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Abstract. Let 0 be an irrational number and Ag the corresponding irrational

rotation C*-algebra. In the present note we will show that proper endomor-

phisms of A g of a certain sort do not occur if 6 is not quadratic.

Let 6 be an irrational number in [0,1] and Ag the corresponding irrational
rotation C*-algebra. Let t be the unique tracial state on Ag . In the present note

we will consider endomorphisms O of Ae satisfying the following conditions:

(1) There is a conditional expectation of index-finite type of Ag  onto

®(Ag),
(2) 4>(A0)'nAe^Cl,

where we say endomorphisms when we mean proper unital *-endomorphisms.

Theorem. If 9 is not quadratic, there is no endomorphism of Ae satisfying
conditions (1) and (2).

Proof. We suppose that there is an endomorphism <P of Ae satisfying condi-

tions (1) and (2). Then by Watatani [6, Proposition 2.7.3] <b(Ag)'C\Ae is finite
dimensional. Let p be a minimal projection in ®(Ag)' n Aß . Then there are

integers k, I such that 0 < x(p) = k + 16 < 1. Let *¥ be a unital monomor-
phism of Ae to pAgp defined for any x e Ag by *F(x) = pO(x). Let tx be
a tracial state on Ag defined for any x e Ag by

By the uniqueness of the tracial state on Ag, we can see that x\ = x. Let
q be a projection in Ag with x(q) = 6. Then rx(q) = j^gt^lq)). Since

*¥(q) e pAgp c Ag , there are integers s, t such that T(xY(q)) = s + tO. Thus

*\(Q) = t^w ■ Hence we obtain that d = ÍTW ■ Thus l02 + (k-t)6-s = 0.
Since 6 is not quadratic, / = 0. Therefore, r(p) = k e Z. Since 0 < x(p) < 1
and t is faithful, p = 1. Hence Q>(Ag)' n Ag = Cl. This is a contradiction.

Q.E.D.

We suppose that 6 is a quadratic irrational number such that there are inte-

gers s and t < 0 such that t2 - Ds2 = -4 where D is the discriminant of 6.
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Then there is an endomorphism of Ag satisfying conditions (1) and (2). We
will show that we can construct one in the same way as in [1]:

In the same way as in [1, Lemmas 1-3] we can see that there is a nontrivial
fractional transformation

8 =
a   b
c   d

eGL(2,Z)

such that 0<a + bd < 1, a + d < 0, and

fí_c_ + dO_
a + bd'

where GL(2, Z) is the group of all (2 x 2)-matrices over Z with determinant

±1. Let n = -t and r = a + bd. Then we obtain that r2 + nr = 1 since

n2 - Ds2 = -4. Furthermore in the same way as in [1, Lemmas 7 and 8] we

can find an orthogonal family {Pj^Al of projections in Ag such that r(pj) = r

for j = 1,2,..., n and r(pn+x) = r2 since r2 + nr = 1. Hence by Rieffel

[5, Theoreml.l and Corollary 2.6] PjAep¡ = Ag for j = 1,2, ... , n+ 1. Let
tpj be an isomorphism of Ag onto PjAgPj for j = 1,2, ... , n + l and O an

endomorphism of Ag defined by <P = Y,"ll <?i ■ Then in the same way as in

[1, §3] O satisfies condition (1), and by its definition it satisfies condition (2).
Therefore, we obtain an endomorphism <P of Ag as desired.

Remark 1. Let 6 be a quadratic irrational number with its discriminant D.
Then the following conditions are equivalent:

(A) There are integers 5 and t < 0 such that t2 - Ds2 = -4,

(B) 6 has an odd period of its continued fraction expansion.

Remark 2. The author does not know whether there is an endomorphism of Ag

satisfying conditions (1) and (2) when 6 is a quadratic irrational number not
satisfying condition (A).
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