
proceedings of the
american mathematical society
Volume 122, Number 1, September 1994

NEW EXAMPLES OF COMPLETE RICCI SOLITONS

THOMAS IVEY

(Communicated by Peter Li)

Abstract. The Ricci soliton condition reduces to a set of ODEs when one

assumes that the metric is a doubly-warped product of a ray with a sphere and

an Einstein manifold. If the Einstein manifold has positive Ricci curvature,

we show there is a one-parameter family of solutions which give complete non-

compact Ricci solitons.

Introduction

A Ricci soliton is a solution to the Ricci flow dg/dt = -2Ric(g) such that the

metric changes only by diffeomorphisms as time goes on; since the diffeomor-
phisms of the underlying manifold are symmetries of the evolution equation,

it would be more accurate to call this a similarity solution for the Ricci flow.

Soliton solutions are important to the study of the Ricci flow because they rep-
resent extremal cases for the Harnack estimate [H2] and may be limiting cases
for the Ricci flow near singularities (cf. [A]).

A Ricci soliton is generated by an initial metric g and a vector field V
such that 3?vg = 2Ric(g) ; then V generates the diffeomorphisms. A gradient
soliton is one where V is the gradient of some function h with respect to g ;

the corresponding condition is that the Hessian V2 h coincide with the Ricci
tensor. Up to now, the known examples of complete Ricci solitons were the
radially symmetric 'cigar' metric on R2 [HI], the radially symmetric soliton

on R3 discovered by Bryant (which easily generalizes to R"), and the U(n)-

symmetric soliton on C" disovered by Cao [C].
Let (Mn, do2) be a compact Einstein manifold with Einstein constant e >

0. Let d62 denote the standard metric of constant curvature +1 on Sk , k > 1.
On Rk+X x M with radial coordinate t > 0 consider the doubly-warped product

metric

(*) ds2 = dt2 + f(t)2dd2 + g(t)2do2.

For the metric to be smooth near t = 0 we require that / extend smoothly to
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an odd function of t with f'(0) = 1 and g extend smoothly to a positive even

function of / (cf. [BB, §8.9]).

Theorem. There exists a one-parameter family of smooth complete Ricci soliton
metrics of the form (*) on Rk+xxM. These metrics have positive Ricci curvature

for t > 0 and positive scalar curvature everywhere. For a given M, no two of

these metrics are equivalent under diffeomorphisms of Rk+X x M that preserve
the submersion onto Rk+X.

The construction

We will construct gradient solitons where V is the gradient of a function h

of t only; V will be smooth if h! extends to a smooth odd function of t.

Setting V2 h equal to the Ricci tensor gives the following system of ODEs:

s"        f"
h" = -n^-k]-

(1)

g        /'

f"    J's' h'f ,,.  ,,/i-cn
n-r-?~ + (k- 1)

/ fg       f m
g"     t     .     n/Vy    ,f'g'    yg'
g    g¿

(From now on we will assume e = 1.) Given a solution of these equations

defined for t > 0, we only need to check that the one-sided limits of /, g,

f , and h' as t —► 0 are as required, and that the right-hand sides of the ODEs
have finite limits. Then the odd, even, and odd extensions of /, g, and h!,

respectively, are smooth solutions to (1) for all t ; for more details, see [I].
Two features of ( 1 ) simplify the analysis of the solutions. First of all, there

is a first integral which arises from the Bianchi identity: if we substitute V2 « =

Ric into the formula glk(hijk - hikj) = hpRP¡, and use the second Bianchi

identity 2giJVJRik = X?kR for the Ricci tensor, we get d(Ah + (h')2) = 0.
(By the Laplacian we mean the trace of the Hessian.) Next, we will reduce

the number of variables in ( 1 ) by rewriting the system in terms of quantities
invariant under the symmetries of (1), which consist of scaling simultaneously

in /, g, and t and, in the case k = 1, scaling / by itself. The quantities we

will use are

X = g'Y, Y = yft (gh' + ng' + t£ß-\     ,

(2) J^_ J   J

y/ñ f     ' Vñ      f   '

With this choice, the first integral becomes

X2 + Y2 + Z2 + W2 = 1 + Cg2Y2,

where C is an arbitrary constant. Since g is not invariant under the sym-

metries of ( 1 ) but appears as a common factor in the ^-derivatives of X,

Y,  Z, and  W, we get rid of it by defining a new parameter 5 such that
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yjñdt = gYds; then

(3)

^- = X(X2 + Z2-l) + aY2,

Y- = Y(X2 + Z2- aX),

^ = Z(X2 + Z2-l) + ßW2,

dW
I ds

W(X2 + Z2-ßZ),

where a = l/y/ñ and ß = l/Vk. (When k = 1, g/f is not invariant under
the extra symmetry; but then W is zero anyway, and we obtain the restriction
of the above system to the hyperplane W = 0.)

It is clear from the first integral that the unit sphere in XYZW space is

stable under (3). In fact, there is a Lyapunov function:

(4)     ^-(X2 + Y2 + Z2 + W2-l) = 2(X2 + Y2 + Z2 + W2- l)(X2 + Z2).

From (2), the required limits for /, g, f, and h as t -* 0 imply that we

should have X ->0, Y -+ 0, Z ^ ß , aad IF-» \Jl- ß2. This is a critical
point of (3) on the unit sphere; linearization of (3) about this point shows that

the Jacobian has two real positive eigenvalues. Thus the unstable manifold of

this point is a surface, and in it there is a one-parameter family of integral

curves of (3) that tend exponentially to this point as 5 -» -oo (cf. the Central

Manifold Theorem in [AA]). We will restrict our attention to integral curves

in the unstable manifold which lie inside the open ball with boundary the unit
sphere. By (4), these curves approach the origin in XYZ W space exponentially
as s —► +00.

Sketch of Theorem

Given one of these curves, we can recover /, g, h! , and t by quadrature:

dg

g

f

X(YdX - YdX)

Y(X2 - sfnX + Y2) '

Z(YdX-XdY)

aY(X2-JñX+Y2)'

dj__    YdX-XdY

g ~ X2 - y/nX + Y2 '

gh' yß-X- y/ñ/kZ

(When k > 1 we can use the shortcut / = *^^ Ç .) Showing that one can

get g to approach a positive limit and t to approach zero as j -► -oo comes

down to showing that the limiting value of X/Y2 as the curve approaches

(0,0,)?, y/\- ß2) is a I (I + ß2). (Clearly the integral curves of (3) will be
symmetric about the Y = 0 hyperplane; this is the value one gets from a naive
Taylor series expansion for X as a function of F2 .) The equations

^ = A-(A-2 + Z2-l) + aF2,
ds

^j((l+ß2)X-aY2) = (X2 + Z2-l)((l+ß2)X-aY2) + aY(Y(l + ß2) + aX-l)
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show that 0 < X/Y2 < a/(I + ß2) for X and Y near zero. Once we know

X/ Y2 is bounded in absolute value,

d/ds X       X_ ( X2 + Z2 - 1  \ a

d/ds Y2 " Y2 \X2 + Z2- aXJ + X2 + Z2 - aX

shows that X/Y2 has the limiting value a/(I + ß2) } In a similar way one

argues that Z = (Z-ß)/Y2 and W = (W- x/l-ß2)/Y2 have finite limits as
j —» -oo, and this lets us verify the condition on the right-hand sides of (1) near

t = 0. (In fact, using Z and W as blowup coordinates near the critical point

shows that the limit of Z determines that of W and uniquely determines the

integral curve.)
It remains to check that the metrics produced by these integral curves are

complete. First one shows that for any curves coming into the origin from the

region where X and Y are positive, the limit of X/ Y2 is a. Furthermore, the

limit of (X-aY2)/Y4 is 2a3 ; this calculation also involves showing Z/Y2 is

bounded near the origin. Finally, one uses the above quadratures to show that

g is asymptotic to 1/T and / dt tends to infinity as y-+0.
To check the sign of the Ricci curvature, it is easiest to use the Hessian

V2 h = h" dt2 + ff h'de2 + gg'h'da2.

Checking that h' > 0 and h" > 0 for t > 0 is equivalent to checking that

l-y/nX-VkZ>0 and JñX + VkZ-X2-Y2-Z2-W2 > 0 on the integral
curves; this is easily done by computing the s-derivatives. Moreover, the first

integral Ah + (h')2 = C shows that the scalar curvature R = A« must be

positive for t = 0, and by symmetry all the eigenvalues of the Ricci curvature
along Rfc+1 must be positive there. However, the eigenvalues along the fibre M

have limit zero as t -» 0, so this prevents us from having strictly positive Ricci
curvature.

To verify the third claim in the theorem, it is sufficient to show that from the
metric one can recover the integral curve of (3). This can be done as follows:

the origin in Rk+X is the point over which the fibres of the submersion have
least volume; t is the distance in Rk+X to this point; the Einstein constant in

the fibres is 1 /g(t), and the volume of the distance spheres in R*+1 is f(t), up

to a universal constant depending on k . Finally, when Ric > 0 and the vector

field V is the gradient of a function h , the identity dR = -2Ric(F, ), which
arises from commuting two covariant derivatives of V, uniquely determines

V.

Remarks

The previously known examples of complete Ricci solitons have strictly pos-

itive curvature operator. (This means the curvature tensor is positive definite

when considered as a quadratic form on the second exterior power of the tan-

gent bundle, and it implies positive sectional curvature.) This is as far as the

'technology' for the Ricci flow has gone; the most significant results, such as

convergence for the Ricci flow in the noncompact case [S] and the Harnack es-

timate, have been obtained under the assumption of positive sectional curvature

'This follows from a recursive form of l'Hôpital's Rule: if f'(x)/g'(x) = q(x) f(x)/g(x)

+ P(x) i fis is bounded as x —> a, and lim^(x) is finite and different from 1, then lim//g =

lim(p/( !-<?))•
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and positive curvature operator, respectively. Indeed, the most general curva-

ture condition known to be preserved by the Ricci flow is nonnegative curvature

operator.

In our construction, M can be any Einstein manifold with positive Ricci
curvature, so we do not have much control over the sectional curvature along

the copies of M. In fact, if n is a two-plane tangent to one of the fibres

M and KM(n) is its sectional curvature under the Einstein metric, then its

sectional curvature under the soliton metric is

r(9,     KM(n)-(g')2

In our construction, g' is not identically zero, so if Km (it) = 0 we get negative

sectional curvature on some fibres. The lowest dimension when this can happen

is when the dimension of M is four: we can use M = S2 x S2 and k = 1

to produce a six-dimensional complete Ricci soliton with sectional curvature of
mixed sign.
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