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(Communicated by Palle E. T. Jorgensen)

Abstract. Let A' be a Banach space and G a closed subspace of X. The

subspace G is called proximinal in X if for every x £ X there exists at least

one v £ G such that ||jc -y|| = d(x, G) = inf{||x - z\\: z G G] .

It is an open problem whether LX(I, G) is proximinal in LX(I, X) if G

is proximinal in X, where / is the unit interval with the Lebesgue measure.

In this paper, we prove the proximinality of Ll(I, G) in Ll(I, X) for a

class of proximinal subspaces G in X .

Introduction

Let X be a Banach space and G a subspace of X. We call G proximinal

in X if for every x £ X there exists y £ G such that

||jc - y\\ = d(x, G) = inf{||jc - z||: z € G}.

This is equivalent to \\x - y\\ < \\x - z\\ for all z € G. It is not difficult to see
that if G is proximinal, then G is closed.

Now, let / be the unit interval with the Lebesgue measure. Then, for 1 <

p < oo, LP(I, X) is the space of Bochner p-integrable functions (equivalence

classes) defined on / with values in X. It is known that LP(I, X) is a Banach

space with

11/11= (j\\f(t)fdt

We refer to [4] for more on Bochner integrable functions. If G is a closed

subspace of X, then LP(I, G) is a closed subspace of LP(I, X).

The proximinality of LX(I, G) in LX(I, X) is a very interesting problem in

approximation theory. Many results have been obtained in that direction [1,2,

4, 5, 7]. The main problem that these papers address is: "If G is proximinal

in X, is LX(I, G) proximinal in LX(I, X)T

The object of this paper is to prove the proximinality of Lx (I, G) in Lx (I, X)

when G satisifes some conditions.

Throughout this paper, if X is a Banach space, then X* denotes the dual of

X. The set of reals is denoted by R. If E is a subset of R, then 1¿ denotes
the characteristic function of E.
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1. Proximinality with conditions on G

Throughout this section, G is assumed to be proximinal in X. For x £ X,

we set

P(x, G) = {z £ G: \\x - z\\ = d(x, G)}.

The map
n:X^2G,        n(x) = P(x, G),

is called the proximity map of X onto G. The set n~x{0} will be denoted by

G. Since G is proximinal, then one immediately gets that X = G + G [4]. If

n is single valued, then G is called Chebychev. For x £ G we set

B(x,r) = {y£G:\\x-y\\<r),        W(x, r) = B(x, r) + G,

and
V(x, r) = {x £ X: d(x, x + G) < r}.

Now to state the main result of this section, we introduce the following defi-

nition.

Definition 1.1. The subspace G is called proximinally null compact if for

every x £ G and every sequence (z„) in G, satisfying lim„ zn = 0 and

d(x + z„, G) = d(x, G), there exists a sequence z„ G P(x + z„,G) such

that lim„ z„ = 0.

Clearly every finite-dimensional subspace G of X is proximinally null com-

pact.
Now, we are ready to state the main result of this section.

Theorem 1.1. Let G be a proximinally null compact subspace of the Banach

space X. If G or G is separable, then LX(I, G) is proximinal in LX(I, X).

Proof. Since the proof of the theorem is a little long, we divide the proof into

several steps.

Step 1. For x £ G and r > 0 there exists Ô > 0 such that V(x, 6) c

W(x,r).

Proof. We consider two cases:
Case (i): x = 0. Let x £ V(0, r). Then by definition d(x, G) < r. If

y 6 P(x, G), then x - y £ G and \\x - y\\ = d(x - y, G) = d(x, G) < r.

Hence x-y £ 5(0, r). Then x = y + (x -y) £ B(0,r) + G = W(0, r). So

V(0,r)c W(0,r).
Case (ii): x ^ 0. If possible, assume that the claim is not true. Hence there

exists r > 0 such that for all ô > 0, V(x, ô) is not a subset of W(x, r).

Hence, for any sequence (S„) with ôn > 0, there exists a sequence (xn) in

X such that x„ £ V(x,ô„) and xn £ W(x, r) for all n. Thus, choosing

ôn -» 0, we have
71

(1) limúf(x„,Jc + C7)-0.
71

Since G is proximinal in X and d(x„ , x + G) = d(x„ - x, G), there exists a

sequence (Vti) in G such that ||x„ - x -y„\\ = d(x„ , x + G). Hence by (1) we

get

(2) lim\\x„ - x - y„\\ = 0.
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It follows, since d(-, G) is a continuous function, that d(xn-yn , G) -> d(x, G)

= \\x\\ and, consequently,

(%\ ,.„ d(x„ -y„,G)
(3) hm-¡t^-= 1.

Let

Zn~ d(xn-yn,G){Xn    yn)-

Then, from (2) and (3) and the fact that d(Xx, G) = Xd(x, G) for all x £ X
and X > 0, we have

(4) lim||z„-Jc|| = 0   and   d(zn, G) = \\x\\
n

for all n . Consequently, z„- x = Q„, where 9n £ X and lim„ ||0„|| = 0. Let

co„ £ P(6n , G). Then cbn = 6n - co„ £ G for all n . Further, since ||0„|| -> 0,
n

we have

zn - co„ = x + cbn,    with \\cbJ\ -» 0 and ||(y„|| -» 0.
71 71

Now, it follows, from (4) and since co„ £ G, that

(5) í/(x + wn,t7) = úf(z„,C7) = P||

for all n . On the other hand we have, since con £ G,

P(x + cbn,G) = P(zn -a)n,G) = P(zn , G) - con.

This, together with (5) and the fact that cbn -+ 0, implies that, since G is
71

proximinally null compact, .

(6) d(0,P(zn,G)-con)^0.
n

By the definition of zn and the fact that P(Xx, G) = XP(x, G) for all x £ X
and X £ R, we have

p(z" ' G) = ri(. """I!    r\p(x» -y» ' G)-a(xn -y„, G)

The latter, together with (3) and (6) and the fact that con —> 0, implies that
71

d(0, P(xn -y„, G)) -* 0. Consequently, since yn £ G (hence P(xn -yn , G) =
n

P(xn , G) - y„), we get that d(yn, P(x„ , G)) -» 0.   Thus there exists y'n £
n

P(x„ , G) such that \\y„ - y'„\\ —* 0 and x„ - y'n £ G for all n . Together with
n

(2), this implies that

\\Xn-y'n-x\\ < (\\xn - x - yn\\ + \\y„ - y'n\\) ^ 0.
n

But x„ -y'n £ G. Hence xn - y'„ £ B(x, r) for large values of n . Consequently

x„ = (xn -y'„) + y'n £ B(x, r) + G = W(x, r)

for large values of n.  This contradicts the assumption on (x„) that xn  £

W(x, r) for all n . Hence the claim of Step 1 must be true.

Step 2.  V(x, Ô) is closed in X for all x £ G and ô > 0.
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Proof. The claim follows from the definition of V(x, ô) and the continuity

of the function t : X -> R, r(x) = d(x, x + G).
Step 3. Weakly measurable set-valued functions. Let / £ LX(I, X). We

define the set-valued map

<t>:I^2d,        4>(t) = f(t) - P(f(t) ,G) = {x£G: (f(t) - x) £ G}.

We claim that if G is separable then cß is weakly measurable in the sense that

0_1(O) is measurable for any open set 0 in G. Indeed,

4>~x(0) = {t: tf)(t) nO ¿ 0} = {t: {x£G: (fi(t) - x) £ G} nO ¿ 0}

= {t: f(t)£ On G + G}.

Hence

(Q) 4>-x(0) = fi-x(0,nG + G).

The separability of G gives a sequence (yn) in 0 n G such that

(7) {yn} is dense in 0 n G.

For each n , there exists (since 0 is open) rn > 0 such that B(yn , r„) c On G.

This, together with (7), implies that

oo oo

0 n G = U B(yn , an) = (J B(yn, rn)
71=1 71=1

for every sequence (an) with 0 < an < r„ . Consequently we obtain, since

oo oo

(J B(yn , ô) + G = [J W(yn , 6)   for all 5 >0,
71=1 71=1

that
oo oo

(8) OnG + G=\JW(yn,an)=\JW(yn,rn)
71=1 71 = 1

for every sequence (a„) with 0 < an < rn . By Step 1 and the fact that

(9) W(yn , S) C V(y„ , S)   for all n and all ô > 0,

there exists a sequence (S„), S„ > 0 for all n , such that

(10) W(yn,ôn)cV(y„,ôn)cW(yn,rn)   for all n.

Replacing Sn by min{<5„, r„} if necessary, we may assume (since V(y„,

min{¿„, rn}) c V(yn, Sn)) that 0 < ô„ < rn for all n. This, together with

(8)-(10), implies that

oo oo oo

0nc7 + C7= \JW(yn,ôn)c [JV(yn,ôn)c [j W(yn, rn) = 0nG + G.
71=1 71=1 71=1

Hence, since each V(y„ , S„) is closed and / is measurable, we get, by (Q),

and <p~l(0) is measurable. Hence <f> is weakly measurable.

Step 4. Lx (I, G) is proximinal in LX(I, X).
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Proof. Let L1^, G) = {h £ LX(I, X): h(t) £ G a.e. r}. If h £ LX(I, G),
then

||Ä||= f\\h(t)\\dt< f\\h(t)-g(t)\\dt
Jo Jo

for all g£Lx(I,G). Hence 0£P(h, LX(I, G)). Hence, as proven in [4] but

straightforward to show, to prove the proximinality of LX(I, G) it is enough

to prove that

LX(I,X) = LX(I,G) + LX(I,G).

Now, if G is separable and f £ LX(I, X), then by Step 3 the set-valued map
4> associated with / is a weakly measurable map. Hence by Theorem 11.16 in

[8, p. 133], 4> has a measurable selection. But <f>(t) = f(t) - P(f(t), G). Thus

there exists a measurable function g: I —> G such that g(t) £ f(t)-P(fi(t), G).

This implies that g £ LX(I,G). Consequently, g = f - g is measurable

and f= g + g. Further, g(t) £ P(fi(t),G). So ||*(i)|| < 2||/(i)||. Hence
g £LX(I,G), and

(*) LX(I,X) = LX(I,G) + LX(I,G).

Finally, if G is separable and / £ LX(I,X), then Range(/) is essen-

tially separable [8, p. 115]. Hence X2 = G + Xx is separable, where Xx =

span(Range(/)). This implies that G2 = G n X2 is separable. Since Xx c X2 ,
then f £ LX(I, X2). Hence, from (*), we get that LX(I, X2) = LX(I,G) +

LX(I, G2) and, consequently,

fi £ LX(I, G) + LX(I, G2) c LX(I, G) + LX(I, G).

This completes the proof of the theorem.

2. Proximinality with conditions on G

In [5] it is shown that if G is reflexive then LX(I, G) is proximinal in

Lx (I, X). In this section we show that the conclusion still holds true when the

reflexivity condition is on G rather than G. More precisely we have

Theorem 2.1. Let G be a proximinal subspace of X. If span(G) is reflexive,

then LX(I,G) is proximinal in LX(I,X).

Proof. Let S(X), S(G), and S(G) be the class of simple functions with values

in X, G, and G, respectively. For u = £"=1 1£, ® x¡ £ S(X), let

71 71

v = ^2 Ie,■ ® y¡   and   w = ^ 1^ ® w,■,
i=i i=i

where y¡ £ P(x¡, G) and w¡ = x¡ - y¡. Then v £ S (G) and w £ S (G).
Further, if E¡ xlEj = 0 for i ^ j , then one can easily obtain [8] that

(**)        v £P(u,Lx(I,G)),       w£Lx(I,G),    and   u = v + w.

Now let fi £ LX(I, X) and (/„) be a sequence in S(X) such that ||/„ -

/|| - 0. Choose (/„) such that ||/n(i) - /(i)|| - 0, a.e.   t. Then, by (**),
i n
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fn = gn + h„, with gn £ LX(I, G) and h„ £ LX(I, G) (g„ and h„ simple).
Further,

IIM = ll/.-«.ll<ll/«ll
and

l|A»(OII = ll/»(0 - *»(OII < II/-WII   for ail t £ I.
It follows, since (f„) is uniformly integrable (i.e.,

sup jsup j j \\fn(t)\\dt\ :E ci, m(E)<s\ ^0   ase^O,

where m denotes the Lebesgue measure) and fn —> f, that (h„) is bounded

and uniformly integrable. Hence, since hn £ LX(I, G) c LX(I, span(ô)) and

span(G) is reflexive, we obtain, by Dunford's Theorem [3, p. 101], that the

set {hn} is relatively weakly compact in LX(I, X). Therefore, there exists a

subsequence of (hn) which converges weakly to some h £ LX(I, X). We will

assume that h„ -» h weakly. Since f„ —► fi in LX(I, X) and hence in the weak
71 71

topology on LX(I, X), we get that (g„) is a weakly convergent sequence, and

so, there exists g £ Lx (I, X) such that g„ -> g weakly.
71

Now, we claim that g £ LX(I,G).   Indeed:  Since gn -* g weakly and
n

LX(I, G) is convex [6, p. 65], there exists a sequence (h„) in LX(I, G) suchthat

each hn is a finite convex combination of elements of (g„) and \\h„ - g\\ -»0.
71

Thus g£Lx(I,G).We also claim that g £ P(fi, LX(1,G)). Indeed, we have

||/- *|| < liminf ||/„ - g„\\       (|| || is wkly l.s.c.)
n

< liminf ||/„ - w\\   for all w £ LX(I, G) (gn £ P(fin ,LX(I, G)))
n

= 11/ -to||

for all w £ LX(I, G). Hence g is a best approximant of / in LX(I, G). This

ends the proof of the theorem.
As a corollary we get the following known result [9].

Theorem 2.2. If G is of codimension one, then the Chebychevity of G in X
implies the proximinality of Lx (I, G) in Lx (I, X).

Proof. Since G is Chebychev and of codimension one, it easily follows that

[9] G is a subspace of dimension one. Hence G is reflexive. The result now

follows from Theorem 2.1.

3. Further results

We present in this section some further results on the proximinality of

LX(I,G) in LX(I,X).

Theorem 3.1. Let G be a separable quasireflexive subspace of X. If G is prox-
iminal, then LX(I, G) is proximinal in LX(I,X).

Proof. By Theorem 1.1 in [1], it is enough to prove the result in L2(I, X).

Since G is quasireflexive, then G = F* for some Banach space F. Therefore,

since G is separable, G has the Radon-Nikodym property [3]. Hence [3],

[L2(I, F)Y = L2(I, F*) = L\I, G).
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Now, let f £ L2(I, X) and /„ be a sequence of simple functions in L2(I, X)

such that ||/„ - /||2 -> 0 and \\f„(t) - fi(t)\\ -» 0 for a.e. t. As in the proof of

Theorem 2.1, we let f„ be the simple function in L2(I, G) which is the best

approximant of fin . Then one easily gets ||/„|| < 2||/„|| [9], and, since f„ —► fi
n

in L2(I, X), we obtain that (/„) is a bounded sequence. But G is separable.

Hence F and consequently L2(I, F) are separable. By Helly's selection theo-

rem [6], the sequence (fn) has a subsequence, (f„) say, that converges to some

/ in L2(I, G) with the w*-topology. We claim that / is the best approximant

of /. Indeed, for any <f> £ L2(I, F) with ||0|| = 1,

\(f-f,<f>)\=lim\(fn-fn,<b)\<hm\\fn-fn\\
" 71

< lim Un - g\\   for all g £ L2(I, G) < \\f - g\\.
71

Consequently ||/- /|| < ||/- g\\ for all g £ L2(I, G). This ends the proof.
The proximity map n: X —y G is said to be weakly continuous if, whenever

lim„ x„ = x in X, there exists y„ £ P(xn , G) such that y„ converges weakly

to some y £ P(x, G).

Theorem 3.2. Let G be proximinal in X. If n is weakly continuous, then

LX(I,G) is proximinal in LX(I,X) whenever G is separable.

Proof. Let f £ Lx (I, X) and (f„) be a sequence of simple functions such that

ll/i - f\\-* 0 and \\fn(t) -/(Oil ~~* 0 a.e. Then, since n is weakly continuous,
there exists g„: I -> G and g: I -► G such that g„(t) £ P(fn(t), G), g(t) £
P(f(t), G), and, for a.e. t£l,

(gn(t),x*)->(g(t),x*)   for alliez*.

Hence, since (gn(t), x*) is measurable (g„ is a simple function) for each x* £

X*, we obtain that (g(t), x*) is measurable for each x* £ X*. Therefore, by

[3, p. 42] and since G is separable, we obtain that g is measurable. Further,

since £(r) e P(f(t), G) for all t £ I, we easily obtain [9] that ||£(r)|| < 2||/(r)||
for all t £ I. Therefore, g £ LX(I, G). Hence, since g(t) £ P(f(t), G) for
all t £ I, it follows immediately [8, Corollary 2.11] that g £ P(f, LX(I, X)).
This ends the proof.
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