty, quasicompact, and saturated, too; and
an open set U contains f]ieI Kj iff U contains Kt for some i £ I. D
For Hausdorff spaces,
fact about compact sets.
discovered its appropriate
aim of this note to make

Corollary 2 reduces to a simple but important basic
It is the merit of Hofmann and Mislove [2] to have
generalization to the non-Hausdorff case. It was the
their results easily accessible.
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