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POSITIVE SOLUTIONS OF NONLINEAR SECOND ORDER
ORDINARY DIFFERENTIAL EQUATIONS

Z. ZHAO

(Communicated by Hal L. Smith)

Abstract. We prove an existence theorem for positive solutions of nonlinear

second order ordinary differential equations by using the perturbation method

and the Schauder fixed point theorem.

We consider the following problem on the nonlinear second order ordinary

differential equation in R+ = (0, oo) :

( (la)   u" + f(x,u) = 0,

(1) i (lb)   «>0   in/?+,

I (lc)    limA:_>o+ "(-*) = 0>

where f(x, y) is a Borel measurable function in R+ x R+ and dominated by

a positive function F :

(2) \f(x,y)\<F(x,y),        (x, y) £ R+ x /?+.

The main goal of this paper is to prove an existence theorem for problem ( 1 )

under certain conditions on F.

For each x £ R+ , y —> F(x, y) is a convex and continuously differentiable

function in [0, oo) such that

(3) F(x,0) = Fy(x, 0) = 0

and
/»OO

(4) /    xFy(x, x) dx < oo.
Jo

Theorem 1. Let f(x, y) be a Borel measurable function of (x, y) in R+ x R+

and a continuous function of y in R+ for each fixed x £ R+ . If there exists

a dominated function F in R+ x [0, oo) satisfying (3) and (4), then problem

( 1 ) has infinitely many solutions. More precisely, there exists a number b > 0

such that for each c£(0,b], (1) has a solution u satisfying

rcy i-       "(*)(5) hm -^ = c.
x—hx)    X
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Remark. The domain R+ can be replaced by any half-line (a, oo) or (-00, a)

with trivial changes.
A special but important case of the above general setting is the semilinear

problem:

{u" + K(x)up = 0   in R+,p> I,

«>0   inR+,

limx_o+ u(x) = 0.

Remark. There exist great interest and intensive studies for positive solutions

of high dimensional elliptic semilinear problems of the type of problem (6); see,

e.g., [1].
For any Borel measurable function K in /?+ , if we take f(x, y) = K(x)yp

and F(x, y) - \K(x)\yp , then / and F satisfy (2) and (3) obviously. Condi-

tion (4) on F is equivalent to

/•OO

(7) /    xp\K(x
Jo

oc

,, dx < 00.
0

An* immediate consequence of Theorem 1 is

Theorem 2. For any Borel measurable function K in R+ satisfying (7), the

conclusion of Theorem 1 holds for problem (6).

In [3], the author proved an existence theorem for the nonlinear elliptic equa-

tions with dimension d > 3. Theorem 1 can be regarded as its one dimensional

version, but the functiom /(•, •) here has a more general form, which means

higher nonlinearity, and the conditions of /(•, •) are simpler. We shall present

a purely analytical proof for Theorem 1 instead of a probabilistic potential the-

ory approach as in [3]. At the end of this paper, we will show a probabilistic
explanation of some key steps in the proof, for the benefit of readers interested

in probabilistic methods. In fact, both methods, analytic and probabilistic ones,

inspire and enlighten each other.

Proof of Theorem 1. By convexity and differentiability of F(x, •) and (3), we

conclude that both F(x, •) and Fy(x, •) are nonnegative and nondecreasing

in R+ for each x £ R+ . Then by (3), (4) and the dominated convergence

theorem,
/•OO

lim /    xFJx, ßx)dx = 0.
ßlOJoßlOJo

Hence we can fix a number ß > 0 such that

/•OO

(8) /    xFy(x,ßx)dx<\.
Jo

Let

C[0, 00] = {v : v is a continuous function in R+ such that

lim v(x) and  lim v(x) exist}.
*_<)+ x—00

It is easy to see that C[0,00] is a Banach space with the norm

||u|| = sup |u(jc)|.
xeR+
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Let b = \ß . For each fixed c£(0,b], let

(9) A = {v £ C[0, oo]: c/2 < v(x) < 3c/2 for all x € R+}.

For each v £ A, we construct a linear operator in C[0, oo] :

AvV(x) = i r(xAy)fiy,J^)y)w(y)dy,       W £ C[0, oo],

where x A y = min(x, y). Since ||u|| < 36/2 = ß, we have by (3) and the

mean value theorem:

(10)
f(y,v(y)y)

v(y)
<yFy(y,ßy).

Hence it follows from the dominated convergence theorem and (8) that Avy/ £

C[0, oo] and

/•OO

Kll< /   yFyiy,ßy)dy<\.
Jo

(11)

Let
OO

(12) 7Mx) = c£Kl)(x),        x£R+.
B=0

Then (11) implies that Tv £ C[0, oo] and for each x £ R+ we have

oo

(13) Tvix)<cYJUv\\n<\c

and

(14)

n=0

Tv(x)>c[l-YJUv\\n)>
\        n=l /

Therefore Tv £ A; that is,  T is a mapping from A to itself.   By (12),  T

satisfies

Tv = c + Av[Tv],

i.e., Vx £ R+

,f(y,v(y)y),
(15)

1   Z"00
Tv(x) = c + - /   (xAj;):

* Jo v(y)
-(Tv)(y)dy.

Then for any x and z in /?+ , we have by (10) and (13):

(16) \Tvix) - Tv(z)\ < ^ r \^y - ^ yFy(y, ßy)dy.
L   Jq      I     X ZX z

By the dominated convergence theorem, we have

(17)

and

def

def
(18) Tv(0) = lim Tv(x)

x—>0^

Tv(oc) = lim Tü(x) = c
x—>oo

/(V,w(v)y)

Jo «(y)
(^)(y)¿y.
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Hence

2c   f°°
(19) \Tv{x)-Tv(œ)\<—j    (xAy)yFy(y,ßy)dy

and

(20) Tv(x)-Tv(0)\<^ H ±AZ-y yFy(y,ßy)dy
J Jo        x

It follows from (13), (16), (19), and (20) that the family of functions {Tv: v £
A} is uniformly bounded and equicontinuous in C[0, oo] ; hence it is relatively

compact in C[0, oo].
We next prove that T is a continuous mapping in A. Let {vk} in A such

that ||i>A:-^l| —» 0 as k —> oo . Since f is continuous with the second variable, it

follows from (9), (10), and the dominated convergence theorem that Vx £ R+ ,

« > 1, i// £ C[0, oo]

A"y/(x)—>A"y/ix)   as k —> oo.

Then by using (11) and (12) we have

TVk(x) —> Tv(x)   as k —► oo ;

that is, the sequence of functions {TVk} converges to Tv pointwisely. Since

we have proved that {Tvk} is relatively compact in C[0, oo], pointwise con-

vergence implies uniform convergence, namely, \\Tvk - Tv\\ —► 0 as k —► oo,

we thus proved the continuity of T. Therefore T is a compact operator in

A (see [2, Definition 2.9]). It is obvious from the definition (9) of A that A

is a nonempty, bounded, closed, and convex set in C[0, oo]. Hence by the

Schauder fixed point theorem (see [2, Theorem 2.A]) there exists a function

vo £ A such that

(21) Tv0 = v0.

This together with (15) implies that

1  r°°
(22) v0(x) = c+-       (xAy)f(y,v0(y)y)dy.

x Jo

Put

(23) u(x) = xv0(x).

We then have by (22) that
/»OO

u(x) = cx+       (x A y)f(y, u(y)) dy
Jo

rX /-OO

= cx+      yf(y, u(y)) dy + x       f(y, u(y)) dy,
Jo Jx

/•OO

u'(x) = c+ /    f(y,u(y))dy,
J X

and
u"(x) = -f(x, u(x)).

Thus u satisfies equation (la). Conditions (lb) and (lc) follow from (23)

obviously, and (5) follows from (22) and (23).   D
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Remark. Any solution u > 0 of (la) can be regarded as a solution of the

following Schrödinger equation:

u" + qu = 0   with q = f(x, u)/u

in (0, oo). This suggests that one could use the Feynman-Kac formula to change

the differential equation (la) to another equation for u (not to a representation

of solution since q also depends on u\). The zero boundary condition (lc)

suggests using the conditional Brownian motion: x-process of Doob's type (note

that «(x) = x is a positive harmonic function in (0, oo)) and v(x) = u(x)/x .

Then the key transformation Tv in (12) can also be defined as the expectation

over the x-process {Xt} :

and the estimates (13) and (14) then follow from Khasmin'skii's lemma and

Jensen's inequality, respectively.
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