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(Communicated by Barbara Lee Keyfitz)

Abstract. We consider the following semilinear elliptic equation involving

critical Sobolev exponents:

-Au = K(\x\)uSn+VKn-V   in R" ,

u(x) —> 0      as \x\ -» oo,

where n > 3 , K{r) € C([0, oo), R). We prove the existence of a positive

radial solution with asymptotic behavior C/\x\"~2 at |jc| = oo under the

conditions (i) K{r) > 0 for all r > 0, (ii) K(0) = K{oo), and (iii) there

exist C, 6 > 0 such that K(r) > K{0) - Cr6 for small r > 0 and K{r) >
K(0) - Cr~s for large r > 0.

1. Introduction and the result

In this paper, we consider the existence of positive radial solutions of the
following semilinear elliptic equation involving critical Sobolev exponents:

(1.1) -Au = K{\x\)u{n+2)l("-2)       inR",

(1.2) u(x) —* 0       as|x|-»oo,

where n > 3, K(r) e C([0, oo), R).
This problem arises in Riemannian geometry and the existence of positive ra-

dial solutions is deeply investigated by [N, DN, LL, LN, YY1, YY2]. In particu-
lar, [DN] showed the following striking phenomena: Let rj(r) e Cq°([0, oo) , R)
be a function which is monotonically nonincreasing in r and satisfies rç(0) e

(0, 1), //(r)>0. Then

(i) (1.1)—(1.2) possesses no positive radial solutions for K(r) = 1 - r\(r) ;

(ii) ( 1.1 )-( 1.2) possesses infinitely many positive radial solutions for K(r) =

l+r¡(r) and all of them have the same asymptotic behavior C/\x\^n~2^2 ;
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(iii) ( 1.1 )-( 1.2) possesses infinitely many positive radial solutions for K(r) =

1 and all of them have the same asymptotic behavior C/\x\"~2 .

This phenomena shows that if K(0), K(oo) > 0 and K(0) ^ K(oo), we can-

not expect the existence of a positive radial solution with asymptotic behavior

C/\x\n~2 in general. In this paper we consider the existence of positive radial

solutions with asymptotic behavior C/\x\n~2 in the case

(1.3) #(0) = K{oo) > 0    and    K[r) > 0 for all r > 0.

Our main result is as follows:

Theorem 1. Assume K(r) e C([0, oo), R) satisfies

(Kl) K(0) = K{oo) = lim^oo K(r) > 0 ;

(K2) K(r) > 0 for all r > 0 ;
(K3) there are constants Ô, C > 0 such that

K{r) > K(0) - Cr+S    for small r,

K(r) > K{0) - Cr~s    for large r.

Then (1.1 )—( 1.2) possesses at least one positive radial solution with asymptotic

behavior C/\x\"~2.

We remark that [LL, YY1, YY2] also studied the situations (1.3). In partic-

ular, by the minimizing method Lin and Lin [LL] obtained the existence of a

positive radial solution with asymptotic behavior C/\x\"~2 in the conditions:
K(0)>0, K(r) = K(0) + ßra + o(ra) for small r>0, J™K-(r)r-"-1 dr < oo,

and A"(oo) < K(0), where a e (0, n), ß > 0. By shooting methods, [YY1,
YY2] obtained the existence of a positive radial solution with asymptotic behav-

ior C/\x\"~2 under the conditions: K(0) = K(oo) > 0 and K{r) > K(0) for

all r. We remark that [YY1, YY2] also obtained a sharp result on the structure
of positive radial solutions.

To prove our theorem, we introduce a transformation

(1.4) v(t) = e{"-2)"2u(e').

We see u(x) = u(\x\) is a positive radial solution with asymptotic behavior

C/|x|"~2 if and only if v(t) is a positive solution of

(1.5) -v,,+ (r!-^-}  v = K{e')v{n+2)/{n-2)     inR,        ue//'(R).

We apply the recent remarkable existence result due to Bahri and Li [BYL] and

Bahri and Lions [BPL] to (1.5). Finally we remark our transformation (1.4) was

used in [DN] (in the proof of Theorem 5.33) to study the asymptotic behavior

of solutions.

2. Proof of Theorem 1

We use variational methods to find a positive radial solution of (1.1 )—( 1.2).

Let D''2(R") be the completion of Cfi°(R") with respect to the norm

iwiid'2(r») = (y jv"i2rfjf)
1/2
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and we define E - {u e Z)1,2(R") ; u(x) = u(\x\), i.e., u is a radial function}

and
1/2

l«ll£ (I \Vu\2dx\

We consider the functional

/(MH1[^|VM|2"^2^(W)|M|2"/("" 2) dxeC2{E,R).

It is known that critical points u e E with u(x) > 0 (u{x) ^ 0) are positive
radial solutions of (1.1)—(1.2). As to the asymptotic behavior of u(x) as \x\ -*
oo, we consider the Kelvin transformation ïï(x) of u(x), that is,

(2.1) u(x) = |xr<"-2'M (JL^J .

We can verify u(x) is a critical point of

7(«)= / [^|vM|2-^j/í:(¿)|M|2"/c-2)]¿x.
JR" '  '

Thus ïï(jc) is a positive solution of the corresponding equation, in particular,

ïï(jc) e C(R"). Thus there exists a limit ïï(0) = lim|X|_0 "(•*). That is, the limit

lim^i^oo \x\"~2u{x) exists. Therefore, critical points of I(u) with u(x) > 0
(m(x) ^ 0) correspond to positive radial solutions with asymptotic behavior

C/\x\"~2.
For u(x) = u(\x\) e E, we define a function (Tu)(t): R -> R by

(Tu)(t) = e{n-2),/2u{e').

Then we have

Proposition 2. T is a bounded linear operator with a bounded inverse from E

to Hl(R). More precisely, T satisfies for all ueE

l¿2(R)(2.2) M2 = w„_, I||(rM)f||22(R) + {^) \\Tu\\

Furthermore, T satisfies for all ueE

(2.3) / ^(|jc|)|w|2,!/("-2)£/jc = w„_, Í K{e')\{Tu){t)\2"l(n-2)dt.
JR" Jr

Here we used the notation:  con-\ - /s„_, da, Sn~l = {x e R" ; pc| = 1}, and

II"IIl2(r) = (/rI"I2^)1/2-

Proof. Since C$°r(Rn) = {u € C0°°(R"); « is a radial function, 0 £ suppu}

is dense in E, it suffices to verify (2.2) and (2.3) for u e C^r(Rn). By the

straightforward computation, we can get (2.2), (2.3) easily.

We can also easily verify the following properties of T.

Proposition3. (i) (Tux)(t) = {Tu){t+ logX) for all ueE, X > 0, and t, where

ux(x) = A<"-2>/2H(/bc).
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(ii)  {Tu){t) - (Tu)(-t) for all u e E and t, where Ti(x) is the Kelvin

transformation of u(x) defined in (2.1).

We introduce a functional J(v): Hl(R) -> R by

2

dt.m = jf   i Lt\2 + (^)   |«|2 j - ^K(e')\v\2"^-2)

By Proposition 2, we can see

I(u) = œn-\J{Tu)    for all u e E.

Thus we have

Proposition 4.  u e E is a critical point of I(u) if and only if (Tu)(t) e #'(R)
¿5 a critical point of J(v), that is, (Tu)(t) is a solution of (1.5).

Recently there has been remarkable progress due to Bahri and Li [BYL] and

Bahri and Lions [BPL] in the study of the existence of critical points of the

functional:

F{u) = L l5(|Vm|2 + W|M|2) " p~Tïq{x)lup+1 dx eC2(Hl(RN),R),

where m >0,p € (1, (N + 2)/{N-2)) if N > 3, p £ (1, oo) if N = 1, 2,
and q(x) e L°°(RN). Critical points of F(u) correspond to solutions of the
following semilinear elliptic equations:

(2.4) -Au + mu = q{x)\u\p-lu    inR*,        ueHl(RN).

Their result is

Theorem 5 ([BYL, Theorem 3.1], cf. [BPL]). Assume q{x) € ^(R^) satisfies
(Ql) q(x)>0 for all x;
(Q2) limijci^oo q(x) = qx > 0 exists;

(Q3) there exist constants Ô, C > 0 such that

q{x) > q<x> — Ccxp(-S\x\)    for large \x\.

Then (2.4) has a positive solution in Hl(RN).

We can easily see (Q1)-(Q3) hold for K(e') by (K1)-(K3). Thus we can
apply Theorem 5 with N = 1 to our problem and we complete the proof of

Theorem 1.
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Added in proof

After submitting this paper, we found that a related existence result was

obtained in a paper of Bianchi and Egnell [BE].
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