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ABSTRACT. We say that an automorphism ® of &* (the lattice of recursively
enumerable sets modulo the finite sets) is induced by a permutation p iff for
all e, ®(W.) =" p(We). A permutation h is called a presentation of ® iff
for all e, ®(W.) =* W), . In this paper, we will explore the degree-theoretic
connections between these two notions. Using a new proof of the well-known
fact that every automorphism is induced by a permutation p , we show that such
a p can be found recursively in A® @', where h is a presentation of ®. The
main result of the paper is to show that there is an effective automorphism of
&* which is not induced by a A,-permutation.

Ever since the ground-breaking paper of Post [Po], a central object of recur-
sion theory has been the lattice of recursively enumerable sets modulo the finite
sets, &* . This object, its automorphism group Aut(£€*), and their relation to
the degrees of unsolvability have been extensively studied.

In this paper we study the relationship between Aut(&*) and the group of
permutations of w. It has long been known (see [So1]) that each automorphism
® of &* isinduced by a permutation p of w. Our concern is the relationship
between the complexity of @ and the permutation that induces ®.

To be precise, we say ® is a A, -automorphism iff ® has a presentation
h (h is a permutation and for all e, ®(W.) =* W) such that h <r o".
Furthermore, we say ® is effective iff @ has a recursive presentation. In this
paper, we will examine whether every A,-automorphism can be induced by a
A,-permutation.

In Theorem 1, we show that every automorphism is induced by a permutation
p,where p <r h® @" and h is a presentation of ®. This slightly improves
Soare’s result (see [Sol] or [So2, XV.2.5]) that every automorphism is induced
by a permutation p, where p <7 (h ® @') and h is a presentation of ®.

Received by the editors October 7, 1991 and, in revised form, March 15, 1993.

1991 Mathematics Subject Classification. Primary 03D25.

Key words and phrases. Permutations, presentations, automorphism, recursively enumerable.

This research was started while the first author was a student associate and the second author was
a member of the Mathematical Sciences Research Institute (MSRI). It was completed at Victoria
University of Wellington (VUW). The first author was partially supported by a U.S. Department
of Education Fellowship and VUW Postdoctoral Fellowship. The second author was partially sup-
ported by a VUW IGC grant, a U.S. / N.Z. binational grant, and the MSRI. The authors thank
Michael Stob for his help.

© 1994 American Mathematical Society
0002-9939/94 $1.00 + $.25 per page




1238 PETER CHOLAK AND ROD DOWNEY

Therefore, if ® is a A,-automorphism, for any n > 3, then ® is induced by
a A,-permutation.

By Jockusch (see [So2, XV.2.13]) we know that if & has a presentation
whose degree is less than or equal to 0’ then ® has a recursive presentation
and hence there is no properly A,-automorphism.

Thus, the only question left open is the relationship between an effective
automorphism and the complexity of the permutation that induces it. Martin
(see [So2, XV.3]) showed that there are effective automorphisms which are not
induced by any recursive permutation. There are many proofs of this result.
For example, by [CDS] we know that if A4 is incomplete, promptly simple, and
not hyperhypersimple, then A is effectively automorphic to a complete set and
clearly such an automorphism cannot be induced by a recursive permutation
(A =1 p(A)), if p is recursive. In Theorem 2, we improve Martin’s result to
show: there is an effective automorphism of &* which is not induced by a
Ar-permutation.

Our notation is standard and follows Soare [So2]. All sets used are r.e.

Theorem 1. Every automorphism ® is induced by a permutation p, where p
<rh®@" and h is a presentation of ®.

Proof. Let p =Jpn, where finite partial functions p, are defined by induction
on n as follows: Let p_, = @. Given any finite L C w and any linear order
<on L,let o(L,x) ={i:x € W}, where L ={lp <lj < < In}
(So for all x, 0(2, x) =@.) a(L, x) is uniformly recursive (in indices for
both L and <) in &’'. Since ® is an automorphism, for any e and any
subset ¢ of {0,1,...,¢e}, {x :0({0 <1 <--- < e}, x) = o}is infinite iff
{x:a0({h(0) < h(1) <--- < h(e)}, x) =a}is infinite. Let L [ —1 = &, and let
Lri={lp<h=<---<l},where L={lpy<lj<---<ly}and i<m.

For all even n, use the following procedure: Let x, be the least integer
not in the domain of p,_;. Using A, let L, = {0 < 1 < --- < x,}and
L, = {h(0) < h(1) < --- < h(x,)}. Using @”, let e, be the greatest e
such that —1 < e < x, and there exists a y not in the range of p,_; with
oLyl e,xy)=a(l,1e,y). Let yn be the least integer not in the range of
Pn—1 suchthat a(L, [ ey, Xn) = 0(Lp ! €n, yu) . Define pp = pp—1 U{(xn, yn)} .

For all odd n, use the following procedure: Let y, be the least integer
not in the range of p,_;. Using A, let L, = {0 <1 < --- < y,}and
L, = {h(0) < h(1) < --- < h(y,)}. Using @”, let e, be the greatest e such
that —1 < e < y, and there exists an x not in the domain of p,_; with
o(Lple,x)=0a(L,le,y,). Let Xn be the least integer not in the domain of
Pn-1 suchthat a(Ly | en, Xn) = 0(Ln | €n, yn) . Define pp = pp_y U{(Xn, ¥n)} -

Clearly, p = Up, is a permutation and p <r h & @”. Since ® is an
automorphism of &*, lim,e, = oo, and hence, it follows that p(W,) =*
VV},(”). 0O

Theorem 2. There is an effective automorphism ® of &* such that ® is not
induced by any permutation whose Turing degree is less than or equal to 0’ .

Proof. Building an effective automorphism of &* is a complex task. We will
fix two copies of the natural numbers @w and @ (all integers living on the
hatted side will wear hats). Now, given an enumeration of {W,}.<, living
in ®, say {Un.s}n s<w, we will build the image of U, in &, U, = ®(U,).
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Given another enumeration of {W,}.<, living in @, say {V, s}n, s<w, we will
build the preimage of V, in w, ¥, = ®!(V,). To ensure that ® is an
automorphism of &* we need to meet the requirements R, below. However,
to state these requirements, we need the following definitions.

Definition 3. For any e, if we are given uniformly recursive enumerations
{Xn’s}nSe’s<w and {Yn’s}nSe,s<w Of r.c. SC.tS {Xn}nSe and {Yn}nSe, dcﬁne
the full e-state of x at stage s, v(e, x, s), with respect to (w.r.t.) {X, s}n s<o
and {Y, s}n,s<w to be the triple

vie,x,s)=(e,a(e,x,s), (e, x,s))
where

ole,x,s)={i:i<eAx€X;s} and 1(e,x,s)={i:i<eAxeY}.

Definition 4. Given any collection of r.e. sets {X,}n<w and {Y,}n<w, define
the final e-state of x, v(e, x), with respect to {Xp}n<w and {Y,},<» to be
the triple

vie,x)= (e, ale, x), 1(e, x))
where

ole,x)={i:i<eAxe€eX;} and t(e,x)={i:i<eAxeVY;}.

(This last definition is slightly different from the normal definition of the
final e-state of x. Normally, lim,_, v(e, x,s) = v(e, x) But that assumes
that there are uniformly recursive enumerations of {X,},<» and {Yn}n<e. In
this construction, that will be the case, but it is not always the case; see [Ch].)

Now to ensure that @ is an automorphism of &*, where ®(U,) = U, and
o1V, = ¥, , we need to meet the following requirements: for all n,

(Qn) both U, and ¥, are re.
and for each final e-state v,

3*°x € w with final e-state v w.r.t. to {U,}»<, and {f/,,},,<w
(Ry) iff
3°% € @ with final e-state v w.r.t. 10 {Up,}n<w and {¥Vs}nco-

To ensure @ is an effective automorphism, we must build U, Va, v,,
and V, such that for some recursive functions f; and f,, W, =* Uy() and

A

Un =* Wy (i, ®(W,) =* Wy () ) and for some recursive functions g,
and g, W, = Vgl(e) and V, =* Wgz(n) (i.e., (D_I(I'Ve) =* Wgz(g|(e)) ). (Given
fi and g;, by using the Padding Lemma (see [Sol, 1.3.2]), we can construct a
recursive permutation A such that ®(W,) = U, =* Wiy and hence @ is an
effective automorphism.)

Let p be a permutation of w. If ® is induced by p~! then for all r.e. sets
X, ®(X) =* p~!(X). We will think of p~! as a one-to-one onto map from
® to @. Hence, to show @ is not induced by p~! (also a permutation of

deg(p)), it is enough to either find some r.e. set X and infinitely many %; such
that

Vi[X; ¢ ®(X) but X; € p~1(X) (or equivalently p(%;) € X)]
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or to find some r.e. set Y and infinitely many X; such that
Vi[x; e D(Y) but X; ¢ p~!(Y) (or equivalently p(X;) ¢ Y)I.

By the Limit Lemma, if deg(p) <r (', there exists an e such that for all X,
p(X) = lim;_,{e}(x,s). Therefore, to ensure that ® is not induced by a
AJ-permutation, it is enough to meet the following requirements:

AX lim{e}(%, s) is not a permutation; or
S—w

there is an r.e. set X, and infinitely many X, ; such that
(B Vilfe, ¢ D(Xe) but lim{e}(%e,i, ) € Xe)] s or

there is an r.e. set Y, and infinitely many X, ; such that
Vi[X,,; € ®(Ye) but Sli_{r(ll){e}()%e,i, s) ¢ Ye)l.

The easiest strategy to meet this requirement is for each e to choose infinitely
many X, ; and for all i, s, and ¢ if {e},(%.,;,s) | place {e};(Xe, i, s) into
X, but hold %, ; out of ®(X,). Unfortunately, we cannot do this and meet
(R,). For example, it is possible under this strategy that X, = w (this could
occur if for all i, {e}i(%.,:, i) |=i). However, by modifying the above strategy
as follows it is possible to meet (R,) and (F,).

Since we are allowed to choose any enumeration of {W,}.<», We can let
Usi s = Xi,s and Uyyy,s = W, 5. This is, we will build U, during the con-
struction to witness the meeting of requirement (P.). Note that this gives us
control over ®(X,) = ®(U). Let {M; : i < w} be a uniformly recursive
collection of disjoint infinite recursive sets such that for all x there exists an
i with x € M; (M; will be a copy of M; in @). Let V3 s = M; s and
Vaiv1,s = W;,s. (Hence, recursive f; and g; exist.)

Hence, we can meet (P,) by meeting the following subrequirements:

AX Slmal’ {e}(x, s) is not a permutation; or
(P k) there is an X, x > k such that X, x € V2. and X, ¢ ®(Us.)
but either lim{e}(%e i, 5) ¢ Vi or lim{e}(%, 5) € Use.

If we build @ to be an automorphism and meet the subrequirement (P, ;) for
all k, then we will have met (P,). Either there are infinitely many X such
that X ¢ ®(U,) and lim,_,{e}(X, s) € U, , or there are infinitely many %
such that % € Vs, =* ®(V3) and lim_,{e}(X,s) ¢ V2. We will meet the
subrequirement (P, ) (and hopefully (R,) as well) as follows:

At each stage s, we will associate with (P, i) two finite sets F, , ; (asubset
of M,)and F, i ¢ (asubsetof M, ). We will ensure that J{F,  0: k <@} =
M,, U{Fe ko k<w}= M, , and if ko # k, then F, ko0 N Fo i, 0=2 and
Fe ko, onFe k0= 92 We will try to ensure that F, x s 2 Fp k 541> Feks 2
Fe k,s+1> Fe k, anZe s=6,

(1) |Fe,k,s|>|U{Fe,k',0:k’<k}UFe,k,s|’
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and for all (2e + k)-states v,

there exists an x € F, ; ; such thatv(2e +k, x,s) =v
(2) iff

there exists an y € F, ; ; such that v(2e + k, §, 5) = v

where v(2e + k, x, s) is measured w.r.t. {U, }n.s<w and {¥ s} s<w and
v(2e +k,y,s) is measured w.r.t. {U,,,s},,,Kw and {V, s}n,s<w. (More re-
garding how we will ensure this later.) Let x€F, x o, iffforall s, xeF, i s,
andlet ye F, ; o, iffforall s, peF, ; .

Since both F, x ; and Fe,k, s are finite and nonincreasing (in size) in s, for
all (2e + k)-states v, there exists an x € F, i o, such that v(2e +k, x) =
v (Wrt {Upln<w and {¥p}n<w) iff there exists a y € F, ; o such that
v2e + k,9) = v (Wrt. {Vy}nco and {Up}nce ). Hence there is an iso-
morphism between U{F, i o : €, k < w}and U{F, s - : €,k < w} (For
this to occur it is important that we meet (2) with respect to (2e + k)-states
or at least ( max(e, k) )-states rather than just k-states. As a referee noted it
is possible to replace (2e + k)-states with ( max(e, k) )-states in (2).) Should
it be the case (it will not) that for all e, U{F, x o : €,k < w} = M,and
U{Fe k.0 : €, k < @} = M, , we will have met (R,).

The easiest way to meet condition (2) is to use matching. That is, for all
x € F, ;s,ensure that % € F, ; ; and v(2e +k, x,s) =v(2e +k, %,s),
where X isthe copy of x in @, v(2e+k, x, s) is measured w.r.t. {Uy s}n, s<o
and {V, s}n.s<w, and v(2e + k, %, s) is measured w.rt. {U, }n s<o and
(Va.s}n.sco (i, x € Ui s iff X € Ui, and x € V; ; iff X € V; ;. For more
on the use of matching see [CDS].) However, we cannot use matching and meet
condition (1) (using matching implies that |F, ; | = IF},,k, s|)-

Very informally, we will use the following strategy to meet condition (2): At
every stage s, associated with every F, ; ; and F, ; ., there willbe a (2e+k)-
state v, i ;. Assume there is an X € Fe,k,s such that X € V, 511 — Va5 If
v(2e+k,X,s) =v # v, i s, then we will ensure that there is at least one
element of F, ; ; in the same (2e + k)-state v and will raise the least one
to match X%’s new state. If v(2e + k, X,s) = v, i s and there are at least
two elements of F, j ; in the same (2e + k)-state v, i ;, we will raise one
of them to match X’s new state. Otherwise we will define F, y 41 C Fe k¢
and Fe, k,s+1 C Fe,k, s So that all the elements in these sets have the same
(2e + k)-state v, x ;41 atstage s+ 1 and condition (1) holds. Hopefully these
sets will be big enough for us to continue using this strategy and maintain (1).
(We will take a similar action if there is an x € F, x ; such that x € U, 41 —
U,,s.) We will call this strategy pseudomatching . (We will explore the details
of pseudomatching later.)

Now if Axlim,_,,{e}(X, s) is a permutation then by (1) for large enough s
there exists a 2 € F, ; ; such that {e}(%,s) ¢ U{F. r s : k' < k}. Hence,
we can add {e}(Z,s) to U, to meet (P, ) without interfering with (2) for
k' < k. However, if {e}(Z,s) € F, y s, this will interfere with condition (2)
and the need to keep Us N F, 1 o =@, for some k’ > k. To get around this
problem, we will do the following: Assume we add {e}(Z, s) to U, at stage
t. We will define F, ;, , =@ and F, ;, , =@, forall k <k’ <. Hence, this
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will injure P, , butif Axlim,_,{e}(X, s)is a permutation, this will only
injure finitely many P, ;. . (Again, we will go into more detail later)

Let T={x:x€F,  s—F, xss1,forsomee,k,s<w}and T={%:%¢
Fo ks —Fp k541 forsome e, k,s < w}. Hence U(F, y o : €,k <} =T
and U{Fe, ko' €,k <w}= T. Therefore, by the use of pseudomatching,
there is an isomorphism between T and 7. We now need to extend this
isomorphism into an automorphism. To do this, we will use the Extension
Theorem. Hence (R,) will divide into two subrequirements, namely,

3°x € T with final e-state v w.r.t. to {U,}»<» and {17,,}n<w
(R) iff
3°% e T with final e-state v w.r.t. to {U, }n<e and {Mln<w s
and
3%x € T with final e-state v w.r.t. t0 {Un}n<o and {¥;}n<e
(R) iff
3°% € T with final e-state v w.r.t. t0 {Up}nco and {¥Vs}ncw.
We will meet (RY) by using pseudomatching and meet (R!) by using the Exten-
sion Theorem. Before we state the Extension Theorem, the following definitions
are needed.
Definition 5. Given states v = (e, o, 7) and v' = (¢, ¢’, 7'), then
(1) viv ife<e,o0=0'n{0,1,...,€e} and 1=7Nn{0, 1, ..., ¢},

(i) v’ covers v (w<v') iffe=¢',0C0o',and 7' C 1, and

(iii) v’ co-covers v iff v > V',

Definition 6. Given recursive enumerations {X;}s;<, and {Y;};<, of X and
Y,
(i) X\Y={z:(3s)z € X; - Y}, and

(i) X\NY=(X\Y)nY.

Theorem 7 (The Extension Theorem [Sol, So2, XV.6]). Assume T and T are
infinite r.e. sets and {Un}n<w, {Va}n<w, {Un}n<w, and {Vi}n<w are recur-

sive arrays of re. sets. Let {Ti}scw, {Ts}scw, {Un.stn,s<wr {Vn.s}n.s<w,
{Un.s}n.s<w> and {Vy s}n.s<w be a simultaneous enumeration of the above r.e.
sets. For each full e-state v define

={x:3s(x€Ts—T;,_yandv =v(e, x,s)
w.r.t. {Uy s}n, s<w and {f/n,s}n,s«o)}
and
DI = (3:3s(ke Ty~ T, andv =v(e, %, 5)
w.rt. {Un s}n.s<w and {Vy s}n.s<w)}-

If x € DI, we say that v is the entry e-state of x (likewise for %). Suppose
our simultaneous enumeration satisfies the following conditions:

(3) va[T N\ Vo =T\ U, = 2],
(4) (vw)IDT is infinite = (' > v)[DY, is infinite 1],
(5) (Y)[DT is infinite = (3’ < u)[D . is infinite ]).
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(We will sometimes say that condition (4) is “ T covers T ” and condition (5) is
“T co-covers T ™.) Then there are r.e. sets U, extending U, and V, extending
V. such that R\ is satisfied. Furthermore, U, = U,\T and V, = V,\ T
(this follows from the proof since if x ¢ U,, we will only add x to U, if
x € T') and there are recursive functions f, and g, such that U, =* Wy, and

A

Vo =" We,my -
If we have a simultaneous enumeration of T, T, {Un}ncw, {Va}n<w,

{Va}n<w, and {U,}n<o that satisfies the hypotheses of the Extension Theorem
and the following requirements:

3°x € T with final e-state v w.r.t. t0 {Up}n<o and {¥}new
(RY) iff
3°% e T with final e-state v w.r.t. to {l~/',,},,<,‘u and {V,}n<w

then using the Extension Theorem it is possible to meet the R, ’s (and clearly
the Q.’s).

Recall that {M; : i < w} is a uniformly recursive collection of disjoint
infinite recursive sets such that for all x there exists an i with x € M; (M;
will be a copy of M; in @). Assume that {Uzni1,s}n,s<e 1S @ simultaneous
enumeration of {W.}e<w, {Van+1.s}n,s<w 1S @ simultaneous enumeration of
{Wele<w, and {Va2y s}n,s<w is @ simultaneous enumeration of {M,}.<, such
that Uspey = Wy, Vaper = Wy, Vo, = M,, and for every stage s > O there
exists a unique (x, i) such that either i is odd and x € U; s — U; 5—;, or
X €V s—Vis—1 (X is the copy of x in @).

We need to build a simultaneous enumeration {7;};<q,, {I}}Kw s
{Uzn, s}n <0 s {V;: s}n,s<w, and {Un stn,s<w Of T, T {Uzn}n<w » {Vn}n<w,
and {U,}s<o such that (P, ».k) and (RY) are met and the enumeration satis-
fies the hypotheses of the Extension Theorem. (Clearly, if desired, the above
enumerations can be combined into one simultaneous enumeration which also
satisfies the hypotheses of the Extension Theorem.) Note that T and T will
be automorphic r.e. sets; &(T) = T

For the rest of the construction, we will fix the following notation. We will use
v(e, x,s) for the full e-state of x at stage s with respect to {U, s}, s<» and
{Vn.s}n.s<w and v(e, %, s) for the full e-state of % at stage s with respect to
{Un,s}n,s<0 and {Vn s}n.s<w. X is the copy of x in & and x is the copy of
X in w.

We will use pseudomatching to meet (R9) as follows: First, if 2 ¢ T;, then
there exists e, k such that Z € Fe,k, s (the same holds for x ¢ T;). Assume
2€ (Va,ss1NTs) =V, s (where n < 2e + k). Let x be an element of F,
such that v(2e +k, x,s) =v(2e+k, 2, s) (such an element will always exist,
see Lemma 8(i)). There are two cases, namely: If v(2e +k, x,5) # v, x5 OF
there are at least two different such x, place the least such x into ¥, at Stage
s+1.

Otherwise, define L(s) and L(s) as any of the largest possible sets such
that for some (2e + k)-state v, j ;o1 # Ve ks, L(S) ={y:v(2e+k,y,s) =
Vek,ss1 ANV € Fp i i} and L(s) = {0 : v(2e + k, W, $) = Ve g, AW €
F, k. s}. These sets will be big enough for us to continue pseudomatching
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and maintain (1) (for more see Lemma 8(viii)). We will define F, x ;.1 C L(s)
and F, ; ;41 C L(s) such that (1) holds. Forall y € F, ; ; — F, j 541 We will
add y to T atstage s+ 1,and forall w € F, ; ; — F, ; o, we will add @
to T at stage s+ 1. (To make life easier, we will always put one quarter of the
integers in L(s) into T and three quarters of those in L(s) into T at stage s.
We have passed the problem of “matching” Z on to the Extension Theorem.)
We say that we were forced to dump for e and k at stage s +1 by 2 and we
will call this action dumping for e and k.

Assume X € (U, 541NT5)— Uy, s (for n <2e+k). Let Z be the least integer
in F, ; s such that u(2e+k x s) =v(2e +k, 2,s) (again such a 2 will
always exist). If either v(2e + k, x, ) # v, ;s orthereisa y € F, ; ; such
that x #y and v(2e+k,y,s) = Ve ks, then 2 € Uy 41 . Otherwise, we will
use the above dumping procedure for e and k.

To meet (P, ;) we will take the following action at stage s. We will as-
sociate with (P, ;) a function t(e, k, s). Initially t(e, k,0) = 0. Assume
A% lim;_,,{e}(X, s) is a permutation and, for all 2 eFe, ks> {€}s(2,t(e, k, ).
If there exists 2z, W € F, ; ; such that 7 # W but {e}s(Z, t(e, k,s)) =
{e}s(w, te, k, s))then let t(e k,s+1)=tle,k,s)+ 1. If for some % €
F, s, {e}(z,te, k,s) ¢ Vo sUTy, then let

te,k,s+1)=tle,k,s)+1.

[If this is the case for infinitely many k and for almost all s, then since pseudo-
matching ensures that , ; o, C Vo UT =* ®(V5, UT) #* p~! (V5. UT), we do
not need to take any more action to meet (P,), where p(X) = lims_,{e}(X, s)
(see Lemma 9(iv) for more).] Otherwise, by (1) (see Lemma 8(viii)), there ex-
istsa 2 € F, ; ; such that {e}(Z, t(e, k,s)) ¢ U{F, ps: k' <k}. We will
add {e}(z, t(e, k, s)) to U, at stage s+ 1; let

tle,k,s+1)=tle,k,s)+1;

and for all k' such that k < k' < s,let F, j sy = @ and F, ju oy, = &,
if x € U{Fe x5k <k'<s} place x into T at stage s+ 1, and if y €
U{Fe x5 : k < k' < s} place p into T at stage s+ 1. We say k' was e-
injured by k, for all k' such that kK < k' < s. Since Axlim,_,{e}(X,s)is a
permutation, this action for one fixed k can only e-injure finitely many k’.
(If AXlimg_,,{e}(X, s)is not a permutation, we may have infinitely many such
e-injuries.) Note the action for (P, ) will not injure any P, 4 ,forany e’ #e
and for any k'.

If we only add numbers to the U,’s and ¥,’s in this fashion, we will meet
condition (3) of the Extension Theorem. By condition (2) and the way we
add integers to T and T, there is an x such that x € (Ty4  UF, x 5) — T
and v(2e + k, x,s) = v iff there is a z such that 2z € (T  UF, & ) -
T;and v(2e + k, 2, s) > v. Hence we will be able to meet conditions (4) and
(5) of the Extension Theorem. Since both F, ; ; and F‘e,k, s are finite and
nonincreasing in s, for all (2e + k)-states, there exists an x € F, i o, such
that v(2e + k, x) = v iff there exists a y € F, ; ., such that v(2e + k, p) =
v . Hence, psendomatching will meet (R9). If x € V3 41 — Vae,s, then, by
pseudomatching, x € F, 11 € M. Thus V5. C M, .
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THE CONSTRUCTIONOF T, T, {Uan}n<w » {U}n<w> {Vnlnews
{Fe,k,s}e,k,s<w,AND {Fe,k,s}e,k,s<w

Stage 0. Let To=To=2 and Uy 0=U, 0=V, 0=2,forall n€ w. Let
tle,k,0)=0,forall e and k. Let v, y o = ((2e + k), @, @). We will now
define, by induction on k, F, ; o and £, ; ¢.

Let m(e,0) =1 and m(e, k) = |U{Fe k0 : k' < k}| for k > 0. Let
ple, k) =2(2e+k+1) (this is the maximum number of times we can dump for
e and k;see Lemma 8(v)) and g(e, k) = 222¢+tk+1) (the number of (2e + k)-
states). Choose F, ; o as the first (in terms of order) m(e, k)(4q(e, k))P€-*)
elements of M, — U{F, 10 : k' < k} and F, ; o as the first 3m(e, k)
-(4q(e, k))Pe-%) elements of M, — J{F, s o: k' <k}.

(Let n(e, k, s) be the number of times we have dumped for e and k before
stage 5. Fix some e and k. Assume that k is never e-injured by some k' < k .
In Lemma 8, we will show by induction on s that

a=|F, x| 2mle, k)(4q(e, k) Pe-R-nek9),

b=|F, k| >3me, k)(4q(e, k))Pe-D-nek9,
and that b —a > m(e, k). Hence condition (1) always holds.)

Stage s+ 1. Unless otherwise defined below all parameters remain the same
from stage s to stage s+ 1.

Step 1 (Building U,, and meeting (P, i)). For all e < s and k < s, if

{e}s(z,t(e, k,s))|forall ze Fe,k,s, do the first case which applies.

Case a. If either F, ; ; = @; there exist 5, W € F, ; ; such that 2z # W
and {e}(Z, t(e, k,s)) = {e}(, t(e, k, 5)); there exists a 7 € F, , ; such
that {e}(z, t(e, k, 5)) € Uy 5; or for some 2z € F, ; ,, {e}(2,t(e, k,s)) ¢
Vse sUTs; thenlet t(e, k,s+1)=te, k,s)+1.

Case b. Otherwise, by (1) (see Lemma 8(viii)), there exists a Z € Fe,k,s such
that {e}(Z, t(e, k,s)) ¢ U{Fe s : k' <k}. Wewill add {e}(zZ, t(e, k, 5))
to Uy, atstage s+ 1; t(e,k,s+1) =t(e,k,s)+ 1; for all k¥’ such that
k<k'<s,let F, o 541 =2;if x € U{Fe i s : k <k’ <s},place x into T
at stage s+1;andif y € U{Fe,k/,s 1k < k' <s} place y into T atstage s+1.
We say k' was e-injured by k atstage s, for all k' such that k <k’ <s.

(Note that {e}(z, t(e, k, 5)) € Ve sUT; . Therefore, if {e}(Z, t(e, k, 5)) ¢
T; then {e}(Z,t(e,k,s)) € F, sfor some s > k' > k and hence
{e}(2’ t(e’ k9 S)) € T.'Y+1 )

Step 2 (Pseudomatching to meet (R)). Let (x, i) be such that either i is odd
and x € U; 541 — Ui, or X € Vj 541 — Vi 5. Use the first case which applies.

Casea. x € F, 5, i <2e+k, k has not been e-injured by stage s + 1,
x € Ui 541 — Ui s, and either v(2e + k, x, s) # v, i, Or there exists y # x
such that y € F, , ; and v(2e + k,y,s) = v, x s. Then let Z be the least
element of F, ; ; such that v(2e +k, x,s)=v(2e+k, 2,s) (sucha 2 will
always exist by (2); see Lemma 8(i)). Place 2 into U; g4 .
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Caseb. x € F, 5, i < 2e +k, k has not been e-injured by stage s + 1,
x €U s41—Uiys, v(2e+k, x,s)=v, g s,and there do not exist y # x such
that ye F, , ; and v(2e + k,y,s) = v, x s. Let L(s) be any of the largest
possible sets such that for some (2e+k)-state v, x 41 # Ve k.5, L(s) = {y:
v(2e +k,y,5) = Ve k541 AV € Fo ik s}. Let L(s) = {w:v(2e+k,w,s) =
Ve k.ss1 AW € F, ¢ ;}. Let n and j < 4 be such that 4n + j = |L(s)| = |L(s)|
(by Lemma 8(ii) we can assume |L(s)| = |L(s)|, and as to why n # 0, see
Lemma 8(viii)) Let F, i s+1 be the first (in terms of order) n elements of

L(s), and let Fe k,s+1 be the first 3n elements of L(s). Forall y € F, &, s+l
F, s wewilladd y to T at stage s+ 1, and for all W eFe k, s+,—F} k.s
we will add W to T atstage s+ 1. Note that x ¢ F, ; ;.. (We were forced
to dump for e and k by x.)

Case c. X € Fe,k,s, i < 2e + k, k has not been e-injured by stage s +
1, X € Viss1 — Vis, and either v(2e + k, X,s) # v, ks or there exist
y, z such that y # z, v, ks =v(2e+k,z,s) =v(Re+k,y,s), y €
F, k,s,and z € F, ;. Then let z be the least element of F, ; ; such that

v(e+k,%x,s)=v(2e+k,z,s). Place z into V; g4 .

Cased. x € Fe,k,s, i < 2e+k, k has not been e-injured by stage s + 1.
x eV ss1—Vis, v(2e+k, X, s) =V, i s, and there do not exist y, z such that
V#2Z. Vei s=v(2e+k,z,s)=v(2e+k,y,s),yeF, xs,and z€F, ;.
Define L(s) as any of the largest possible sets such that for some (2e + k)-state
1{e,k,s+l 7& Ve k,s» L(S) = {y . V(2e + k, Y, S) = Ve‘,\k,s+1 Ay € Fe,k,s} . Define
Lis) ={w:vQRe+k,W,s) =Ve g ss1 NW € F, o s}. Let n and j < 4
be such that 4n + j = |L(s)| = |L(s)| (again by Lemma 8(ii) we can assume
|L(s)| = |L(s)|,, and as to why n # 0, again see Lemma 8(viii)). Let F, 4
be the first n elements of L(s), and let Fe, k.s+1 be the first 3n elements of
L(s). Forall y € Fo i si1— Fe ks e will add y to T atstage s+ 1, and for
all w eFe k,s+1 — Fe ks we willadd @ to T atstage s+ 1.

THE VERIFICATION

Lemma8. Forall e, k, s, and all 2e+k-states v, let n(e, k, s) be the number
of times we have dumped for e and k by the end of stage s and assume k is
never e-injured by any k' (for k' < k). Let v, y = (2e+k, o5, 1) Then:
(i) there exists an x € F, i s such that v(2e +k, x, s) = v iff there exists a
jp€F,  suchthat v(2e +k,p,s)=v (hence condition (2) holds);
(ii) for all (2e + k)-states v, if v = v, i s then

{2€F, rs:v(Re+k,2,5)=v}>|{x€F, x :v(2e+k,x,s)=v},
and if v # v, i s then
{2€F, ps:v(Re+k,2,5)=v}=|{x€F  :v(2e+k,x,s)=v};

(iii) forall x € F, i s, if v(2e+k, x,s)=(2e+k, o, 1)then o 2 o; and
T21s,

(iv)forall 3€F,  , ifvQe+k,2,5s)=(2e+k,o,1) then 6 2 0; and
T2 Ts;

(v) ns=p(e,k)—n(e, k,s) >0 (recall p(e,k)=2(2e+k+1));




PERMUTATIONS AND PRESENTATIONS 1247

(vi) a5 = |F, k5| > m(e, k)(4q(e, k)" (recall that q(e, k) = 222e+k+l),
m(e,0) =1, and m(e, k) = |U{Fe,k,0: k" <k}|, for k >0);

(vil) b = |F, k5| = 3m(e, k)(4q(e, k)™ ; and

(viil) bs —a; > m(e, k) (hence condition (1) holds).

Proof. We will prove (i)-(viii) simultaneously by induction on s. Clearly (i)-
(viii) hold at stage 0 (v, x. 0 = (2¢ + k, @, @). Assume the lemma holds for
5. We will show that it holds for s + 1. There are two cases. First assume we
do not dump for e and k at stage s+ 1. When an element of F, ; ; changes
its state and is not dumped, then exactly one element of Fe,k,s also changes
its state to match (see Step 2, Case a). The same holds for Fe,k,s (see Step 2,
Case c). Since F, s 541 = F, 1.5 and F, y 11 = F, 5, (1)=(viii) hold.
Assume we dump for e and k at stage s+ 1. Then v, ;4 is the state of
all the elements in L(s), L(s), F,  s+1,and Fe, k.s+1- We have that either
0541 D 05 and Tgy D Tg OF 054 2 05 and 75 D 75 (by (iii), (iv), and Step
2). Think of the set of (2e + k)-states as a partial order with (2e +k, gy, 71) <
(2e + k, 07, 12) iff 0y C 0, and 1) C 7. A maximal chain has length at most
2(2e+k+1)+1. Therefore, we can only dump for e and k at most 2(2e+k+1)
times, and hence (v) holds. Since a; = |F, i | > m(e, k)(4q(e, k)™, it
follows that |L(s)| > 4m(e, k)(4q(e, k))"+ (nsy1 = ns—1 and recall g(e, k)
is the number of (2e-+k)-states). Let n and j < 4 be such that 4n+j = |L(s)| =
IL(S). Since |Fe p,sual =1, 1ol =30 and 2 mie, K)(dale, k) #
. O

It is very easy to show that forall s, F, x ;2 F, k521> Fok.s 2 Fo ok se1>
x ¢ T iff there exist an e and k such x € F,  ;,and Z ¢ T iff there exist
an e and k such that 2 € F, ; ;. By Lemma 8(i) and since both F, ; ; and
Fe,k, s are finite and nonincreasing (in size) in s, for all (2e + k)-states, there
exists an x € F, ; o, such that v(2e +k, x) = v iff there exists a y € Fe,k,oo
such that v(2e + k, ) = v. Hence, ®(U,) = U, and &~ !(V,) = ¥, is an
isomorphism between U{F, x o : €,k < ®} = Tand U{F, 1,00 : €,k <
w} = T. Hence we have met (RY).

Clearly, for all n, T\, ¥V, = T \, U, = @, and hence condition (3) of the
Extension Theorem holds. Assume x € T;,; — T;. So there exist an e and
k such that x € F, ; ;. By Lemma 8(i), there exists a # € F, ; ; such that
v(2e+k,x,s)=v(2e+k, 2, s). Now by either Step 2, Case b; Step 2, Case d;
orStep 1, Case b, 2 € Ty, —T; and v(2e+k, x,s+1)>v(2e+k, 2,5+1).
Since F, j s is finite and nonincreasing in s, for all v, DI is infinite implies
there exists a v’ < v such that Df, is infinite, and hence condition (5) of the
Extension Theorem holds. Similar reasoning shows that condition (4) of the
Extension Theorem holds. Therefore, ®(U,) = U, and ®~!(V,) = V, is an
effective automorphism and ®(T) =T .

We will now show (P,) is met.

Lemma 9. Assume that Axlim,_,,{e}(X, s) is a permutation (otherwise, (P,) is
already met). For all k:

(i) for all m, there is an s,, such that t(e,k, sn)>m;
(i) there is a stage s such that, after stage s, k never e-injures any k' > k ;
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(iii) there is an | >k such that F, | . # @ and F, | ., # @; and
(iv) (P.) is met.

Proof. (i) Assume that for some stage s’, t(e, k,s’) =m. Let s > s’ be such
that s >k, e,andforall 2€ F, ; o, {€}s(2, m)|.If t(e, k, s) = m, at stage
s+1 either Case a or Case b of Step 1 will apply. Therefore, t(e, k, s+1) > m.

(ii) Let m be such that for all 2 € F, ; o, forall s > m, {e}(¢,m) =
{e}(£,s). Let s > s, be such that we never dump for e and k after stage s
(s exists by Lemma 8(v)). Step 1, Case b may only be applied once after stage
s (the action that causes the e-injuries only takes place in Step 1, Case b).

(iii) By Lemma 8(vi), Lemma 8(vii), and Step 1, Case b, we know that
Fy br.00=2 iff F, 4 o =@ iff k' was e-injured by some k < k’. Therefore,
F, 0,00 # @. Once k is e-injured, k will never e-injure any k' > k. If there
are finitely many stages s such that some k e-injures at stage s, then almost
all F, y » and Fe,k,oo are nonempty. Otherwise, there are infinitely many
stages s such that some k e-injures at stage s, but no k; < k e-injures at
any stage greater than s. For each such s, F, 541,00 # @ and Fe, s+l,00 9.

(iv) Let p(X) = lim;_,,{e}(X, s). There are two cases, namely: If there are
infinitely many % € U{F; o : k < w}such that p(%) € Uz, then ®(Us,) =
Uhe #* p~'(Us,) . Otherwise, there exists an infinite subset Z of (U{F; k. oo :
k < w} N Va)such that p(Z) N (V3. UT) = &, and hence OV UT) =*
(Ve UT) #* p~' (Ve UT). O

Note that we have not produced two effectively automorphic r.e. sets 7T,
T such that for any automorphism ¥ of &* which can be induced by a A,-
permutation W(T) #* T (although ®(T) = T and ® is not induced by a A,-
permutation, there may be another automorphism ¥ such that ¥ is induced
by a Aj-permutation and W(T) =* T). In fact, we believe that it may be the
case that all of the known applications of the Extension Theorem to a standard
skeleton have produced automorphisms or isomorphisms that are induced by
A,-permutations. For example, consider Maass’s result [Ma] that all co-infinite
low promptly simple sets are effectively automorphic. We conjecture that these
effective automorphisms can be induced by A,-permutations. However, we also
conjecture that there is a modification of the standard Extension Machinery (as
in [So2, XV.6]) so that the resulting automorphism or isomorphism cannot be
induced by a A,-permutation and there are two effectively automorphic r.e.
which are not automorphic by any automorphism of &* induced by a A;-
permutation.

We will end with two questions. Is there an effective automorphism which is
only induced by a permutation of degree 0”? Is there a noneffective automor-
phism which is induced by a permutation whose degree is less than 0" ?
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