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FOR NONDEGENERATE MODULES

AND THEIR ENDOMORPHISM RINGS
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Abstract. Let r U be a left i?-module whose Morita context is nondegenerate

and S = End(U). We show the following:

(1) There is a projectivity (that is, an order-preserving bijection) between

the complement submodules of r U and the complement left ideals of S ;

(2) 5 is a left CS ring if and only if rII is a CS module;
(3) S is a Baer and left CS ring if and only if rU is a nonsingular and CS

module.
Special cases include some earlier works.

1. Introduction

Throughout this paper R and S are associative rings with identity. Modules,

unless otherwise specified, are consistently left modules.

Recall that a Morita context (R, U, V, S) consists of two rings R and

S, two bimodules rUs and sVr, and two bimodule homomorphisms (-,-):

U ®5 V —► R and [-,-]: V ®R U —► S satisfying u[v, u'] = (u, v)u' and
v(u, v') — [v, u]v' for all u,u' e U and v, v' e V with the images being /
and J, respectively. / and / are both ideals and are called the trace ideals of

the context.

A Morita context (R, U, V, S) is called nondegenerate if Us is faithful
and [V, w] t¿ 0 whenever 0 ^ u e U. A module U is called nondegenerate if
the derived context (R, ¡7, V, S) is nondegenerate, where S = End(¿7) and

V — Hom( U, R). A submodule X of U is said to be a complement in U if X

has no proper essential extension in U. A module U is called a self-generator

if, for any submodule X of U, X = UF(X), where F(X) = {s e End(U),
Us ç X} (cf. [9, 14]); a module U is called a CS module if every complement

submodule is a direct summand in U ; and a ring S is said to be a left (right)

CS ring if 5S (Ss) is a CS module. Injective, quasi-injective, semisimple, and

uniform modules are all CS modules (cf. [9]); a module U is called nonsingular

if, for any ueU such that AnnÄ(w) is essential in R, u = 0.

In 1989, among main results in [9], Khuri showed that if U is nondegenerate
and, in addition, nonsingular (or a self-generator, or a CS module), then there is
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a projectivity (that is, an order-preserving bijection) between C(U) and C(S),

where C(U) and C(S) denote the set of complement submodule of U and S,

respectively [9, Theorems 3.7, 3.10]. Consequently, the author showed that if

U is a nondegenerate self-generator or is nondegenerate and nonsingular, then

S is a left CS ring if and only if RU is a CS module [9, Corollaries 3.8, 3.11].
The author also showed that if U is a nondegenerate and CS module, then S
is a left CS ring [9, Corollary 3.9]. The author obtained her Theorem 3.7 with
the help of some kind of Galois connection G2 (cf. [9]) and Theorem 3.10 with

different maps from G2.
Therefore, it is quite natural to ask if we could also get a projectivity between

C(U) and C(S) under some weak assumptions, or, even if we fail to establish

any projectivity under some weak assumptions, can we still show that S is a

left CS ring if and only if rU is a CS module?
In this paper we make use of another kind of correspondence theorem from

[12], which is shown more powerful in the situation under consideration, and
show that for any nondegenerate context (R, U, V, S) without any additional

conditions there is a projectivity between C(U) and C(S) (Theorem 3.4),

which contains Theorems 3.7 and 3.10 in [9] as special forms under those

stronger conditions on U (Corollaries 3.6, 3.7). A sufficient and necessary

condition on U is given so that S is a left CS ring; in particular, if the con-
text is derived from a nondegenerate module U, we have that S is a left CS
ring if and only if U is a CS module (Theorem 3.8). Some other projectivities

and applications are also given. As special cases we get most of Khuri's results
on complements in [9]. We also get that C(U) satisfies the a.c.c. (ascending

chain condition) (d.c.c (descending chain condition)) if and only if C(S) does,

d(U) < oo if and only if d(S) < oo, and in this case d(U) — d(S), where d( )
denotes the Goldie dimension (Corollary 3.5).

2. Preliminaries

Recall for a Gabriel topology r a module M is called r-torsion if Ann«(m)
G t for every m e M ; a module M is called r-free if AnnA/(j/) = 0 for every

j/et; and a submodule K of M is called t-saturated if M/K is T-free. For

any submodule K of M, K = {m e M, s/m ç K for some j/êt} is the

smallest r-saturated submodule of M containing K and K = K if and only if

K is T-saturated. If M is r-torsion and 7Y is r-free. Then Hom(M, 7Y) = 0.

For any two sided ideal / there is a Gabriel topology t which is determined
by / and 1er. From now on, t and x' will denote consistently, unless
otherwise specified, the Gabriel topologies determined by the trace ideals /
and J, respectively. For more details about Gabriel topology or torsion theory,

the reader is referred to [13, 5].
Also, K Ce U denotes that K is an essential submodule of U ; i.e., K(~)K' #

0 if 0 ¿ K' is a submodule of U.
First we need the following correspondence theorem [12, Proposition 4].

Proposition 2.1. Let (R, U, V, S) be a Morita context. Then the maps

F:X^F(X) = {seS,  UsCX},

F-x:Y~F~x(Y) = {ueU,  [V,u]CY}

induce a lattice isomorphism between Satz(U) and SatT>(S), where SatT(U)
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and SatT'(S) denote the lattices of all x-saturated submodules of U resp. of all

t'-saturated submodules of S.

Note that the map F is just the first one used in Galois connection G2 in

[9], but F~x is different from the second one Y h-> UY denoted by Su in [9].

However, we can show the following significant relationship between them.

Lemma 2.2. For any left ideal Y of S

UY ç F~X(Y) çTJYC F~x(Y).

In particular, if Y e Sat?(S), then F-x(Y)=ZfY.

Proof. [V, UY] = [V, U]Y ç Y => UY ç F~X(Y) by the definition. On the
other hand, if u G F~X(Y), then [V,u\çY=* U[V,u]C UY =» (U, V)u =
lu ç UY but 1er; therefore, u e UY. Finally UY ç F~X(Y) ^ UY ç

F-X(Y). _

In particular, if Y e SatT»(S)_, then F~X(Y) e Satx(U) and F~X(Y) =

F~X(Y) ; therefore, F~X(Y) = UY.

The following known lemma is also useful in the sequel.

Lemma 2.3. For any Gabriel topology x if M is x-free and K is a submodule

of M such that M/K is x-torsion, then K çe M.

Proof. Let 0±meM. Then there is sé ex such that sfmCK. Since M
is T-free, s/m^O. This means K ce M.

3. Correspondence theorems and applications

Lemma 3.1. Let (R, U, V, S) be a Morita context. Then

(1) ifU is x-free, then C(U) ç SatT(c7) ; and
(2) if S is x'-free, then C(S) ç SatT-(-S).

Proof. (1) Let X e C(U). Then X/X is r-torsion. Then X Ce X by Lemma

2.3. But X is a complement; therefore, X = X, i.e., X e SatT(i7).
(2) By symmetry.
Generally speaking, it is not likely that a complement submodule X of U

is T-saturated for an arbitrary Gabriel topology x.
Note that (R, U, V, S) is nondegenerate if and only if U is t-free and S

is r'-free [1, Theorem 2]. If the context is derived from a module rU , then it
is easy to show that the context is nondegenerate if and only if U is t-free. So

we have

Corollary 3.2. Let (R,U,V,S) be nondegenerate. Then C(U) ç SatT(C/),
and C(S)cSatT'(S).

We also need the following lemma.

Lemma 3.3. Let (R, U, V, S) be nondegenerate. Then

(1) ifYCY' are left ideals of S, then Y çe Y' o F~X(Y) çe F~X(Y') ;
and

(2) if X CX' are submodules of U, then X çe X' & F(X) çe F(X').
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Proof. (1) If Y Ce Y', then UY ce UY' by the same proof of Proposition

3.2(2) in [9]. Now UY Ce F~X(Y) Ce UY and UY' Ce F~X(Y') Ce UY'
by Lemmas 2.2 and 2.3. Also, F~X(Y) ç F~X(Y'). Therefore, F~X(Y) Ce
F~X(Y'). Conversely if F~X(Y) Ce F~X(Y'), then, by Lemmas 2.3 and 2.2,

UY Ce F~X(Y) and UY' Ce F~X(Y"). So UY Ce UY', and hence Y çe Y'
by the same proof of Proposition 3.2(2) in [9].

(2) The proof of (2) comes from the same argument as that in Proposition

3.2(4) in [9].
Now we are in position to establish our main correspondence theorem.

Theorem 3.4. Let (R, U, V, S) be nondegenerate. Then

F:X^F(X)   and   F~x : Y ^ F~X(Y) = UY

form a projectivity between C(U) and C(S).

Proof. It remains to show that F(X) e C(S) if X e C(U) and F~X(Y) e
C(U) if Y G C(S).

First let F(X) Ce Y, where F is a left complement in S (using Zorn's

Lemma). Then X = F~XF(X) Ce F~X(Y) by Lemmas 2.1 and 3.3(1). But
X G C(U) ; hence, X = F~XF(X) = F~X(Y). Also, Y e Satx~(S) by Lemma
3.2. So F(X) = Y by Lemma 2.1; i.e., F(X) e C(S).

Second let F~X(Y) ce X, where X is a left complement in U. Then

Y = FF~X(Y) ce F(X) by Lemmas 2.1 and 3.3(2), but Y e C(S); hence,
y = FF~X(Y) = F(X). Also, X e SatT(U) by Lemma 3.2. So F~X(Y) = X

by Lemma 2.1; i.e., F~X(Y) e C(U).

Corollary 3.5. Let (R, U, V, S) be nondegenerate. Then

(1) C(U) satisfies the a.c.c. (d.c.c.) if and only if C(S) does; and

(2) d(U) < oo if and only if d(S) < oo, and in this case d(U) — d(S).

Proof. (1) is obvious from Theorem 3.4, and (2) follows directly from part (v)

of the corollary in [11, p. 52].
Part (2) of the corollary was also shown in [1, Theorem 2].

Corollary 3.6. If U is nondegenerate, then the maps F and F~x form a pro-

jectivity between C(U) and C(S), where S = End(U).

If U is not only nondegenerate but also a self-generator or CS module, then

one can show, as in [9], that these additional conditions just make UX = UX =

F~X(X) for any X e C(S). Therefore, the above corollary contains Khuri's

result as a special case [9, Theorem 3.7].

Recall that when U is nonsingular to any submodule X of U, there cor-

responds a unique complement Xe in U such that X ce Xe (cf. [4, p. 61,

Proposition 7]). Now we have

Corollary 3.7. Let (R, U, V, W) be nondegenerate and U nonsingular. Then

X i-> F(X) and 7h (UY)e determine a projectivity between C(U) and C(S).

Proof. We show that (UY)e = UY = F~X(Y). By Lemma 2.3, UY ce UY.

Therefore, UY ce (UY)e, but UY e C(U) if Y e C(S); hence, UY =
(UY)e .

This corollary contains Theorem 3.10 of [9] as a special case when the context

is derived from a nondegenerate and nonsingular module U.
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As a main application of Theorem 3.4 we get the following necessary and

sufficient condition so that S is a left CS ring.

Theorem 3.8. Let (R, U, V, S) be nondegenerate. Then S is a left CS ring if

and only if, for any X e C(U), X =Ue for some e2 - e e S.

In particular, if S = End(U), then S is a left CS ring if and only if U is a
CS module.

Proof. => for any X e C(U), X = F~XF(X) and F(X) e C(S). If S is a left
CS ring, then F(X) = Se for some e2 = e e S. Therefore, X = F~x(Se) =

USe - Ue, but it is easy to see that Ue is a direct summand of U ; hence,

Ue eC(U)c SatT(c7). Therefore, X = Ue = Ue.
<= For any Y e C(S), Y = F(F~X(Y)), and F~X(Y) e C(U) => Y =

F(Ue) for some e2 = e e S ^ Y = {s e S,  UsQUe} = Se.
When S = End(í7), X = Ue for some e2 = e e S ■& X is a direct summand

of U [2].
When the context is derived from a nondegenerate module U, the theorem

contains Corollaries 3.8, 3.9, and 3.11 of [9] as special cases.
In [9, Theorem 3.5] it is shown that if U is nondegenerate, then the maps

X (->• F(X) and Y i-> UY determine a projectivity between S2 = {X Ç

U, X = UF(X),F(X) e C(S)} and C(S). However, we can show that
there is a projectivity between S2 and C(U). In fact, we have the following

more general result.

Theorem 3.9. Let (R, U, V, S) be a Morita context. Then

FX:X^X   and   Ff1 : X i-> UF(X)

form a projectivity between Sx = {UY, Ye Sat^S)} and SatT(t7).

Proof. Let UY e Sx . Then F~XFX(UY) = Ff^FF) - FflF-l(Y) =
UFF~X(Y) = UY. On the other hand, if X e Satr(U), then FxF~l(X) =

FX(UF(X)) = UF(X) = F~XF(X) = X.

Theorem 3.10. Let (R, U, V, S) be a Morita context. Then the maps X h->
F(X) and Y >-> UY determine a projectivity between Sx and Satr>(S).

Proof. By Theorem 3.9 and Proposition 2.1, it remains to show that F(UY) =
FFX(UY) = Y. Let 5 G F(UY). Then Us_C UY => [V, Us] = [V, U]s ç

[V, U]Y ç Y. Since J = [V,U]ex', seY = Y and F(UY) ç Y. On the
other hand, Y ç F(UY) is clear by the definition of F , so F(UY) = Y.

Corollary 3.11. Let (R, U,V, S) be a Morita context with S being x'-free.

Then

(1) the above maps determine a projectivity between S'2 = {UY, Y e C(S)}

and C(S) ; and
(2) the above maps determine a projectivity between S3 = {UY, Y e L(S)}

and L(S), where L(S) denotes the set of left annihilator ideals of S.

Proof. (1) follows directly from the fact that C(S) ç Sat^S).
(2) It suffices to show that L(S) Ç SatT,(S). Let s e Y, Y = Anns(Z) =>

38s ç Y for some 38 ex' ^ (38s)Z = ^¡(sZ) - 0 => sZ = 0 since S is

t'-free ^seY^Y = Y.
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This contains Theorem 3.5 of [9] as a special case, as we will see from the
following

Corollary 3.12 [9, Theorem 3.5]. If U is nondegenerate, then the maps X >-*

F(X) and j"h UY determine a projectivity between S2 and C(S).

Proof. By the previous corollary it remains to show that S2 — S'2 .

If UY eS'2, then F(UY) = Y from the proof of Theorem 3.10, so UY =
UF(UY) and F(UY) = Y e C(S) ; i.e., S'2çS2, while S2 ç S'2 is obvious
from the definition.

Recall that a ring S is said to be left upper (lower) Levitzki if it satisfies

the a.c.c. (d.c.c.) on L(S). Right Levitzki rings are defined analogously. Also
recall that a ring S is called Baer if, for any Y e L(S), Y = Se for some

e2 = e e S. Therefore, from the above correspondence theorems, we have

Theorem 3.13. Let (R, U, V, S) be a Morita context with S being x'-free.
Then

(1) S is a CS ring «■ for any X e S2, X = Ue for some e2 — e e S ; and

(2) S is a Baer ring <$■ for any X e S3, X = Ue for some e2 — e e S.

In particular, if S = End(LV), these conditions are equivalent to that every

element in S2, resp. 53, is a direct summand of U.

(3) S is left upper (lower) Levitzki <¿> S3 satisfies the a.c.c. (d.c.c).

(4) S is right upper (lower) Levitzki «■ S3 satisfies the d.c.c. (a.c.c).

The proofs of (1) and (2) are almost the same as that in Theorem 3.8, and

the proof of (3) follows from Corollary 3.11(2), while (4) follows from (3)
when one notices that L(S) satisfies the a.c.c. (d.c.c.) «■ R(S), the set of right
annihilator ideals of S, satisfies the d.c.c. (a.c.c).

Part (1) contains Theorem 3.6(1) of [9] as a special case when the context is
derived from nondegenerate U.

A ring S is called left Goldie if it satisfies the a.c.c. on L(S) and C(S).
Hence we have

Corollary 3.14. Let (R, U, V, S) be a Morita context with S being x'-free.

Then if SatT(£/) satisfies the ax.c, then S is left Goldie.

Proof. Under this assumption, L(S) and C(S) ç SatT' (S) from the proof of

Corollary 3.11(2). Then the rest follows from Proposition 2.1.

In Theorem 3.6(2) in [9], it is shown that if U is nondegenerate and satisfies

the a.c.c. on l(U) = {UY, Y ç S} , then S is a left Goldie ring. However, this
condition implies that SatT(U) satisfies the a.c.c, as we show.

Proposition 3.15. Let (R, U, V, S) be a Morita context and l(U) satisfy the
a.c.c. Then SatT(C/) satisfies the a.c.c.

Proof. Let Xx ç X2 ç ••• be an ascending chain of elements in SatT(í7) =>■
UF(XX) ç UF(X2) ç • • • is an ascending chain of elements in /({/) =»> UF(X„)
— UF(X„+i) for some n and any i by the a.c.c. on l(U) => UF(X„) =

UF(X„+i), but UF(Xn) = X„ and UF(Xn+i) = Xn+i by Proposition 2.1
=$> Xn = X„+i for some n and any i.

Recall that a ring is called left Utumi if for any left ideal Y the fact that its
right annihilator in S is zero implies that Y ce S [8].
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Theorem 3.16. If U is nondegenerate, then the following are equivalent.

(1) U is a nonsingular and CS module.

(2) S is a left nonsingular and left CS ring.
(3) S is a Baer and left Utumi ring.
(4) S is a Baer and left CS ring.
(5) S is a left and right nonsingular, left CS ring.

Proof.  (1) •«■ (2) follows from Theorem 2.1 of [6] and Theorem 3.8.
(27) & (3) follows from Theorem 2.1 of [3].
(4) => (2) is clear since Baer rings are both left and right nonsingular.
(2) => (4) It suffices to show L(S) Q C(S). Let Y = Ann,(Z) G L(S) and

Y Ce Y'. Then Yz = 0 for any z e Z . However, S is left nonsingular; we

have Y'z = 0, i.e., Y' ç Y = anns(Z) ^ Y' = Y e C(S).
(4) => (5) => (2) is obvious.

In [9] Corollary 3.15 showed (1) => (4).
Finally, it is worthwhile to list some classes of nondegenerate modules which

have been investigated by some authors:

(1) any generators, which include free modules;

(2) any nonsingular module rU with its trace ideal essential R ;

(3) torsionless modules over a semiprime ring R ;
(4) any projective module containing a unimodular element [10] or, more

generally, any module rU with uelu for all ueU, where / is the
trace ideal of U [7].

Therefore, for any class of the above four nondegenerate modules we can

apply the related results in this paper, for example,

Corollary 3.17. If U is in any class of the above four and S = End(U), then

(1) The maps F andF~x form a projectivity between C(U) and C(S).

(2) S is a CS ring if and only if U is a CS module.

Moreover, the following are equivalent.

(3) U is a nonsingular and CS module.
(4) S is a left nonsingular and left CS ring.
(5) S is a Baer and left Utumi ring.
(6) S is a Baer and left CS ring.
(7) S is a left and right nonsingular, left CS ring.
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