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Abstract. It is proved that every prime factor algebra of the coordinate ring

(?q(Mn(k)) of quantum n x n matrices over a field k is an integral domain

(albeit not necessarily commutative) when q is not a root of unity. The same

conclusion follows for the quantum groups tfq(SL„(k)) and c?q(GL„(k)). The

proof uses a (/-analog of Sigurdsson's theorem bounding the Goldie ranks of

prime factors of differential operator rings; this (/-analog in turn is based on

results from the authors' recent work on (/-skew polynomial rings.

Introduction

It is well known that the quantum coordinate rings cfq(Mn(k)) can be ex-

pressed as iterated skew polynomial rings over the field k (see §3 for details).

In this regard, the structure of (fq(Mn(kj) is parallel to that of enveloping alge-

bras of completely solvable finite dimensional Lie algebras over k , since such

enveloping algebras are iterated differential operator extensions of k . Sigurds-

son used the latter fact, together with his theorem giving bounds for the Goldie

ranks of prime factors of certain differential operator rings [19, 2.1], to give a
ring-theoretic proof of Dixmier's theorem that prime factors of enveloping al-
gebras of solvable finite dimensional complex Lie algebras are integral domains

[19, 2.7]. We construct a parallel route to show that prime factors of cfq(M„(k))
are integral domains provided that q is not a root of unity. In order to control

the Goldie ranks of the prime factors of the relevant skew polynomial rings, we
establish a ^-analog of Sigurdsson's theorem. Such a result does not hold for

skew polynomial rings R\y;x, ô] in general (not even in characteristic zero)
but does hold under the assumption that (t, ô) is a q-skew derivation for a

suitable (t, ¿)-constant q, meaning that Sx = qxô . For this case, we derive
the result from our analysis in [6] of prime ideals in q-skew polynomial rings.

The first section of the paper is devoted to our ^-analog of Sigurdsson's
theorem. An extension to a class of iterated skew polynomial rings is obtained
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in §2, and the applications to the quantum coordinate rings cfq(Mn(k)) follow

in §3.

1. A  ^-ANALOG TO A THEOREM OF SlGURDSSON

Assume throughout this section that R is a noetherian ring, that x is an
automorphism of R, and that ô is a (left) t-derivation of R. (The reader is

referred to [7] or [15] for unexplained terminology and notation.) We investi-

gate the Goldie ranks of prime factor rings of the skew polynomial ring (Ore

extension) R[y ; x, ô]. For the applications to quantum matrices, the rank 1

case is the important one, due to the fact that a prime noetherian ring is an
integral domain if and only if its Goldie rank is 1 (see 1.1 (iv)).

1.1.   We review a few basic facts about (Goldie) rank.

(i) A module A has finite rank n if and only if A has an essential submodule

which is a direct sum of n uniform submodules [7, 4.16; 15, 2.2.9].

(ii) Goldie rank is preserved under localization with respect to an Ore set of

regular elements [15, 2.2.12].
(iii) A prime noetherian ring T has a simple artinian ring of fractions,

Fract(T), by Goldie's Theorem, and Fract(T) and T have the same rank

(say as right modules), by (ii). Moreover, Fract(T) = Mn(D) for some positive
integer n and some division ring D. Since M„(D) is a direct sum of n simple

right ideals, its rank is n by (i), and thus rank(T) = n . In particular, it follows
that T has the same rank as a right or a left module.

(iv) It is clear from (iii) that a prime noetherian ring with rank 1 must be
an integral domain, since its ring of fractions is a division ring. On the other

hand, every noetherian integral domain has rank 1 [7, 5.15; 15, 2.2.1 l(i)].

Lemma 1.2. Let S = R[y; x, ô]. If R is prime, then the Goldie ranks of R
and S are equal.

Proof. Since R is prime, the set ^ of regular elements of R is an Ore set

in R and R^_1 = Fract(R) is a simple artinian ring. By, e.g., [4, 1.4], W is

also an Ore set in S, and SW~X = (R^~')[y; x,S]. Consequently, in view

of 1.1 (ii), there is no loss of generality in assuming R to be simple artinian.

Thus Rr is isomorphic to a direct sum of rank(R) copies of a minimal right

ideal A of R, so Ss is isomorphic to a direct sum of rank(R) copies of AS.
Hence, in order to prove the lemma, it suffices to show that AS is a uniform

right ideal of S.
Now choose a uniform right ideal U ç AS and a nonzero element u e U

of minimal degree as a polynomial in y, say degree d . Let a be the leading

coefficient of u. Then aR = A, and so r. annR(a) is a maximal right ideal

of R. Consequently, the right ideal B = x~d(r.annR(a)) is also maximal; in

particular, R/B = A . For any b e B we have axd(b) - 0 ; whence, deg(ub) <

d, and so ub = 0. Thus uBS = 0. It follows with an easy induction on degree

that r. anns(w) = BS, and so uS £ S/BS s (R/B) ®RS=*AS. Therefore, AS
is uniform, as desired.   D

The following result generalizes [19, 2.1]. Recall that a prime ideal P in

a ring T is said to be completely prime provided the factor ring T/P is an
integral domain.



PRIME FACTOR ALGEBRAS OF QUANTUM MATRICES 1019

Theorem 1.3. Suppose that ôx = qxó for some central unit q e R such that

ô(q) = 0 and x(q) = q, and suppose that q' + q'~x -\-h1 is invertible in R

for all positive integers i. Further assume that there is a finite upper bound b

for the Goldie ranks of all prime factors of R[z ; x]. Then each prime factor of

the ring S = R[y ; x, ô] has Goldie rank at most b. In particular, if all prime

ideals of R[z; x] are completely prime, then all prime ideals of S are completely

prime.

Proof. Given P e spec S, choose Q e specR minimal over PilR, so that P

lies over Q. If the t-orbit of Q is infinite, then rank(S/R) = rank(R/g) by

[6, 8.5.1]. Since R/Q is a homomorphic image of R[z ; x], it is immediate that

rank(5/P) < b in this case.
Now assume that the r-orbit of Q is finite, set J = f|, t'(Ö) > and note that

J is T-prime [3, Remarks 4*, 5*, p. 338]. By [6, 10.3(i),(ii)j, J is ¿-stable as
well as T-stable, and P D JS. Hence, we may assume without loss of generality

that 7 = 0. Now R is a T-prime ring, and Q is a minimal prime ideal of R.
Since the intersection RnR is contained in a minimal prime ideal, it is disjoint
from the set %? of regular elements of R (e.g., [7, 6.3]). Thus P induces a

prime ideal in the localization SW~X. Moreover, SW~X = A[y; x, S], where

A = R%?~x [4, 1.4]. In particular, the Goldie rank of S/P equals that of some
prime factor of A[y ; x, S]. Since the prime factors of A[z ; x] all have Goldie

rank at most b, we may now assume that R = A. Thus, there is no loss of
generality in assuming that R is artinian and t-simple.

If either R is not simple or P ¿ 0, it follows from [6, 3.6, 10.3(iii)] that ô
is an inner r-derivation. In these cases, S = R[z; x] (e.g., [4, 1.5c]), and we

are done. On the other hand, if R is simple and P = 0, we conclude from

Lemma 1.2 that rank(S/P) = rank(R) <b.   O

In the remainder of this section we provide a result analogous to Theorem

1.3 for the case when 67 is a root of unity and R is a Q-algebra.

Lemma 1.4. Let R c S be an embedding of noetherian rings such that S can
be generated as a right R-module by t elements. If there is a finite upper bound

b for the Goldie ranks of all prime factors of R, then the Goldie ranks of the

prime factors of S do not exceed tb.

Proof. Let P e specS, and set F = Fract(S/P). If we choose Q e specR
to be the right annihilator of some simple F-R-bimodule factor of F, then

rank(S/P) < trank(R/Q) by [11, 3.7]. The lemma follows.   D

Theorem 1.5. Suppose that R is a Q-algebra and that ôx = qxô for some

central unit q e R such that ô(q) = 0 and x(q) = q. Assume that there exists
an integer t > 1 such that q'~x + q'~2-I-hi =0 while q'~x +q'~2-\-hi is

invertible in R for i = 1, ... , t - 1. Further assume that there is a finite upper

bound b for the Goldie ranks of all prime factors of R[z; x']. Then all prime

factors of the ring S = R[y ; x, S] have Goldie rank at most tb.

Proof. Let U denote the subring of S generated by R U {y'} . In [6, 3.8] it is
shown that the pair (t' , S') is a skew derivation of R satisfying the relation
<5't' = x'ô', that the ring U is equal to R[y' ; x', ô1], and that S is a free right
i/-module with basis {1, y, ... , y'~1}. It thus follows directly from Theorem
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1.3 that all prime factors of U have rank at most b. The theorem now follows

from Lemma 1.4.   D

Although the above result applies to the quantum coordinate rings cfq(Mn(k))

with q a primitive ith root of unity, there exist sharper bounds on Goldie ranks

of prime factors than those obtainable from iterated use of Theorem 1.5—see
Remark 3.5.

2. Iterated extensions

Sigurdsson's theorem (the special case of Theorem 1.3 in which x = 1 ) ex-

tends to iterated differential operator rings of the form 5 = R[yx ; ôx][y2 ; ô2] ■ ■ ■
[y„ ; ôn]. Namely, if R is a noetherian Q-algebra and if there is a finite upper

bound b for the Goldie ranks of all prime factors of the polynomial ring R[z],
then b is also an upper bound for the Goldie ranks of the prime factors of S

[19, 2.5]. The proof relies on a result of Bell [2, Theorem A], saying that the

Goldie ranks of the prime factors of the polynomial ring R[zx, ... , zn] are
bounded above by b. It also depends on the trivial fact that R[zx, ... , z„]

can be rewritten with the variables z, listed in any desired order. Of course,

R[zx, ... , zn] is just the associated graded ring of S with respect to a nat-
ural filtration. However, reordering of variables is in general not possible for

the associated graded ring of an iterated skew polynomial ring of the form

^LVi ; Ti, Sx][y2 ;x2, ô2]--[y„;xn, Ôn]. Due to this obstacle, we develop an

iterated version of Theorem 1.3 only for a special class of algebras.

We thank D. Passman for showing us how to obtain the following theorem
from Roseblade's classification of prime ideals in group algebras of polycyclic-

by-finite groups [18]. We provide a direct proof, since the full machinery of

[18] is not needed for the situation with which we deal.

Theorem 2.1. Let k be afield, X = (X¡j) an nxn matrix of nonzero elements

of k such that X¡¡ = 1 and Xß = X~x for 1 < i, j < n, and A(X) the k-algebra

generated by elements xx, ... , xn subject only to the relations x¡Xj = X¡jXjX¡

for 1 < i, j < n. Assume that the subgroup A of kx generated by the X¡j is

torsionfree. Then all of the prime ideals of A(X) are completely prime.

Proof. We proceed by induction on n, the case n = 1 being trivial. We
therefore assume that n > 1 and that the theorem holds for all algebras of the

given form on n - 1 generators.

Let P e spec A (X). To begin, if P contains one of the generators x¡, then

A(X)/P is isomorphic to a prime factor of A(y), where y is the (n-l)x(n-l)
matrix obtained from X by deleting the ith row and column. In this case, the

desired conclusion follows fom the induction hypothesis.

Now assume that x, $ P for all i. Since the x, are normal elements, they

generate a denominator set X in A(X) ; the localization A(X)X~X is just the

A>algebra generated by xx, xf1, ... , x„ , x~x subject to the relations x¡x¡ =

XijXjXj. We denote this localization by P(X) as in [14]. The normality of the
x, ensures that X is disjoint from P, and so P induces a prime ideal Q in
P(X). Therefore, it suffices to show that Q is completely prime.

Let G denote the subgroup of the group of units of P(X) generated by

xx,... , xn . The commutator subgroup of G is A, and G/A is free abelian of

rank n . Let H be the set of those z e G such that the coset z + Q lies in the
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center of P(X)/Q; then H is a normal subgroup of G containing A. Let T

be the fc-subalgebra of P(X) generated by H. Since T/(T(~)Q) embeds in the
center of P(X)/Q, it is a commutative domain. Let K be the quotient field of

T/(T n Q), and observe that the localization A = [P(X)/Q]'ë'~x with respect
to the set W of nonzero elements of T/(T (~)Q) is a Ä^-algebra. To prove the

theorem it suffices to demonstrate that A is a domain.

We next claim that the group G/H is torsionfree. First assume to the con-

trary that there exists an element z e G\H such that zm e H for some

positive integer m. Since z £ H, there is an index j such that z does

not commute, modulo Q, with x,. Now zxj = XxjZ for some X e A, and
so X ̂  1 ; moreover, Xm ̂  1 because A is torsionfree. On the other hand,
zmxj = Xmxjzm = XmzmXj (mod g) because zm e H. But then Q contains

the unit (1 -Xm)zmXj, which is impossible. Thus G/H is torsionfree, as

claimed.
In view of the preceding two paragraphs, G/H is a free abelian group of

rank at most n . Choose elements yx, ... , ym e G such that the cosets y¡H

form a basis for G/H. Observe that A is generated as a ^f-algebra by the

algebra cosets (yx + Q)±x, ... , (ym + Q)±x. Furthermore, for 1 < i, j < m,

there is a commutation relation y¡yjy¡~ly~l + Q = Pij for some p¡j e Kx ,

where pa = 1. Therefore, there exists a A>algebra epimorphism

P(p) = K{Yx±l, ... , Y*l}/(YiYj - PijYjYt \l<i,j<m)^A,

where p denotes the matrix (p¡¡) and Y¡ i-> y¡ + Q for 1 < i <m .

The final step is to apply [14, 1.3] to show that P(p) is a simple ring. This
requires showing that if (r(l),... , r(m)) is any nonzero vector in Zm , then

for some j. Now the monomial y, y2 ••• ym 6 G is not an element of H,

since G/H is a free abelian group on the cosets y¡H, and so y[^y22^ ■ ■ ■ y™"1* +

ß is not a central element of P(X)/Q. It follows that Y[{l)Y2r(2) ■ ■ ■ Ym{m) cannot

be central in P(ji). Consequently, there is an index j such that Pifp^j ' ' '

p„j # 1, as desired. We therefore conclude from [14, 1.3] that P(p) is a

simple ring and consequently that A = P(p). However, A is now seen to be

an integral domain since P(p) is an iterated skew Laurent extension of K.

The theorem follows.   D

Remark 2.2. The hypothesis in Theorem 2.1 that A be torsionfree is essential.

For example, suppose that k is a field whose characteristic is not 2 and that

q is a nonzero element of k which is not a root of unity, and let

(   1 1        i\
X =       1 1        -q\.

Wl  -<r'    i /

(Observe that -1 6 A.) The ideal (x2 - x2)A(X) is a prime ideal of A(X)
which is not completely prime.
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Theorem 2.3. Let S = k[yx][y2 ;x2, ô2]-- [y„ ; xn , Sn] be an iterated skew poly-

nomial ring over afield k. For 1 < i < n set S¡ = k[yx][y2; x2, ô2]--

[y, ; T, ,ôi], and for 2 < i < n assume that the following conditions hold:

(a) T,  is a k-algebra automorphism of S¡-X, and S¡  is a k-linear t,-

derivation of S¡-X.
(b) For each j = 1, ... , i-1 there exists Xy e kx such that r,(y7) = A,;y,.

(c) There exists q¡ e kx  such that ¿,T,(y7) = <7/T;¿,(yy) for j = 1, ... ,

i-1.
(d) Either q¡ is not a root of unity, or <?, = 1 and the characteristic of k is

zero.

Further assume that the subgroup A of kx generated by the Ay is torsionfree.

Then all prime ideals of S are completely prime.

Proof. For 1 < m < n let Tm denote the statement that the theorem holds
in the case that S¡ = 0 for all i > m . We shall prove statements Tx, ... , T„

by induction, statement T„ being the full theorem. To begin, observe that

statement Ti follows from Theorem 2.1.

Now fix 2 < m < n , and assume that statement Tm-X holds. To prove Tm ,

we may assume that Sm+X, ... , ô„ all vanish. It follows that y¡yj = Xijy¡yi for

m + 1 < i < n and 1 < j < i - 1. Consequently, the fc-subalgebra R of S
generated by 5m_i U {ym+i, ■■■ , yn} is an iterated skew polynomial ring of the

form

R = Sm-X[ym+x ; x'm+x]---[yn; x'n],

where x\ denotes the restriction of t, to the algebra generated by Sm-X U

{ym+x, ... , y,_i}. Now ymy} = Xmjyjym + ôm(yj) for 1 < j < m- 1 and

y my i = 27~n\yiym for m + 1 < i < n . It follows that S can be expressed in the

form S = R[ym ; x, Ô], where x is a A;-algebra automorphism of R such that

J Xmjyj   for 1 < j < m - 1,

~ I ¿J>;   for m + 1 < ; < n

and S is a A:-linear t-derivation of R such that

S(  ■) = i Sn,(yiï   ^r 1 <j <m-l,

[yj)     \ 0 for m + 1 < j < n.

Next, consider the algebra

R[z;x] = Sm-X[ym+x;x'm+x]-[y„; x'n][z; x].

It follows from statement Tm_i that all prime ideals in R[z ; x] are completely

prime.
Observe for each j = 1, ... , m - 1 that xmxômxm(yj) = qmôm(yj). Since

the restrictions of x and ô to Sm-X agree with xm and ôm, we thus have

x~xSx(yj) = qmS(yj) for j = 1, ... , m - 1 . On the other hand, T-1<ÎT(y,-) =

0 = qmô(yj) for j = m + 1, ... , n , and hence the r-derivations x~xSx and

qmS agree on a set of A:-algebra generators for R. It follows that x~xôx = qmS ,

that is, ôx = qmx8 . Furthermore, assumption (d) implies that qrm + qm~x + ■■■

+ 1 is invertible in k for all positive integers r. Since all prime ideals in

R[z ; x] are completely prime, we therefore conclude from Theorem 1.3 that all

prime ideals in S are completely prime. This completes the induction step.   □
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3. Quantum coordinate rings

Throughout this section, k denotes a field, q a nonzero element of k,
and n a positive integer. The following presentations for the quantum alge-

bras cfq(M„(k)) are taken from [20]. To obtain the presentations in [17], for

instance, replace q2 by q~x.

3.1. The coordinate ring of quantum n x n matrices over k, denoted

cfq(Mn(k)), is the A-algebra generated by elements Xy for i, j = 1,..., n

subject to the following relations:

XtjXij = q2xejXij when i <£;

XijXim = q2ximXij when j <m;

XimXij = XijXim when i < £ and j <m;

XijXim - xtmXij = (q2 - q-2)ximxtj when i < £ and ; < m.

If the Xij are adjoined in lexicographic order, direct calculations show that

cfq(M„(k)) is an iterated skew polynomial ring

k[xxx][xx2 ; xx2] ■ ■ ■ [Xij ; xu , Su] ■ ■ ■ [xnn ; xnn , Snn],

where each xim and each 8tm is A-linear and

Ttm(Xij) = <

q~2Xij when i

q~2Xij when i

Xjj when i

0 when

¿tm(Xij) = { 0 when

= £ and j < m,

< £ and j = m,

< £ and j ^ m,

= £ and j < m,

< £ and j > m,

(q 2 - q2)ximXij    when i < £ and j < m.

Observe that ôimrim(Xij) = q*rlmôim(Xij) when (/, ;') <(£ , m) in the lexico-

graphic order. (In particular, it follows that ôtmX(m = q4t(mô(m .) Finally, note
that if q is not a root of unity, then the subgroup of kx generated by q~2 is

torsionfree.

We now obtain our main result directly from Theorem 2.3.

Theorem 3.2. If q is not a root of unity, then all prime ideals of cfq(M„(k)) are
completely prime.   G

Corollary 3.3. // q is not a root of unity, then all prime ideals of cfq(GLn(k))

and tfq(SLn(k)) are completely prime.

Proof. The algebra cfq(GLn(k)) is a localization of cfq(Mn(k)), while

c?q(SLn(k)) is a factor of cfq(M„(k)). (See [20] for details.)   D

Remarks 3.4. Assume that q eCx is not a root of unity.

(i) For cfq(SLi(C)), complete primeness of the prime ideals is proved in [8].
(ii) Complete primeness of the co-finite-dimensional maximal ideals of

cfq(Mn(C)) is proved in [9]. (Observe that this statement is equivalent to the
assertion that all finite dimensional irreducible representations are one dimen-

sional.)
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(iii) An immediate corollary of Theorem 2.1 is that all prime ideals in cfq(C")

are completely prime. This fact is proved in [16].

Remark 3.5. Suppose that q e kx is a primitive ith root of unity, with t

odd. In this case, the ith powers x\¡ are central in cfq(Mn(k)) ([17, 7.2.1];

cf. [6, 14.11]), and so cfq(Mn(k)) is a free module of rank t" over a central

noetherian subring. It follows from standard arguments that the prime factors

of cfq(Mn(k)) all have Goldie rank at most t"2l2 (see, e.g., [6, 14.10]). For the
case when n = 2, the minimal bound is t [6, 14.14].

Remark 3.6. We can also apply our methods to the multiparametrizations stud-
ied in [1, 13, 21]. In particular, if the subgroup of kx generated by the pa-

rameters is torsionfree, then it follows from Theorem 2.3 and additional calcu-

lations that every prime ideal of the multiparameter quantum coordinate ring
of M„(k) is completely prime. For details, see the expository paper [5], which

also presents a direct route through that portion of [6] used in proving Theorem

1.3. A proof that the multiparameter quantum coordinate ring of SL„(/c) is a

domain, without the preceding hypothesis on the parameters, is presented in

[12].
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