
proceedings OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 122, Number 1, September 1994

COMPACT PERTURBATIONS OF FREDHOLM «-TUPLES
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(Communicated by Eric Bedford)

Abstract. Let T be an operator on a Hubert space. We show that the pair

(T, T) can be perturbed to an invertible pair if and only if T is Fredholm

of index zero. We also exhibit a large class of Fredholm «-tuples acting on a

Banach space which cannot be perturbed by finite rank operators to invertible

ones.

Introduction

It is well known that a Fredholm operator of index zero on a Banach space

can be perturbed by a finite rank operator to an invertible one. In [2] it is

asked if the same property remains true for commuting pairs of operators, or
at least if one can perturb a pair of index zero with compact operators to get an
invertible one.

There are several properties of the index that are preserved when we pass
from one operator to commuting «-tuples of operators, for example, the index is

invariant under small-norm perturbations or under perturbations with operators

in the norm-closure of finite rank ones; in the Hubert space case these are exactly

the compact operators [1,4]. It has been proved in [3] that the Koszul complex
of a Fredholm «-tuple of index zero has a finite-dimensional perturbation to

an exact complex, but the new complex is usually not a Koszul complex of a
commuting «-tuple.

In the first part of the present paper we shall prove that on an infinite-

dimensional Banach space there exists a large class of Fredholm «-tuples of
index zero that cannot be perturbed with finite rank operators to invertible

operators. Using the same idea we shall prove in the second part that on an

infinite-dimensional Hubert space no pair of the form (T, 0) with F Fred-

holm and ind(F) ^ 0 can be perturbed with compact operators to an invertible

pair; this will give a negative answer to the question raised by Raúl Curto in

[2].
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1. Finite rank perturbations

In this section we consider the case of (bounded) linear operators acting on
an infinite-dimensional Banach space Sf.

To each commuting «-tuple T = (Tx, T2, ... , T„) of operators on 3?, we

attach a complex of Banach spaces, called the Koszul complex [5], as follows.

Let Ap = Ap[ex, e2, ... , e„]be the p-forms on C" . Define the operator Dt :

Sf ® A" -» «g" ® A"+1 by DT := Tx ® Ex + F2 O E2 + ■■ ■ + Tn® E„ , where
E¡(o := e¡co, i = I, ... , n .

The Koszul complex is

(1) O^Jr®A°^Jr®A1^---^Jr®A"^0.

Let HP(T) be its cohomology spaces. The «-tuple T is called invertible if

HP(T) = 0,0 <;?<«, and Fredholm if dim HP(T) < oo, 0 <p<n, in which
case we define its index to be ind F := X^=0(-l)p dimHP(T).

The Taylor spectrum of T, denoted by a(T), is the set of all z = (zi,

z2, ... , zn) in C" such that z - F = (zx - Tx, z2 - T2, ... , zn - T„) is not

invertible. It is known that a(T) is a compact nonvoid set. For any holomor-
phic map / : U -* Cm on a neighborhood U of o(T) one can define f(T)

[6]; this functional calculus extends the polynomial calculus. By the spectral

mapping theorem [6], f(a(T)) = o(f(T)).
If T = (Tx, T2, ... , T„) and T = (Tx, T2,... , Tn, S) are commuting

tuples, then we have a long exact sequence in cohomology

0 -» H°(T') -» H°(T) ± H°(T) -» //'(F') -» HX(T)

-»-► Hp~x(T) -» //p(F') -» ̂ (F) -Í 7/p(F) -» • • •

where S is the operator induced by S<8>l:,£í7<5j>Aí'-><2í'<8>Ap,0</?<w.

If F' is invertible, then S is an isomorphism. As a consequence of the long

exact sequence, if F is Fredholm, then V is Fredholm of index zero. We

shall prove that there exists a class of (n + l)-tuples of index zero of the form

(TX,T2,...,T„,S) with ind(F,,F2,...,F„) ¿ 0 and (Tx, F2, ... , T„)
Fredholm that cannot be made invertible by finite rank perturbations.

Lemma 1.1. Let (Sx, Si, ... , S„) be an invertible commuting n-tuple, and let

f : C" -» Cm be a holomorphic function with f~x(0) = 0. Then the m-tuple

f(S\, Si,..., S„) is invertible.

Proof. Straightforward from the spectral mapping theorem by noticing the fact

that /-1(O)no-(5i,5'2,...,5„) = 0.

Lemma 1.2. Let (Sx, Si,... , Sn) be a Fredholm commuting n-tuple with the

property that ind(5r , Si, ... , S„) ^ 0. Then there exist a sequence of positive

integers {mk}k and 0 < po < « such that dimHPo(S'lni1, S2, ... , S„) -> oo for
k —> oo.

Proof. By Corollary 3.8 in [4] ind(S7 , S2, ... , Sn) = m- iad(Sx ,S2,...,S„),
so dimHp(S'in , S2, ... , S„) cannot all remain bounded.

Theorem 1.1. Let (TX,T2, ... ,T„) be a Fredholm commuting n-tuple with

iad(Tx,  T2, ... , Tn) ¿ 0 and p £ C[zx, z2, ... , z„] with p(0) = 0. Define
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the operator T„+x = p(Tx, T2, ... , Tn). Then there do not exist finite rank op-

erators Rx, R2, ... , Rn, Rn+X such that (Tx+Rx, T2 + R2, ... , T„+x + Rn+X)
is an invertible commuting (n + l)-tuple.

Proof. Suppose that such finite rank operators exist, and let S, = F, + R¡,
1 < i < n + 1. Applying Lemma 1.1 to the function / : Cn+1 -► C"+1,

f(zx, z2, ... , z„, zn+x) = (zi, z2, ... , z„, zn+x -p(zx, z2,... , zn)), we get

that (S\, Si, ... , S„, R) must be invertible, where

-R = Sn+X -p(Sx, Si, ... , S„).

Clearly, R is a finite rank operator. By applying Lemma 1.1 to the function

tf> : Cn+X - Cn+X, <p(zx ,z2,...,z„, zn+x) = (z™,z2,...,z„, zn+x), we get

that (S™ , Si, ... , S„ , R) is also invertible for every positive integer m.

Let {mk}k and po be the numbers obtained by applying Lemma 1.2 to the

«-tuple (S\, Si, ... , S„); let R = R(mk, Po) be the operator induced by R

on /F^S™* ,S2,...,S„). Because (5¡"* ,S2,...,S„) is invertible, R must
be an isomorphism for every mk . But this is impossible since

dimHp»(STk, S2,..., S„) -» oo   and   rank(^) < (" ) • rank(Fc).

This proves the theorem.

2. The main example

In what follows we shall restrict ourselves to bounded linear operators on an

infinite-dimensional Hubert space ß?. We shall start with a result about the
structure of a Fredholm operator of positive index.

Lemma 2.1. Let T be a Fredholm operator with iadT > 0. Define %?n =

ker T" e ker T"~x. Then %Tn ¿ (0), n > 2. Let Tn = T\ ker F",

'An    0

ßn     Cn

Then there exists no such that, for « > «0, An is an isomorphism.

Proof. Suppose that, for some « , %?n = (0). Then ker T" = kerF"-1. Hence

ker Tn+k = ker T" Vk > 0, but this contradicts the fact that lim«^ ind Tn+k =
oo.

Since ^¡-LkerF„_i, F|^ is injective and F^,nkerF„_2 = (0). This
shows that An is injective. But then the sequence {dim^}„ is decreasing, so

it becomes stationary. Let «o be such that, for « > «o, dimJ£ = diraßUn-i -

Then, for « > «o , A„ is an injective operator between finite-dimensional spaces
of the same dimension, so it is an isomorphism.

Lemma 2.2. Let T and £?n , n > 2, be as in the statement of the previous lemma.

If S is an operator that commutes with T, then, for all n > 1, ker T" is an

invariant subspace for S. Let Sn =S,|kerF",

'Xn      0'

*n     ¿n _

Then there is no such that, for « > «n, X„ is similar to X„0.

Proof. The fact that ker F" is invariant for S follows from the commutativity.

Let A„ and «o be as in Lemma 2.1.   Then ST = TS implies Sn-XT„ =

(3) F^^ekerF"-'^^_,©kerFn-2,        Tn =

(4) Sn : %„ ® ker Tn~x -> ̂  © ker Tn~x,       S„ =
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(5) ^„^©kerF"-1 ^^©kerF"-1,        Kn

TnSn, « > 2. Therefore, Xn-XA„ = AnX„, « > 2. For « > «0> An is an
isomorphism; hence, X„ is similar to Xn-X. This proves the lemma.

Lemma 2.3. Let (T, S) be an invertible commuting pair. Then, for any n,

S\ ker T" is an isomorphism for ker T" .

Proof. Applying Lemma 1.1 to (F, S) and / : C2 -* C2, f(zx, z2) = (zf, z2),
we get that (Tn, S) is invertible for any «. By the remarks made at the

beginning of the first section, S : H°(Tn) -» H°(Tn) is an isomorphism. But

H°(T") = ker T" , and the lemma is proved.

Theorem 2.1. Let T be a Fredholm operator with indF ^ 0. Then there do

not exist compact operators Kx and K2 such that (T + KX, K2) is an invertible
commuting pair.

Proof. Suppose such Kx and K2 exist. Without loss of generality we may
assume ind F > 0, otherwise we take F* instead of F. We can also assume

that Kx = 0, otherwise we can denote T + Kx by T and let K2 = K.

Consider the spaces %fn , n>2, obtained by applying Lemma 2.1 to F, and

let Kn = K\ ker Tn . By Lemma 2.2,
'X„    0"

. -T n     ¿n _

have the property that X„ is similar to X„0 for some «o and « > «o • Applying

Lemma 2.3 we get that the operators X„ , « > 2, are isomorphisms. If we

denote by r the spectral radius of X„0, then r > 0. From the fact that Xn

is similar to X„0 for « > n0 (so all Xn 's have the same spectral radius), it

follows that ||X„|| >r.

But \\K\ßfn\\ = \\Kn\ßfn\\ > IM > r for « > «0. Because ß^„Lßrm, n¿m,
and %*„ ¥" (0) for any «, it follows that K is not compact, a contradiction.

Therefore, such Kx and K2 cannot exist.

Corollary 2.1. The pair (T, T) can be perturbed by compacts to an invertible

commuting pair if and only if T can be perturbed by a compact to an invertible

operator.
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