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Abstract. In this note we present a formula which furnishes particular fun-

damental solutions of linear partial differential equations with constant coef-

ficients. Our construction extends an explicit formula of König (to appear)

after the procedure of Malgrange (1955-1956). The crucial point is that he

works with equations rather than with estimations as in the classical proof of

the Malgrange-Ehrenpreis theorem. Following his ideas, we obtain fundamen-

tal solutions which are regular in the sense of Hörmander (1983); they are of

basic importance. Our formula is as explicit as the zeros of a polynomial in one

variable are explicit as functions of the coefficients.

The present paper will be subdivided into three parts. In the first part we

present an integral formula which for suitable kernels will produce fundamental

solutions for the differential operator P(D) in R" ,

P(D) := J2 c(a)Da,    where D := id and d =

\a\<m

and P is a polynomial in n variables with complex coefficients of precise degree
m > 0. In the second part we profit from the explicit character of our formula:

If its kernel satisfies certain growth conditions, then the resulting fundamental

solution has additional local regularity properties. In the final part we specialize
in order to obtain in particular the explicit fundamental solution of König [4]

and regular fundamental solutions in the sense of Hörmander [3]. This part
forms the main innovation compared with König [4].

In the sequel we use standard distributional notations as to be found, for

example, in Hörmander [2]. Let X" denote Lebesgue measure on R", and

let cr be a finite positive Borel measure on C" with compact support. For a

bounded Borel-measurable function M : R" x C" —► C we define the functional

FM : 2! —► C on the space 2¡ of W°° functions on R" with compact support

to be

(FM,u) = -^—[       u(z + QM(z,C)d(Xnxo)(z,Q   for u e 97 ,
(2n)n yRnxC»
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where û denotes the Fourier-Laplace transform of u. The norm ||| • ||| on 21
defined to be

Mll=/      IS
J$tnxC"

(z + C)\d(Xn x o)(z, C)   for ue2

admits an estimation < C(Ar)||*||„+i(AT) on the subspace 2k c2 of functions
with support in the set K for any compact K c R" , where

\\u\\n+x(K) = s\xo{\Dau(x)\:xeK,  |a|<« + l}   for u e 2K .

This is a consequence of the differentiability properties of the Fourier-Laplace
transform; see Rudin [6, p. 196]. Therefore, FM is a distribution of order
<n+l onl".

In the following theorem we state a sufficient condition in order that FM be

a fundamental solution of P(D). This condition will be verified for a special

class of functions in Theorem 3. Here and in the following we use for functions

/: C" -» C the notation / := /(—).

Theorem 1. If the function M satisfies the condition

(*)

f(z)= i fi(z + QP(z + QM(z,Qdo(Ç)
Je

for all entire f: C" -► C and z e R",

then the distribution FM is a fundamental solution for P(D).

Proof. For u e 2 and v := P(D)u = P(-D)u we have v = Pu, and we
deduce from (*) and the Fourier inversion formula

(ô,u) = u(0) = -^—i Û(z)dX»(z)
(2n)n JR„

= r¿vT /   / û(z + QP(z + QM(z,Qdo(QdXn(z)
(271)"   J^n JCn

= (FM ,P(-D)u) = (P(D)FM, u).

This shows that FM is in fact a fundamental solution of P(D).

In order to examine the question of local regularity of the solution FM, we
recall the relevant definitions from Hörmander [3, §§10.1 and 10.2].

Definition 1. (i) A function k : W —» (0, oo) is called a temperate weight func-

tion iff there exist constants C > 0, 7Y e N such that

k(z + x) < (I + C\z\f k(x)   forz,xeRn.

The set of all such functions k will be denoted by 7777.
(ii) If k e 377 and 1 < p < oo, we denote by 3§p¿ the space of all temperate

distributions T e 77" such that the Fourier transform T is a function in Jz^
and

n,k :=j^\\kf\y,<oo.

(iii) If k e 377 and 1 < p < oo, the associated local spaces 7778pXock are defined

to consist of all distributions S e 2' such that uS e âëp>k for each individual

ue2.
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An important example of a function in 377 is defined by

,2\ 1/2

for z e R'Q : Q(z) := \T
QM(z)

al

where Q is a nonzero polynomial in n variables with complex coefficients of

precise degree q > 0 and Q(a) := daQ. It follows from Taylor's formula that

Q(z + x) < (1 + C\z\)qQ(x)   for z,xeRn

with some constant C > 0. We note that Q is bounded from below and that
VQ~ = Q

Definition 2. A fundamental solution F of the differential operator P(D) is

called regular iff F e &Xoc~.
oo,P

Remark. The definition of the formation Q used here and hence Definition 2

are formally different from, but are easily checked to be equivalent to, the

original definition of Hörmander [3, p. 5].
The following theorem can be viewed as a reformulation of a result of Hör-

mander [1, Theorem 1.3, p.30].

Theorem 2. If the function M satisfies (*) and if in addition there is a constant

C > 0 such that

(**) \M(z, C)| < -g—-   for z e Rn, C € supp(cj) ,

then the distribution FM is a regular fundamental solution for P(D).

Proof. For u e 2 and x e Rn one has

\(uFMY(x)\ = \(uFM, e-''<*.*>)| = \(FM, ue~i{'-x))\

^T^vt/       \(ue-'{-'x)y(z + Q  \M(z,Q\d(Xnxo)(z,Q
(2n)n JR„xCnW )

JW x C"

\u(z + C + x)\
d(X"xo)(z,Q

P~(z)

mCt       1|£±01^X(7)(Z)C)
Jr»xC" P(x - z)

<S-i      \u(z + C)| (1 + C"|z|«) d(Xn x o)(z, 0 ;
P(X) JR»xC"

that is, FM e3SXoc~.
oo,P

Comments and consequences, (i) In terms of the spaces TTSp^ it is not possible

to improve the result of Theorem 2. In fact, if F is any fundamental solution

of P(D) with F e &l°% , then it follows that ^loc~ c 3B^k (Hörmander [3,

remark, p. 17]).
(ii) As to the inhomogeneous equation P(D)E = G e %", the solution E

given by E = F * G, where F is a regular fundamental solution, belongs to

^loc~ for every k e 377 and 1 < p < oo such that G e 38¡ k := 3ëv^k n g"

(Hörmander [3, Theorem 10.3.1, p. 29]).
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(iii) If we define for polynomials Q, R the relation Q -< R (Q is weaker

than R) to mean that Q(z)/R(z) < C for any z e Rn with some constant

C > 0, then the above result can be rephrased as follows: If G e ¿%7 k for some

k e 377 and 1 < p < oo and if Q < P, then we have Q(D)E e dX(Xk for the

solution E considered in (ii). Conversely, if for some k e 37 and 1 < p < oo

the inhomogeneous equation has a solution E such that Q(D)E e 38^ for

any G e38^ k, then it follows that Q -< P (Hörmander [3, Theorem 10.3.5, p.

30]).
(iv) The special case k = 1 and p = 2 of (iii) yields that regular fundamental

solutions are proper in the sense of Hörmander [1, p. 29]; i.e., (Q(D)F)*^72 c

-S^¿. for all polynomials Q with Q<P.
(v) A similar argument as in the proof of Theorem 2 shows immediately

that a distribution S which is continuous with respect to the norm ||| • ||| is a

member of 778^ x. In view of Hörmander [3, Theorem 10.1.24, p. 14] these

distributions are convolutors of 778e k into 38^\ ■ The imporant special case

k = 1 and p = 2 is then expressed by the relation S * 7T72 c -2^.
In the remainder of this article we will exhibit particular integral representa-

tions (*) which meet our intentions. This requires a new construction in the

domain of polynomials of one and of several variables.

For a polynomial in one complex variable Q : Q(w) = Y^=0Ciw' of precise
degree q > 0 we define the polynomials

Qk ■ Qk(w) = cgY^ Yl^-ßuYl^-ßiw)   for k = 0,...,q ,
Z   1 ÍZ /€Z

where px,... , pq are the complex zeros of Q counted with multiplicities and
the sum ranges over all subsets Z of {1, ... , q} with k elements, and we set

Qk := 0 for k > q . One verifies that the Qk, k>0, are well defined and that

\Qk(t)\ < (*) 10(01   for t e T := {w e C : |w| = 1}.

By a well-known algebraic formula we have

Qk(0) = Q^p-=ck   for/c>0.

If Q is a polynomial in n variables with complex coefficients of degree < m ,
we consider for fixed z eR" and Ç e C

gz.C . QZ,r{w) m Q{z + „,£) = £ U-±1(WQC

/=0   \|a|=/ - /

using the Taylor expansion of Q around z. Then Q2 ̂  is a polynomial in
one complex variable of precise degree denoted -1 < q(z, Ç) < m, where

q(z, O = -1 means that Qzi = 0. For ß£,f := (Q2-^ one verifies the

identity

Q2k^(w) = tkQzk^(tw)   fori€T,u;eC,

which will be used later.
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Lemma 1. For Q a polynomial in n variables with complex coefficients of degree

< m and k > 0 the functions Qk : Rn x C -> C, defined to be Qk(z, 0 =

Qzk'i(l)/Q(z+Q ifQ(z+C) # 0 and = 0 if Q(z+Q = 0, areBorel-measurable
and bounded.

Proof, (i) We introduce on the complex vector space of all polynomials of one

variable the norm

HI: BAR «¿|0|   for R:R(w) = J2c,wl.
/=o /=o

Let R° be a fixed polynomial of precise degree q > 0 with distinct zeros

i/,°,... , 1/°, and choose e > 0 with \u%-v$\ > 2e for a ^ b . Then there exists

a p > 0 such that any other polynomial R of degree < q and ||iv° - R\\ <
p has exact degree q and the zeros of R with their respective multiplicities

stay within the e-neighborhoods of the zeros u'j. This follows from Rouché's

theorem via the condition \R°(w) - R(w)\ < \R°(w)\ on the e-circles around
the individual vj (j = 1,... , s). Therefore, for the polynomials R of some

fixed degree the polynomials Rk , k>0,are continuous functions of both the

argument and the coefficients of R.
(ii) For fixed z° e Rn , C° G C" , and p > 0 one can find y > 0 such that

\\Q2°^-Q2^\\<p   for zeR", CeCwith \(z°, C°) - (z, Ç)\ < y.

(iii) We define for q = 0, 1,... , m the sets

U(q) := {(z, O G R" x C" : Q(z + C) # 0 and q(z, Q > q},

and we set U(-1 ) := Rn x C" , U(m +1 ) := 0. These sets are all open, and they

decrease as q increases. We conclude from (i) and (ii) that on U(q)\U(q + 1)

the functions Q'k''(-) are continuous, which implies the measurability of Qk .

In view of the estimation

\Qzk'Ht)\< i^'C)W'C(0I   for zeR", CeC, teT,

the functions Qk are bounded by (™) on R" x C" .

For r = 0, ... , m we now define Mr : Rn x C —» C to be

Mr(z, o = £^f*(z'C)£H^r^c
Em

la|a|-r

Lemma 1 and the Cauchy-Schwarz inequality show that the Mr are bounded

Borel-measurable functions and that

,2\ -1/2

\P(a\z)\
\Mr(z,0\<C\ ¿2

K\a\=r
a\

for z e Rn , C G T" ,

with some constant C > 0. Furthermore, we take the measure r" := t x • • • x t ,
where t is normalized arc length on T. In order to verify that the associated

distributions FMr are fundamental solutions for P(D), we have to check that

(*) is fulfilled. We first isolate the decisive one-variable integral representation
as a lemma.
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Lemma 2. For g : C —► C an entire function and Q a polynomial of one complex
variable one has

g(0)
g(*>(0)= I' g(t)Qk(t)dx(t)   for k>0.

JTk\        jj

Proof. We apply the Cauchy formula to the function G : G(w) = g(w)Qk(w)

for w e C and note that Qk(0) = ß<*>(0)/fc!.

Theorem 3. For f : C" —> C an entire function and P a polynomial in n

variables of precise degree m>0 one has

z + QP(z + QMr(z, Qdzn(Q   for z e R" and r = 0,...,m.m = f n
v/T"

Proof. We apply Lemma 2 for fixed z e R" , Ç e C to the functions g2 •f :

C-tC, g2^(w) = f(z + wC), and ßzi, where ß = P for fc > 0. This gives

f(z) E ^P-Ca= Í fi(z + tQQl^(t)dx(t).
M=* ^

If we multiply this by £|a|=* ^f^£a > we obtain

/(*) E
g(a)(^),q

a!     ^ 171 |a|-*       a'

Integration over T" with respect to t" and the use of Cauchy's formula lead

to

iiz. "»T" ^T lit\a\=k \a\=k

From the Fubini theorem and the identity Qzk'c(rw) = Qzk''Hw)tk for t e T,

ineC we conclude

r\tn)/-\ >2ß<°)(z)|
=  í f /(z + íOO¿''Cd)E ̂ T^(r0orft"(C)rfT(0

Jj Jt" \a\=k        °-

= [ f(z + QQzk-Hl)Yl ^t^C^t"(0,
Jr" \a\=k        a-

where in the latter equation we used the fact that the inner integral on the

left side is independent of ieT. The assertion follows after summation over

k = r, ... , m .

The case r = 0 gives a regular fundamental solution, whereas for r = m we

obtain the explicit formula constructed by König [4], which reads

(FMm, u)

JF(z + OII(-l)mE|a|=mc(a)Cû1      I       „.       _,l
= rJ^¡ "(z + 0-

EM=m\c(a)\2
d(Xn x x")(z, Q

for u e 2,
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where [•]] : C -> C is defined to be [it;]] = w/w for w # 0 and = 0 for

w = 0. Here we did not use the multinomial formula as König [4] did in order

to represent his fundamental solution as a sum of derivatives of continuous

functions.
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