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Abstract. We prove that if G is a locally compact Polish group acting in

a reasonable way on a set X , then for every countably additive, <r-finite, G-

invariant measure on X there exist nonmeasurable sets. In particular, the latter

is true when A" is a compact, metric, metrically homogeneous space, and G is

the group of its isometries.

1. Introduction and preliminaries

By a measure on a set X we mean a countably additive, nonzero function

defined on a o -algebra of subsets of X and assuming values in [0, +00]. A

measure is nonatomic if it vanishes on all singletons; it is cr-finite if X is a

countable union of sets of finite measure.
A measure on X is universal if it is defined on the rj-algebra 7?(X) of all

subsets of X ; i.e., nonmeasurable sets do not exist.

Suppose that a group G acts on a set X, by which we mean that there is a

function (g, x) -> gx of G x X into X such that

(i) for each g e G, x -* gx is a permutation of X,

(ii) for all x e X and gx, g2 e G, gx(g2x) = (gx • g2)x.

For any set AC X and any g e G we write g A = {gx : x e A} .
A measure m: sé —> [0, +00] on X is G-invariant if gAe si and m(A) =

m(gA) whenever A esé and g e G.

For any x e X, Gx = {gx: g e G} and Gx = {g e G: gx = x) are the
(/-orbit and the stabilizer of x, respectively.

Although the existence of a set carrying a cr-finite, nonatomic, universal mea-

sure cannot be proved in ZFC (see [1, Chapter 6]), direct arguments employing

invariance properties of measures to show the existence of nonmeasurable sets

within ZFC have always been of considerable interest (see, e.g., [2-4]). The

Vitali construction of a Lebesgue nonmeasurable set is the prototype of such

results.
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This paper belongs to the same line of work. Its principal aim is to show

that for simple enough actions by locally compact Polish groups the invariance

of a cr-finite measure together with the uncountability of all orbits implies the

existence of nonmeasurable sets (Theorem 2.1). This and two related results

(Theorems 3.3 and 3.4) provide a partial answer to the following problem which

remains still open.

Question. Let G be a Polish group acting in a nice way on a space X with

each G-orbit uncountable. If m is a cr-finite (/-invariant measure on X, does

m have a nonmeasurable set?

2. Main result

Our main result is the following.

2.1. Theorem. Suppose that G is a locally compact Polish group and let X: 738

—► [0, +00] be the completion of a left-invariant Haar measure on G. Suppose

further that G acts on a set X in such a way that the stabilizers of all points of X

are X-measurable and all G-orbits are uncountable. Then for every G-invariant

o-finite measure on X there exist nonmeasurable sets.

Proof. Let m be a G-invariant cr-finite measure on X and suppose, towards a

contradiction, that m is universal. Notice that the cr-finiteness of m and the

uncountability of all G-orbits implies that the measure m is nonatomic. We

have
Claim. There exists a countable subgroup H of G such that, for every

geG, m({x e X: gx e Hx}) > 0.
In order to prove the claim, suppose that such a subgroup does not exist.

Using this assumption, define by induction on a < cox an increasing sequence

(Ha: a < cox) of countable subgroups of G and a sequence (ga: a < cox) of

elements of G keeping the conditions m({x e X: gax e Hax}) = 0 and ga e

Ha+X satisfied for every a < cox . Finally, let A = \Ja<ca {x e X: gax e Hax}

and G' = |Ja<W| Ha . Notice that

(1) m(A) = 0,

since m being a cr-finite, cr-additive, nonatomic universal measure, is co2-

additive; i.e., every union of wx many sets of measure zero has measure zero

(see[l,p. 176]).

Set B = X\A. The subgroup G' has cardinality cox and the G'-orbit of

every element of B is uncountable, and so also of power cox. Hence the set

G'B = \JgeG gB can be partitioned into wx many pairwise disjoint sets Sa,

a < cox, each having exactly one common element with every G'-orbit of an

element of B . Since m is cr-finite, there exists a < cox such that m(Sa) = 0.

Notice that G'B = \JgeG gSa so, again by Ci72-additivity of m, m(G'B) = 0.

Thus

(2) m(B) = 0

since B ç G'B . It follows from (1) and (2) that m(X) = 0 and this contradic-

tion completes the proof of the Claim.

Now fix a subgroup H with the properties stated in the Claim and consider

the set P = {(x, g) e X x G: gx e Hx}. For every x e X and g e G let
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px = {g e G: (x,g) e P}, and Ps = {x e X: (x, g) e P}. Notice that

Px — \JheH h ' Gx • Since Gx is uncountable, so is the index of the subgroup
Gx in the group G. Hence by cr-finiteness of the measure X, X(GX) = 0.
Consequently,

(3) X(PX) = 0   for every xeX.

On the other hand, Pg = {x e X: gx e Hx} . Hence by the property of H
expressed in the Claim,

(4) m(Pg) > 0   for every g eG.

Comparing (3) and (4) we see that a contradiction will be reached as soon

as we prove that Fubini's theorem can be applied to the set P. We shall use a

trick due to Kunen to show that P is measurable with respect to the completion

of the product measure v: £P(X) ®3§ -> [0, +00] of m and X.

So fix an arbitrary e > 0. Partition the set X into countably many pairwise

disjoint subsets An such that for every n e N, m(An) < 00. By (3) for every

x e X, there exists an open set Ux ç G such that Px ç Ux and if x e A„ then

X(Ux)<e/(2"+x.m(An)).

Let U = {(x, g) e X x G: g e Ux}. Then U e &>(X) ® 3ê. Indeed, let
{V„ : n e N} be a countable open base for the topology of G and for every

n e N, let Yn = {x eX:Vg e Vn (x, g) e 17}. Then U = IJ„€n YnxVH.
Hence by Fubini's theorem, v(U) < e. It is now clear how to construct a

set A e £?(X) ®3§ such that P C A and v(A) = 0. This completes our
argument.   D

In the following corollary we describe two important cases in which the hy-

potheses of the theorem are clearly satisfied.

2.2. Corollary. In any of the following cases the uncountability of all G-orbits

implies that for every G-invariant o-finite measure on X there exist nonmea-
surable sets :

(i) G is a locally compact Polish group, X is a Hausdorff topological space,
and (g, x) —► gx is a Borel-measurable action;

(ii) G is the group of all isometries of a compact, metric, metrically homo-
geneous space.

3. Generalizations and remarks

We present now some possible generalizations of our main result to broader
classes of group actions.

First we deal with the case when G is a general locally compact, cr-compact

group. Note that such a group is Polish iff it is second countable. Hence the
following result directly generalizes Theorem 2.1.

3.1. Theorem. Suppose that G is a locally compact, a-compact group with

topological weight k such that no set of cardinality k carries a universal,

nonatomic, o-finite measure. Let X: 7771 —> [0, +00] be the completion of a

left-invariant Haar measure on G. Suppose further that G acts on a set X in
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such a way that the stabilizers of all points of X are X-measurable and all G-

orbits are uncountable. Then for every G-invariant o-finite measure on X there

exist nonmeasurable sets.

For continuous actions one can drop the restrictions imposed on the weight

of G.

3.2. Theorem. Suppose that G is a locally compact, o-compact group, X is

a locally compact, o-compact topological space, and the action (g, x) —> gx is

continuous. If all G-orbits are uncountable, then for every G-invariant o-finite

measure on X there exist nonmeasurable sets.

The proofs of the last two results are beyond the scope of this paper and will

be given elsewhere (see [6]).

Now we turn to the case when G is a Polish group. Although it remains open

whether for an arbitrary cr-finite G-invariant measure m on X the uncount-

ability of all G-orbits guarantees a nonmeasurable set, it does so whenever m
is finite (i.e., m(X) < oo).

3.3. Theorem. Suppose that G is a Polish group acting on a set X in such

a way that the stabilizers of all points of X are closed in G and all G-orbits

are uncountable. Then for every G-invariant finite measure on X there exist
nonmeasurable sets.

Proof. Suppose, towards a contradiction, that there exists a G-invariant, finite,

universal measure m on X. Let H be a countable dense subgroup of G.

Claim. All //-orbits are infinite.
For suppose that there is an x e X such that \Hx\ < co. Then there is a

finite subset K of H with Hx = {gx: g e K} . The uncountability of the G-

orbitof x implies that Gx is nowhere dense in G. Hence the set {JheKn'^x is

closed nowhere dense in G and since H is dense, there is g e H\ {jheK h-Gx .

But gx e Kx, so for some h e K, g e h • Gx , a contradiction.

It follows that G can be partitioned into infinitely many pairwise disjoint

sets S„ , n e co, each having exactly one common element with every //-orbit.

It is then easy to see that the measure m, being universal and //-invariant,

assigns the same measure to each S„ (see [5, Corollary 1.2]). But m is finite

and m(X) = ¿Zneca fti(S„), so m(X) = 0, a contradiction.   D

The case of an infinite measure is covered by the next result, but the uncount-

ability of all G-orbits is replaced by an apparently stronger condition.

3.4. Theorem. Suppose that a Polish group G acts on a set X, \X\ < 2W, in

such a way that the stabilizers of all points of X are Borel in G and the following

condition holds:

(*)      for every countable subgroup H of G and every Y ç X with

\Y\ < 2W there is g e G such that, for every y e Y, g y £ H y.

Then for every G-invariant o-finite measure on X there exist nonmeasurable

sets.

Proof (sketch). Suppose, towards a contradiction, that m is a G-invariant cr-

finite universal measure on X . With no loss of generality assume that there is

a set Z ç X such that m(X\Z) = 0 and every subset of X of cardinality less

than k = \Z\ has measure m zero.
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Now follow the proof of Theorem 2.1. So let H be a countable subgroup

H of G such that, for every g e G, m({x e X: gx e Hx}) > 0 and let

P = {(x, g) e X x G: gx e Hx} . A contradiction will be reached similarly as

before, as soon as we show the existence of a cr-finite outer-regular measure X

defined on Borel subsets of G and such that X(PX) = 0 for every x e Z .

Note that since k < 2W , (*) tells us that G\(jh€H y€Y h ■ Gy ̂  0 for every

Y ç Z with |7| < k . Using this, construct a set L ç G such that \L\ = k and

\L n Px | < k for every x e Z .
Let f be a bijection from L to Z . Let m! be a finite universal measure on

X having the same null sets as the measure m and for every Borel B ç G set:

X(B) = m'(f[BnL]).

Then X is a measure on G with the desired properties.   D

It is conceivable that when G is Polish, then condition (*) in the last result

can be weakened to that of the uncountability of all G-orbits. The next example

shows, however, that if G is assumed only to be a nondiscrete topological group,

then even the counterpart of Theorem 3.3 cannot be proved in ZFC, unless the

existence of finite, universal, nonatomic measures is refuted altogether.

3.5. Example. Let m ka universal, finite, nonatomic measure on an un-

countable set X and let G be the group of all permutations of X which move
at most countably many points.

Then the topology of pointwise convergence with respect to the discrete topol-

ogy on X turns G into a nondiscrete topological group such that, for every

x e X, Gx is closed in G. Moreover, X is the only G-orbit. But m is clearly
G-invariant.   D

3.6. Remark. The condition of uncountability of all orbits is essential to avoid

the trivial case of the counting measure concentrated on a countable orbit.

3.7. Remark. It is not difficult to prove that under the hypotheses of Theorems

2.1 and 3.1-3.4 the following is true: if m is an arbitrary G-invariant cr-finite

measure on X, then every set of positive m-measure contains a nonmeasurable
subset.

Note added in proof. We have recently found an example of an abelian, separa-
ble and metric group G of homeomorphisms of Sx xSx such that all G-orbits

are uncountable, and whenever there exists a finite, universal, nonatomic mea-

sure on R, then there is also a cr-finite, universal, nonatomic measure on Sx xSx

which is G-invariant.
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