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A NOTE ON HERMITIAN OPERATORS ON FUNCTION SPACES

TOSHIKO KOIDE

(Communicated by Palle E. T. Jorgensen)

Abstract. In this note we shall get concrete expressions of hermitian operators

on a closed subspace of C(Í2) which contains constant functions and separates

points of Í2.

1. Introduction

Let X be a complex Banach space, and let T be a bounded linear operator

on I. T is said to be hermitian if its spatial numerical range V(T) is real.

It is known that T is hermitian if and only if || exp(/77')|| = 1 for all real

t. Hermitian operators are interesting objects in operator theory. For basic

properties of the spatial numerical range and hermitian operators, the reader is
referred to [2, 3].

Let B(X) be the algebra of all bounded operators on X, and let H(X)

be the set of all hermitian operators on I. In [2] it is shown that B(X) =

H(X) + iH(X) if and only if X is a Hubert space. This is a very useful fact,
and we can know the certain character of complex Banach spaces by examining

hermitian operators on them. Hermitian operators on various complex Banach

spaces were investigated by many authors. Especially, in [1] Berkson showed
that the spaces AC([0, 1]), CW([0, 1]), Lip([0, 1]), and lipa, 0 < a < 1,
admit only trivial hermitian operators, that is, real multiples of the identity
operator by using the expression of linear isometries [8, 13]. In [8, 13] Rao,
Roy, and de Leeuw obtained concrete expressions of linear isometries on the

above four concrete spaces by embedding them into certain closed subspaces

of C(Sl). Thus, in this note we shall get concrete expressions of hermitian

operators for an arbitrary closed subspace of C(fl) which contains constant
functions and separates points of £2.

First, we shall state several definitions and notation. Let Q be a compact

Hausdorff space, and let C(Q) be the Banach space of all complex-valued con-
tinuous functions on fi with the supremum norm. The closed subspace M of

C(ß) is called a function space if it contains constant functions and separates

points of Q. For a function space M let Ch(Af) be the Choquet boundary,

and let Tm be the Silov boundary. Denote by K(M) the set of all L in M*
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such that L(l) = 1 = ||L||. For x £ Q, let d>(x) be the element of K(M)
defined by (0(jc))(/) := f(x) (f £ M). Then $ is a homeomorphism from

Q into K(M) with it;*-topology.
Let M be a function space, and let T be a surjective linear isometry of M.

The concrete expression of T was investigated by Novinger [9] and Okayasu

and Takagaki [10]. In [9] Novinger showed that T is expressed by a continuous

mapping ho of Ch(T(M)) onto Ch(Af). However, since Ch(r(Af)) is not

necessarily closed and ho cannot be necessarily extended to YT(M), his result is
not available for our purpose. On the other hand, in [10] Okayasu and Takagaki

proved the following theorem.

Theorem A. Let M be a function space of C'(Q), and let T be a linear isometry

of M into C(Q). Then there exist a closed boundary Y of T(M), a continuous

mapping h of Y onto YM, and a scalar-valued function w defined on Í2 with

\w(x)\ — ||io||oo = 1   (JceT) such that

(T(f))(x) = w(x)f(h(x))   for all f £ Mandx £ Y.

Since Y is closed in compact space, this theorem is available for our purpose.

Now, we shall show that hermitian operators are represented by a multiplication

operator and a closed unbounded '-derivation.

2. Main result

Theorem. Let M be a function space of C(Q), and let H be a hermitian oper-
ator on M. Suppose H(l)M ç M. Then there exist a real-valued continuous

mapping h on Q and a closed unbounded '-derivation D in C(Ym) such that

H(f)\rM = hf\rM - iD(f\rJ   for all f £ M.
Remark. If M is an algebra, an assumption H(l)M ç M is satisfied. Also
many spaces consisting of functions satisfy this assumption.

The proof is divided into three steps.
Since for each real / exp(itH) is a surjective linear isometry of M, it follows

from Theorem A that there exist a closed boundary Y of T(M), a surjective

continuous mapping ht of Y onto Y m , and a scalar-valued function w defined

on Q with |tf(x)| = IMIoo = 1   (x £ Y) such that

(exp(itH)(f))(x) = w(x)f(ht(x)) for all / £ M and x e T.

If #(1) = 0, then exp(itH)(l) = 1 for each real t. Hence w(x) = 1 for

all x £ Y. And if YM = ß, we have T = Q. Therefore, if the above two
assumptions hold, then there exist a surjective continuous mapping ht of Í2 and

a scalar-valued function w defined on Q with \w(x)\ = ||tf ||oo = 1 (x £ Q.)

such that

(*) (exp(itH)(f))(x) = f(h,(x))     for all / e M and x £ Q.

Now, we first suppose H( 1 ) = 0 and YM = ß •

Step 1. Suppose H (I) = 0 and YM = Q.

Lemma 1.  {ht}teR has the following three properties.

( 1 )  ht+s = ht o hs and h0 is the identity mapping.
(2) Each ht is a homeomorphism of Q.
(3) For each x£Q, ht(x) is continuous with respect to t.
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Proof. (1) is clear. For (2) and (3), since

(exp(itH))*(Q>(x)) = Q(h,(x))   for all x £ Í2

from (*), we have

ht(x) = ®-x(exp(itH))*(<&(x))   for all x £ Q.

Therefore, (2) and (3) hold.   D

For each real t, we define St by

(S,(g))(x) := g(h,(x))   for all x e Q and # e C(Q).

Then we have the following lemma.

Lemma 2.  {Sr}(€.R is a strongly continuous one-parameter group of '-automor-

phisms of C(Q).

Proof. Since it is clear that {S,}i6i{ is a one-parameter group of "-automor-

phisms of C(Q), we show {Sf}/^ is strongly continuous, that is,

lim\\St(g)-g\\oo = 0   for alls eC(£T).

Since if {St}teR is a one-parameter group, it is strongly continuous if and only

if it is weakly continuous, that is,

limF(St(g)-g) = 0   forallFeC(Q)*.

Thus we may show that {SJfej? is weakly continuous. By Riesz's representation
theorem, Lebesgue's bounded convergence theorem, and Lemma 1, we have

limF(St(g) -g) = lim / (St(g) - g)(x)dp(x)
f-*0 «-»0 Jx

= lim / (g(h,(x)) - g(x)) dp(x)

= [lim(g(ht(x))-g(x))dp(x) = 0.
Jx '—o

Therefore, {S,}^« is strongly continuous.   D

Let Do denote the generator of St. Do is a closed unbounded *-derivation

from Lemma 2. Since

St(f) = exp(itH)(f)   for all/g Af,

the domain of D0 is a *-algebra which contains M and

= iHf   forall/eAf.o»(/) = ̂ ,(/)
i=0

Therefore, we have H = -íD0\m

Step 2. Next, we consider the case that H(l) = 0 and YM Ç í¿ • Denote by M

the restriction of M to Ym ■
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Lemma 3. The operator tf>: f -> f\Tu is an isometric isomorphism between M

and M. Moreover, M is a function space with Y m = Y~ .

Proof. We show that Y m = Y~ . Since M ç C(YM) and given the definition

of M, Y~ ç YM. Next we show YM Ç Y~. Since ||/|rJ|oo = 11/IU and

given the definition of Y~ , for arbitrary f £ M there exists a point x £ Y~

such that

IC/1rJWI = |l/lrJ|oo,
which means that \f(x)\ — ||/||oo • Since Y~ is a closed boundary for M, we

have Y M ç Y~ . Therefore, YM -Y~.   D

We define a linear operator H of M by

H(f\rJ := H(f)\TM = W'C/lrJ   for all / £ M.

Then H is a hermitian operator on M. Therefore, it follows from Lemma

3 and Step 1 that there exists a closed unbounded '-derivation D in C(Ym)

such that H = -iD\~. Therefore, we have

H(f)\rM = H(f\rM) = -iWlrJ   for all / e M.

Step 3. In order to complete the proof, we consider general cases.

Lemma 4. 7/(1) is a real-valued continuous function on ii.

Proof.  H(l)(x0) = (<D(x0))(//(l)) € V(H)  for all x0 £ Q.   Since H is a
hermitian operator on M,  V(H) is real.  Therefore, H(l) is a real-valued

continuous function on Í2.

Set h:=H(l). Define Lh by

Lh(g) ■= hg   for all g £ M.

Then H - Ln is a hermitian operator on M and (H - Ln)(l) = 0. Therefore,

it follows from Step 2 that there exists a closed unbounded '-derivation D in

C(Ym) such that

(tf - Lh)(f)\rM = -zWIrJ   for all f £ M.

Therefore, there exist a real-valued continuous mapping h on Q and a closed

unbounded '-derivation D in C(Fa/) such that

H(f)\rM = hf\Tu-iD(f\Tti)   for all/6 M.   D
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