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Abstract. In this note we show that a linear continuous and tame extension

operator from the space of analytic functions on a closed irreducible subvariety

V of Cd exists if and only if V is an algebraic variety.

Let M be a Stein space. We will denote by tf(M) the Fréchet space of
analytic functions on M equipped with the topology of uniform convergence

on compacta. If F is a closed subvariety of M, the question as to whether one

can find a continuous linear extension operator from tf(V) into tf(M) was

studied by various authors. For example, if F is a closed subvariety of Cd , a
continuous linear extension operator exists iff every bounded plurisubharmonic

function on V reduces to a constant (see [12]), and this in turn is equivalent

to the statement that tf(V) and tf(Ck) are isomorphism as Fréchet spaces,

d — dim F; see [2] (cf. [1, 7, 11]). In this note we take up the question of

existence of continuous extension operators from subvarieties of Cd, in the

category of graded Fréchet spaces and linear tame operators.

Recall that a graded Fréchet space {X, \\ \\k} is a Fréchet space X with a
fixed fundamental system of seminorms {|| ||*} generating its topology. Alinear

operator T from a graded Fréchet space {Xo, \\ \\k} into a graded Fréchet space
{X\ ,||*} is called a linear tame operator in case there exist positive constants

A and B such that

Vfc 3Q > 0 such that \T(x)\k < Ck\\x\\Ak+B   Vx£X0.

For further information about this category and its relation to implicit function

theorems in Fréchet spaces we refer the reader to [4] (cf. [10]).

In the Fréchet space tf (Cd) we consider the grading

\\Fn\\ = sup \F(z)\   VF €<?(&), n = l, 2,
zeD„
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where

Dn = {z£Cd, \\z\\ <en},        «=1,2,....

Moreover, if F is a closed subvariety of Cd , then we will always consider on

tf (V) the grading

|/|„ = sup \f(z)\   Vf£tf(V),
z£K„

where for n sufficiently large Kn = Dn n V . We begin by recalling a result of

Djakov and Mitiagin on the structure of polynomial ideals (see [3]).

Theorem 1. Let V be an algebraic variety in Cd . Then there exist polynomials

Qi, ... , Qp that generate the ideal

F(V) = {P£C[zx,...,zd];P\V = 0},

a vector B — (bx, ... , bf), and continuous linear operators

R¡: tf(Cd) -> cf(Cd),        0<i<p,

such that

(i) f = R0(f) + Eti Riif)Qi f°r al1 f e W).
(ii) Ker Ro = {/ £ tf(Cd) : f\ V = 0}, R2 = R0 .
(iii) For every r> I,

\Rif\rB<\f\rB, Z = 0 ,...,/? ,

where for an entire function

f= £/aZQ   onCd

and c = (ex • • • cf) we set

\f\c=   £l/a|Ca.

aez^

Now we can state the main result of this note:

Theorem 2. For a closed irreducible subvariety V of Cd the following conditions

are equivalent :

(i) V is an algebraic variety.

(ii) There exists a linear tame extension operator from tf(V) into tf(Cd).

Proof, (i) => (ii) Let V be an algebraic variety in some Cd. Following the
notation of Theorem l,if f £tf(V), choose by Cartan Theorem B an analytic

function G £ tf(£d) such that G\V = / and set ê'(f) = R0(G). In view of
(ii) of Theorem 1, W is a well-defined continuous linear extension operator.
An important feature of the operators R,•, 0 < i < p, of Theorem 1 above is
that for any r > 1 they extend to be continuous linear operators from tf(ArB)

into tf(Arß) satisfying

(a) g = R0(g) + E?=i Ri(g)Qt for all g £ tf(ArB).
(b) KerR0 = {g£tf(ArB):g\VnArB = 0},

where Arß is the polydisc around zero with polyradii rB. (See [3, Corollary

3].)
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Now for a sufficiently large, fixed r, we will examine the restriction operator

from tf(Arß) to tf(Arß n V). We will use as a fundamental system of norms,

the norms

ll-Flk, - sup \F(z)\,        s <r,
zeAjfl

for tf(Arß) and

\\fhsBnv=   sup   |/(2)|,       s<r, for tf (ArBnV).
z€AsBr\V

Since this restriction operator is a surjection, in view of the open map-
ping theorem, we can find a Co = Co(r) such that for every / e tf(V) with

ll/lkÄnr < 1, there exists an Fr £ tf(ArB) such that Fr\V n ArB = f\V n ArB
and \\Fr\\ < ArB/2 < Co. Taking into account the above-mentioned feature of

the operator R0 , we have %?(f)\ArB = Ro(Fr) on ArB . Hence for every r > 1,

sufficiently large, there exists C, = C¡(r) > 0, i = 0, 1, such that

IIW)lkfl/3 = \\Ro(Fr)\\ArB/, < \Ro(Fr)\rB/3 < \Fr\rB/3

' <C,||Fr|ka/2<CoC,||/|kanK

where we used (iii) of Theorem 1. This shows that W is a linear tame extension

operator from tf(V) into tf(Cd).

(ii) => (i) Suppose that there exists a linear tame extension operator i?:tf(V)

-» tf(Cd) satisfying 3A, B such that for n sufficiently large, 3dn > 0 ;

\\%(f)\\n<dn\f\An+B.

Fix a large w0 so large that ^^ - f » 1, and set K = A^mo = Dmo n V.

We let L = {u £ PSH(C¿): 3q = a(u) such that w(z) < ln(l -I- ||z||) + a for

z £<Cd} . Now fix a u £ L such that u\K < 0. At this point we need a lemma
which is probably well known but for which we could not find a reference.

Lemma. Let p be a plurisubharmonic function on Cd . Then there exist analytic
functions fn£tf(Cd) and positive integers c„ suchthat

p(z) = ilrH!ELM£)l vzec'.
■ cn

Proof. First choose a sequence {p„} of continuous plurisubharmonic functions

such that pn I p pointwise on Cd (see [5, p. 48]). Let Bn = {z e Cd : \\z\\ < n},

and choose a sequence of positive numbers {e„}„ decreasing to zero. For each

n there exists a natural number p(n), entire functions {Í/"}í=i,...,í(h) anc* p(n)

natural numbers {cf}i=x,...,P(n) suchthat

ln|F"(z)|
(2) Pn(z)-en<   max ' v      <p„(z) + e„,        z e Bn

l<i<p(n) C,

(see [6, p. 55]). We enumerate the doubly indexed sequence {F"} as

{Fx , ... , Fp(X), Fx , ... , Fp{2), ... , F{ , ... , Fp(nX, ...}

and denote the resulting sequence by {Ga}.   We also use the same rule to

enumerate {cf} and denote the resulting sequence by {ca} .
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Let

Ca i=X

Now fix a point zeC¿ say z £ Bn ■ For n > N, our construction yields

(3) p(z)-en < pn(z)-en < sup ya(z).
a>fc„

On the other hand for a > kn , since ya(z) = (ln|.F/(z)|)/c¿ for some s > n

and some i between 1 and p(s), we have in view of (2),

(4) ya(z) < ps(z) + es < pn(z) + e„ .

Let e > 0 be given. Choose M such that zm < £ and M > N. Then (3)
and (4) for n > M imply

/j(z) -e < inf sup ya(z) = lim y„(z) < p(z) + e

This proves the lemma.

In view of the above lemma we fix a representation of u, say

u{z) = m1^^ wz£cd.

Let j be a large integer, and let ks = [[As + B + 1]] + 1. Since u(z) <

ln(l+eks)+a on Dks, by Hartog's lemma (see [5, p. 21]), there exists a C = C(s)

such that
sup   \f„(z)\ < Ce{Xa{X+eks)+a+X)c"   V«.

z€Z>*,_,

Hence there exists a C - C(s) such that

(5) ||^(/n)||5 < Ce{Xn{X+eks]+a+X)c"   Mn.

It follows that the sequence of plurisubharmonic functions c~xln\ê?(f„)\ is a

locally bounded (from above) family, so the formula

Kz)=xmxmmam
í^z   n Cn

defines a plurisubharmonic function p on *Cd . Moreover, in view of (4) we

can find a constant ß = ß(A; B; u) > 0 such that

(6) />(z)<,41n(l + ||z||) + J?   VzeC¿.

On the other hand, since u < 0 on K, in view of Hartog's lemma (this time

on the variety V ; see [9]) we have

1/nUo-i < Cec"   V« for some C = C(m) > 0.

Fix an no, with /j0 < (mo - I)¡A - B/A . Then for all n we have

IIW„)lk < C\fn\Ana+B < Cec"    for some C = C(m).

Therefore,

^(z) = ÏÏrrTÏÏrïï^i^^ < 1    for z 6 Dn(7)
Í-.Z   n C„
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Now (4) and (5) imply that

p(z) <AV*(z, D„0) + 1    for all z £ Cd

where V*(z, S) for a compact set S ç. Cd is the Siciak extremal function of

S defined via

V*(z;S) = hmsup{v(Ç);v <0onS,v £ L}
S^z

which is known to be a plurisubharmonic function if 51 is not pluripolar (see

[9]). Taking into account the fact that u is dominated by p on the variety V
we obtain

sup{u(z);u£L; u<0onK} <AV*(z,D„0) + 1   VzeF.

So our assertion now follows from the following result of Sadullaev (see [9]).

Theorem. A necessary and sufficient condition for an analytic set A ç Cd to

be a piece of an algebraic set is that for some compact set K c A the function

sup{w(z) ; u £ L, u < 0 on K} belongs to LX™C(A).

This finishes the proof of the theorem.   D

We remark that the proof of the necessity in the above-mentioned theorem of

Sadullaev relies heavily on the geometric criterion for algebraic varieties given

in [8].
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