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Abstract. This paper deals with the problems of a multiplicative represen-

tation and of automatic continuity of linear and nonlinear operators preserv-

ing disjointness. The operators satisfying a modified Hammerstein condition

are introduced and investigated. In §3 we develop a theory of quasi-linear

disjointness-preserving Hammerstein operators. As an application we prove

that a bijective disjointness-preserving operator between Banach lattices is a

continuous d-isomorphism, thus answering in the affirmative a problem posed

by Y. Abramovich in 1992. We also construct an example demonstrating that

the completeness of the "departure" space cannot be omitted in general.

1. Introduction

Recall that an operator T : X -> Y between vector lattices is said to be dis-
jointness preserving (or equivalently, T preserves disjointness) if |r«|A|ru| = 0

in Y whenever \u\ A \v\ = 0 in X.
The linear operators preserving disjointness have been studied extensively for

the last decade (see, for instance, [A, AAK, AVK.1,2, AB, Art, AH, Har, Kit 1,2,
HP1, W]). Two major directions of these investigations are the automatic con-
tinuity and the multiplicative representation of such operators. One of the

purposes of this article is to show that the methods developed in [A, AVK.1,2]

for linear disjointness-preserving operators can be successfully modified and ap-

plied to some broad classes of nonlinear operators, in particular, to operators
satisfying the Hammerstein property (see Definition 2.1). Not only is the re-

sulting nonlinear theory of interest on its own, but it also has some important

applications to the linear theory. One of these applications is given in Theorem

3.6 and Corollary 3.7, where we solve in the affirmative a problem posed by Y.

Abramovich [HL] of whether the inverse of a one-to-one disjointness-preserving

operator between Banach lattices is also disjointness preserving.
The remaining part of the introduction contains some notation and termi-

nology which will be needed in what follows.

If AT is a compact (always Hausdorff) topological space and / is a continuous

function on K, then cz(/) denotes the cozero set of /, i.e., cz(f) = {t £ K :

f(t)¿Q}.
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If / and g are two continuous functions on K and H is a subject of K,
then, following [A], we write f[H] = g, provided f(t) = g(t) for all t in some

open neighborhood G(H) of the set H.
We assume throughout the work that all vector lattices are Archimedean. For

each positive element e of a vector lattice X we denote by X(e) the order

ideal in X generated by e, i.e., X(e) = {x £ X : (3X £ R)(\x\ < Xe)} .
Recall that each vector lattice may be represented (usually in many ways) as a

vector lattice of extended continuous functions on some compact space Kx (see
[V] for details). As a rule, we do not distinguish between an element in X and

its representation. If some element e £ X+ is fixed, then we always can choose

a representation of X such that the image of e (under this representation) is a

characteristic function of some compact subset of Kx , and the elements from
X separate the points of this compact set, supp(e) = e~x(l). We will denote

such representations by {X, e} .
By a d-sequence we mean any sequence whose terms are pairwise disjoint.

For terminology and notation not explained in the paper we refer to [AB] or

[V].

2. Operators satisfying the Hammerstein property

We begin by recalling a known Hammerstein property.

Definition 2.1. Let X and Y be vector lattices, and let T : X -> Y be a (not

necessarily linear) operator such that TO = 0. We say that T satisfies the
Hammerstein property if for arbitrary disjoint u, v £ X and any x £ X the

equality
T(u + x + v) - T(u + x) = T(x + v)- T(x)

holds.

Obviously each linear operator satisfies the Hammerstein property. Letting

x = 0 in the above equality and using that TO = 0, we see that T(u + v) =

T(u) + T(v). That is, each T with the Hammerstein property is disjointly

additive. In the next definition we introduce a property which, at least formally,

is much weaker than the Hammerstein property. However, as we shall see later

on, both properties are often equivalent.
For the simplicity of the presentation we will assume from now on that each

nonlinear operator T with which we are dealing maps zero element to zero, i.e.,

satisfies T0 = 0.

Definition 2.2. We say that a (nonlinear) operator T satisfies the weak Hammer-

stein property if for arbitrary disjoint u,v £ X and any x £ X the following

inequality

\T(u + x + v)- T(u + x)\ < \T(x + v)\ + \T(x)\

holds.

Letting x = 0 in the above inequality we obtain \T(u + v) - T(u)\ < \T(v)\,
whence

|r(« + t;)|<|r(«)| + \T(v)\,

for arbitrary disjoint u, v e X .
Let T : X —» Y be an operator (possibly nonlinear), where X and Y are

vector lattices which are represented on some compact spaces Kx and Ky,
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respectively. Moreover, as soon as some e £ X+ is fixed, we will always assume

that X is represented as {X, e}. Under these agreements we introduce the

following open subset of KY :

U(T, e) = \J{cz(Tx) : x £ X(e)}.

For each t £ U(T, e) we denote by S?(T', t, e) the collection of all those

open subsets G of supp(e) -e~x(l) for which (Tx)(t) = 0 for each x £ X(e)
satisfying cl(cz(x)) ç G. Finally, let

x(t) = supp(é>) \ \J{G : G £ Ó?(T, t, e)},

that is, t(«) is a set-valued mapping from U(T, e) into the collection of closed

subsets of Kx.
The next lemma is an extension of Propositions 3.1 and 3.2 in [A], which

were established there for linear operators.

Lemma 2.3. If T satisfies the weak Hammerstein property, then the following

statements are true.

(1) S*(T, t, e) is an ideal of open subsets of supp(e).
(2) Each x(t) 5¿ 0, and if for some u, v £ X(e) we have u[r(t)] = v, then

(Tu)(t) = (Tv)(t).

If, additionally, T preserves disjointness, then also the next two properties

hold.

(3) For each t £ cz(Te) and for each hx £ {e}dd satisfying hx(x(t)) ^ oo

the following implication is true: if h2 £ X(e) and h2[x(t)] = hx, then

(Thx)(t) = (Th2)(t).
(A) For every point t £ U(T, e), the set x(t) is a singleton and the intro-

duced mapping x : U(T, e) —> supp(e) is continuous.

Proof. (1) Let h £ X(e) and d(cz(A)) ç GXUG2 , where Gx, G2 £ S?(T, t,e).
Find disjoint open subsets Vx, V2 of supp(e) such that cl(cz(A)) \G¡ ç V¡ ç
cl(Fj) ç Gj, where i, j — 1,2, i' ± j. There are hx, h2 £ X(e) satisfying
|A,| < \h\, hi[cl(cz(h)) \ Gi\ = h, and h¡[supp(e) \V¿] = 0. Hence, hx and h2
are disjoint, and consequently the weak Hammerstein property implies that

\Th - T(h - hx)\ <\T(h- h2)\ + \T(h -hx- h2)\.

Note that cl(cz(A - hx - h2)) ç GxnG2 and cl(cz(A - h¡)) ç G¡. Therefore,
Th(t) = 0, i.e., Gx UG2 £ 3"(T, t, e) establishing that 5?(T,t,e) is an ideal.

(2) Fix any t £ U(T, e). There exists some x £ X(e) such that (Tx)(t) ¿ 0,

and therefore x(t) / 0 .
Notice that if f[x(t)] - 0 for some / £ X(e), then (Tf)(t) = 0 since

cl(cz(/)) CG€f(T,t,e). Let u, v £ X(e) and u[x(t)] = v . We can find
an element h £ X(e) such that h[x(t)] = u and /z[cl(cz(w - v))] = 0. Then

(u - h)[x(t)] = 0, (v- h)[x(t)] = 0, and («Ad- h)[x(t)] = 0. Applying the
weak Hammerstein property to the functions H = (i/-MAt)) + (i/A!;-/i) + A

and v = (v - u A v) + (u A v - h) + h we can conclude that Tu(t) — T(u A v)(t)

and Tv(t) = T(u A v)(t), whence Tu(t) = Tv(t).
(3) Take any h £ X(e) satisfying the following two conditions h[x(t)] -

h\  and A[cl(cz(Ai - A2)] = 0. Our claim will be established if we show that
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Th(t) = Thi(t), 1 = 1,2. Let G be an open neighborhood of x(t) on which
A and h¡ coincide. There exists a function / e X(e) such that f[x(t)] = A

and f[supp(e) \ G] = 0. As h¡ = (h¡ - h) + (h - f) + f, i - 1, 2, the weak
Hammerstein property implies that

\Th¡ - Th\(t) < \(Tht - h)\(t) + \T(h- f)\(t) = \T(ht - h)\(t).

We can find e' £ X(e) satisfying e'[x(t)] = e and e'[cl(cz(A¿ - A)] = 0. Then,

by (2), Te'(t) = Te(t) ¿ 0 and \T(h¡ - h)\(t) = 0 since \e'\ A |A,- - A| = 0.
Therefore, Th¡(t) = Th(t) for i = 1,2 and we are done.

(4)This can be verified similar to the case of linear operators in [A].   D

Let T : X —► Y be a disjointness-preserving operator, and let x : U(T, e) -*

supp(e) be the mapping introduced right before the previous lemma. For each

x £ {e}dd and each t £ G(x) := U(T, e) \ x-l(x~x(oo)) let

(Dx)(t) = (Tx(x(t))e)(t).

That is, Dx is a function defined on the set G(x). Now, for each (t, A) €

U(T,e) x R let E(t, A) = T(Xe)(t) ; in other words, we have defined an

extended-valued function E(t, A) : U(T, e) x R —► Ru{±oo}. For each

t £ G(x) we have (Dx)(t) = E(t, x(x(t))), that is, on the set G(x) the func-

tion Dx coincides with the value at x of the composition operator induced

by the function E(t, X) and the mapping x. Lemma 2.3 has established a

close relationship between Dx and Tx which might suggest that Dx = Tx

on U(T, e). However, as shown in Example 2 in [A], this is not true even
when T is a linear operator. Nevertheless, we shall show in Theorem 2.5 that

under some natural conditions the above equality holds "almost everywhere"

on U(T, e). Therefore, the equality Dx = Tx can be interpreted as a local

representation of T in the form of a composition operator.
A simple illustration is in order. Let X = C([0, 1]), Y = C(ß(0, 1]), and

T : X — Y be defined by

(Tx)(t) = min{\x(t)\/t, 1},        l£(0, 1].

Letting e = 1, we have that in this case U(T, e) — ß(0, 1], the Stone-Chech

compactification of (0, 1], and the above representation holds on the set (0,1]

which is dense in U(T, e).

Definition 2.4. We will say that an operator T : X -» Y between vector lattices

is quasi-linear if:

(1) for each w £ X there exists a number X(w) £ R+ such that

\Tu-Tv\<X(w)\T(u-v)\,

whenever \u\, \v\ < \w\, and
(2) for each u £ X and r £ R there exist real numbers k(r, u) > 0 and

t(r, u)> 0 such that for each v £ [-\u\, \u\]

t(r, u)\Tv\ < \T(rv)\ < k(r, u)\Tv\

and also limk(r, u) = 0 as r —> 0.

We denote by DQLH(X -* Y) the collection of all disjointness-preserving

quasi-linear operators satisfying the weak Hammerstein property.
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Theorem 2.5. For each T £ DQLH(X
aient.

Y) the following statements are equiv-

(1) T is (ru - ru)-continuous.

(2) T is (ru - o)-continuous.

(3) For each e £ X+ and each x £ X(e) there is a meager subset R(x) c

U(T,e) suchthat Tx = Dx on U(T,e)\R(x).

Moreover, if Y is a normed lattice, then each of the previous statements is

equivalent to:

(A)   T is (ru - || • \\)-continuous.

Proof.  (2) => (3). Let / £ X(e), and let

I(n,t):=f- 2f_   21 + 1
2«'    2«

and   J(n,£):=f
-i 2/ + 1    21 + 2

2«    '    2«

for all n, I £ N.  Find an £ X(e) satisfying \a„ - f\ < \e, an[I(n, ¿)] =

me, and similarly, b„ £ X(e) satisfying \b„ - f\ < x-e, bn[J(n, l)\ = ^e.

By (2) there is a meager set R c U(T, e)

Tbn(t) -♦ Tf(t) for each t£U(T,e)\R.
For each such t let

Nx(t) =

such that Tan(t) -► Tf(t) and

(t) = ¡n£N:x(t)£{Jl(n,¿)\,        N2(t) n £ N : x(t) £ \Jj(n,l)\.

Suppose Nx(t) is infinite. For n £ Nx there exists l(n) £ N such that x(t) £

I(n, ¿(n)). Hence, Ta„(t) = T(^Ü-e)(í) for « e V,. Since / e X(e), there

is m £ N satisfying |/| < me. Let A = X(me) be a constant guaranteed by

Definition 2.4(1). Then we have

f^e)-T(f(x(t))e)\(t)

- Xk ̂ -^2^- - /(T(Í) ' e)) ■|re|(í) - °-

So 7-/(0 - Z)/(0 .
(3) => (1). Fix an n £ , and find ô > 0 such that k(r, e) < ¿ whenever

|r| < á . If |/- A| < (5e, then by (3) there exists a dense subset M of £7(7, e)

on which |T/- 77z|(0 = \Df - Dh\(t) < X±\Te\(t). This implies that \Tf-
Th\ < Xj¡\Te\, that is, T is (ru - rli)-continuous.

(3) => (A) can be proved similar to the proof of the previous implication.

(4) => (3). For / e X(e) let a„ , b„ be the elements constructed above in

our proof of implication (2) => (3). Then, letting un = \T(a„-f)\+\T(bn-f)\,

we have ||w„|| -> 0. Therefore, ¡\n>k \u„\ - 0 for each k £ N, and there is

a meager set Re U(T, e) such that for each t £ U(T, e)\R we can find a
subsequence «(£) for which un{k)(t) —y 0. In particular, we have

|7a„w - 771(0 < X\T(an(k) - f)\(t) < Xun(k)(t)

and hence, Tan(k)(t) -* Tf(t). Repeating the arguments from (2) => (3), we

obtain that Tan{k{s))(t) -* Df(t) and Tbn{k{s))(t) -* Df(t), whence Tf(t) =

Df(t).   U
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Theorem 2.6. If T £ DQLH(X -» Y) is (ru - ru)-continuous, then T satis-

fies the Hammerstein property. Moreover, T is additive if and only if T is

homogeneous.

Proof. To verify that T satisfies the Hammerstein property fix two arbitrary

disjoint u, v £ X and any x £ X (see Definition 2.1). Fix also any e £ X+

satisfying u,v, x £ X(e). We denote by E the set {u + v+x, u + x, v+x,

x}. By Theorem 2.5 there exists a dense M c U(T, e) such that on M we

have Th = Dh for each A £ E. Fix t £ M. We may assume that u(x(t)) = 0.
Then

T(u + v + x)(t) = D(u + v + x)(t) = D(v + x)(t) = T(v + x)(t)

and similarly

T(x)(t) = D(x)(t) = D(u + x)(t) = T(u + x)(t).

This means that T satisfies the Hammerstein property.
It is well known that any additive (ru - r„)-continuous operator is homoge-

neous. Therefore, to finish the proof it remains to verify the converse statement,

that if T is homogeneous (and (ru - ru)-continuous), then T is additive. Take

arbitrary a, b £ X(e), and let A = {a + b, a, b} . Using Theorem 2.5 again

we can find a dense M c U(T, e) such that on M we have Th - Dh for

each h £ A. Note that D(Xe)(t) = T(Xe(x(t))e)(t) = D((Xe)(x(t))e)(t)for an
arbitrary scalar A, whence

T(a + b)(t) = D(a + b)(t) = T((a + b)x(t)e)(t) = (a + b)(x(t)) ■ Te(t),

T(a)(t) = D(a)(t) = D(a(x(t))e)(t) = T(a(x(t))e)(t) = a(x(t)) • Te(t),

7(2>)(0 - D(b)(t) = D(b(x(t))e)(t) - T(b(x(t))e)(t) = b(x(t)) • Te(t).

The above three identities imply that T(a + b) = Ta + Tb.   O

3. Disjointness preserving isomorphisms

Definition 3.1. We say that an operator 7 : X -» Y from a vector lattice X into

a normed lattice Y satisfies the condition (DNB), if 7 sends order bounded
¿-sequences into norm bounded; i.e., for each order bounded sequence {x„}

in X consisting of pairwise disjoint elements the scalar sequence {||7a:„||} is

bounded.

Lemma 3.2. Let 7 £ DQLH(X -» Y), where Y is a normed lattice.

(1) If X is uniformly complete, then 7 satisfies (DNB).
(2) If 7 satisfies (DNB), then for each e £ X+ there exists m - m(e) £ N

such that the following set is finite:

E(m ,e) = {s£ supp(é-) : (VG(s))(3x € X) : |jc| < e,

x[supp(eO \ G(s)] = 0, 117*|| > m}.

Proof. (1) Let {/„} be a disjoint sequence in X such that |/„| < e £ X.
Assume, contrary to what we claim, that sup||7/„|| = oo. Without loss of

generality we can suppose that sup||7/„|| > n . Next find an increasing sequence

{n(k)} c N such that n(k)~xl2 < i(^). The uniform completeness of X

implies that A = Y, i~fn(k) exists in X. Consequently ||7A|| > ||7((¿/,(^)|| >

n(k)xl2, a contradiction.
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(2) If each E(n, e) was infinite, then there would exist some s £ supp(tf)

such that for each neighborhood G(s) of s and for each n £ N the intersec-

tion (G(s) \ {s}) n E(m, e) ^ 0for some m > n . This immediately implies
the existence of an order-bounded disjoint sequence on which 7 is not norm

bounded, a contradiction.   G

Lemma 3.3. Let T £ DQLH(X -* Y).

(1) For each n £ N and each x e X(e) there is a meager set R(x, n) c

U(T,e) suchthat Tx = Dx on x~x(supp(e) \E(n, e))\R(x, n).

(2) If s is a discrete point in supp(e), then Tx = Dx on t-1(s).
(3) If t £ U(T, e) n cz(7x) and Tx(t) = Dx(t), then Te(t) ¿ 0.
(4) Let 7 be (ru - ru)-continuous on {e}dd. Then for each x £ {e}dd the

equality Tx - Dx holds on the set T-1(supp(e0 \ x_1(cx))) \ P(x)for

some meager set P(x).

Proof. (1) If s £ supp(e) \ E(n, e), then there is a neighborhood G(s) with

the following property:

( * ) if A € X, |A| < e, and cl(cz(A)) c G(s), then ||7A|| < n

Construct now a complete family of disjoint open sets

Wacx-x(supp(e)\E(n,e))

such that cl(x(Wa) c Ga , where Ga c supp(e) are open and satisfy ( * ).

Let feX(e). For each a find an element ga e X(e) suchthat ga[cl(x(Wa))]

- f and ga[s\ipp(e) \ Ga] - 0. Now imitating the proof of the implication

(4) => (3) in Theorem 2.5 we can find a meager set R(f, n, a) satisfying

Tga — Dga on U(T, e) \ R(f, n, a). However, by Lemma 2.3, Tga - Tf
and Dga = Df on Wa . So Tf = Df on Wa \ R(f, n, a). This allows us to
choose the required set R(f, n).

(2) This follows directly from Lemma 2.3.
(3) Notice that

0 * \Th\(t) = \Th(x(t))e\(t) < k(h(x(t)))\T(e)\(t),

where k(h(x(t))) is a constant guaranteed by Definition 2.4(2). This clearly

implies statement (3).
(4) The validity of this statement follows from Theorem 2.5, Lemma 2.3,

and the arguments in (1).   D

Recall [AVK2] that an operator 7 : X —> Y between two vector lattices is

said to be a ¿-isomorphism if

u, v £ X are disjoint in X   iff   Tu, Tv are disjoint in Y.

Clearly for each d-isomorphism 7 its kernel 7_1(0) = {0}. Consequently, if 7
is a linear d-isomorphism, then 7 is one-to-one. The next two theorems are the

main results of this section. The first of them shows that under some "minimal"

continuity conditions the operators from DQLH(X -y Y) are d-isomorphisms,
and the second shows that these continuity conditions are automatically verified

if A" is a Banach lattice and 7 satisfies some simple algebraic conditions.
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Theorem 3.4. Let 7 £ DQLH(X -» Y) satisfy T~x(0) = {0}, and let Y be a
normed lattice. Then either of the following two conditions:

(1) T is (ru - ru)-continuous,

(2) 7 is (DNB)

implies that 7 is a d-isomorphism. Furthermore, if TX is order dense in Y,

then (2) implies (1).

Proof. To prove that 7 is a d-isomorphism, we will suppose that gx, g2 £ X(e)

are not disjoint and then show that Tgx, Tg2 are not disjoint in Y. Since

7_1(0) = {0}, we can conclude that T-1(cz(gi) n cz(g2)) ^ 0. We need a

point t £ x~x(cz(gx) n cz(g2)) for which (Tg¡)(t) = (Dg¡)(t), i = 1,2. Then

by Lemma 3.3, \Tgi\(t) > *(&(*(*)). e) • \T(e)\(t) ¿ 0, that is, t £ cz(Tgi) n
cz(7^2) ■

In case (1) a required point exists by Theorem 2.5. In case (2), by Lemma 3.2

the set E(m, e) is finite for some m £ N. If cz(gi) n cz(g2) \ E(m, e) / 0 ,
then the condition 7_1(0) = {0} and Lemma 3.3 imply the existence of a

required point.
If cz(gi) n cz(g2) \ E(m, e) = 0 , then there is a point p £ E(m, e) which

is discrete in supp(e), and once again the condition that 7_1(0) = {0} and

Lemma 3.3 imply that any t £ x~x(p) is a required point.

It remains to verify that if TX is order dense in Y, then (2) implies (1).
Assume first that the set E(m, e) is finite. If for any nondiscrete point t e

E(m, e) the set int(r_1 (0) is empty, then Lemma 3.3 implies that for each / £

X(e) we can find a meager set R(f) such that Tf = Df on U(T, e)\R(f).

Therefore, 7 is (ru - ru)-continuous by Theorem 2.5.

Assume now that int(T_1(0) 7e 0 • pick a function feX such that 7/^0

and cz(7/) ç int(T_1(0). Notice that \f\Ae¿0 (otherwise, Tf = 0 on
U(T, e) ) and there exists some A £ X(e) such that the intersection cz(Th) n
cz(Tf) t¿ 0 . Hence, / and A are not disjoint. Now find g £ X(e) such that

g and / are not disjoint and g[t] = 0. By the first part of the present theorem

7 is a d-isomorphism, and consequently the elements Tg and Tf in Y are
not disjoint either. However, this is impossible since Tg = 0 on t~'(0 and

cz(7/)çint(T-1(0)-   a

Theorem 3.5. Let X be a uniformly complete vector lattice and Y be a normed
lattice. Let 7 e DQLH(X —y Y) be a one-to-one and onto operator satisfying

the following property.
(ß) For each x £ X and for each 0 < r £ R there exists a positive number

d(x, r) such that |7(riJt) - T(r2x)\ > d(x, r)|7(x)| whenever |ri -r2\>r.

Then both 7 and T~x are (ru - r^-continuous. In particular, if X and Y

are Banach lattices, then T and 7_1 are continuous.

Proof. Since X is uniformly complete, Lemma 3.2 implies that 7 satisfies

(DNB), and consequently, by Theorem 3.4, the operator 7 is a (ru - /•„)-

continuous d-isomorphism. Observe that if |7A| < \Tg\ for some A, g £ X,
then A € {g}dd . Indeed, otherwise, we can find f £ X such that |A| A |/| ^ 0

and |A|A|g| = |/|A|*| = 0.
Now assume that |7A(|, |7A2| < \Tg\ and \Thx - Th2\ < \d(g, \)\T(g)\.

We claim that |Ai -A2| < j¡e, where e = \g\. First check that for any / £ {e}dd

the set E = int(T_1(/_l(oo))) is empty. Otherwise, we will be able to construct
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a sequence /„ £ X(e) such that |/„| < \\f\ and fn[f~l(oo)] = e. Then the

sequence {Tf„} is ru-convergent to 0 in Y and Tf„ = Te on E. So Te = 0

on E. Take any A 6 A^(e) such that cz(7A) ç £\ Since 7 is (ra - r„)-

continuous, there is some point t £ cz(7A) at which 7A(0 = 7>A(0 ■ By

Lemma 3.3, Te(t) ^ 0 contrary to the fact that t £ E. Hence, indeed, E = 0.
Now suppose that there is a nonempty open set G in supp(e) such that

|Ai - A2| > \e on G. Since int(T_1(A,-1(oo))) = 0, I = 1,2, and in view

of Lemma 3.3 there is a point t £ x'x(G) such that 7A;(0 = Dht(t). Since

|A.(t(0)-A2(t(0)| > ¿ , either hx(x(t)) ̂  0 or A2(t(0) ̂  0 and, consequently,
either Thx(x(t)) /Oor Th2(x(t)) ¿ 0. By Lemma 3.3, Te(t) ± 0.

Suppose that g(x(t)) < 0. Then

\d [g, ^ \Tg\(t) > \Thx - Th2\(t) = \T(hx(x(t))e) - T(h2(x(t))e)\(t)

= \T(-hx(x(t))g)-T(-h2(x(t))g)\(t)>d(g, i) |7^|(0,

whence |7g|(0 = 0  (*).
Our next step is to show that there exists a constant y > 0 such that |7g| >

y\Te\. As (Te)(t) ^ 0 this implies immediately that |7g|(0 ^ 0, contrary to

(*)•
Since g+, g- are disjoint element and 7 preserves disjointness, the ele-

ments Tg+ , Tg- are also disjoint and hence,

\Tg+\ + \Tg-\ = |7£+ + 7^_| = |7^+ - Tg-\.

This and the fact that 7 satisfies the weak Hammerstein property imply that

(**) \T(g+ + g-)\ < \Tg+\ + |7g_| = \Tg+- Tg-\.

Now we are going to use that 7 is a quasi-linear operator (see Definition 2.4).
We have

\Tg\ = \T(g+ - g_)\ > J^\T(g+) - T(g-)\,

and hence, in view of (**),

That is, y = l/X(\g\) is the desired constant.

Thus, we have proved that |Ai - A2| < \e, that is, 7_1 is (ru - r„)-contin-
uous.   D

Remark. Using arguments similar to those in Lemma 3.4 and Theorems 3.4

and 3.5 we can obtain analogous results without assuming that Y is a normed

lattice. For example,

If T £ DQLH(X -» Y) is an (ru - r^-continuous operator from a vector
lattice X into a vector lattice Y, then 7 is a d-isomorphism if and only if
7-'(0) = {0}.

To prove this, we (as in Theorem 3.4) take t e x x(cz(gx)r\cz(g2)) at which

(7gi)(0 = (Dgx)(t). Then \Te\(t) ¿ 0, and consequently Theorem 2.5 implies

that |7^,|(0^0.
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We refer to [K] for some additional results on automatic (ru - r„)-continuity

of nonlinear operators satisfying (DNB).
It is obvious that each linear operator satisfies the condition (ß) of the pre-

vious theorem. Therefore, by that theorem, each linear disjointness-preserving

one-to-one operator from a uniformly complete vector lattice onto a normed

lattice is (ru - r„)-continuous and hence (by Theorem 3.4), is a d-isomorphism.

In fact, the surjectivity of the operator is not essential (see below). Also more

can be said about the automatic (ru - r„)-continuity of d-isomorphisms. All

this is done in the next theorem, which solves in the affirmative both questions

raised by Y. Abramovich in Problem 1 [HP, p. 143]. We reiterate once more

that the significance of the concluding part of Theorem 3.6 lies in the fact that

an algebraic condition of being a d-isomorphism is equivalent to a topological

condition of being continuous.

Theorem 3.6. Let T be a one-to-one linear disjointness-preserving operator from

a uniformly complete vector lattice X into a normed lattice Y. Then Y is a

d-isomorphism.
Moreover, if the image TX is order dense in Y (in particular, if TX = Y),

then 7 is a d-isomorphism if and only if 7 is (ru - ru)-continuous.

Proof. By Lemma 3.2 the operator 7 satisfies (DNB) and hence, is a d-isomor-
phism by Theorem 3.4.

We turn now to the second statement. If 7 is (ru - ru)-continuous, then,

again by Theorem 3.4, the operator 7 is a d-isomorphism. It remains to prove

the converse statement that if 7 is a d-isomorphism, then 7 is (ru - /*„)-

continuous. Only in proving this will we use the extra assumption that the

image TX is order dense in Y. To prove our claim it is enough to show that
the image 7([0, e]) is order bounded in Y for each e £ X+ . Without loss of

generality we can assume that X = X(e).
Observe that Tx £ {Te}dd for each x £ [0, e]. Indeed, otherwise using our

assumption that TX is order dense in Y we can find x' £ [0, e] such that

17.x'| A |7jc| t¿ 0 while |7x'| A |7e°| = 0, contradicting the condition that 7 is
a d-isomorphism.

By Lemma 3.2 there exists some m £ N such that the set E(m, e) in-

troduced in Lemma 3.2 is finite. We will show that for each nondiscrete point

t£E(m,e) the set int(T~l(0) is empty. If not, then (since 7A^ is order dense

in Y ) there exists some function 0 ^ / € X such that cz(7/) c int(T~'(0) •

Find further an element g £ X(e) = X such that |g|A|/| # 0 and g[t] = 0. By
Lemma 2.3, Tg = 0 on t_1(í) )• This implies that |7g| A |7/| = 0, contrary
to the fact that 7 is a d-isomorphism.

Finally, by Lemma 3.3(4) for each x £ X(e) there exists a meager set P(x)

such that Tx - Dx on t_1(supp(e)) \ (E(m, e) U P(x)). In other words, on
cz(7<0 we have that (7jc)(0 = x(x(t)) • (Te)(t). This means that \Tx\ < \Te\
for each x e[0,e], and the proof is finished.   D

Corollary 3.7. Let T be a one-to-one linear disjointness-preserving operator from

a Banach lattice X onto a Banach lattice Y. Then 7 is a continuous d-
isomorphism.

The next two examples show that without assuming some type of complete-

ness of the vector lattice X or without assuming that Y is a normed lattice,



HAMMERSTEIN OPERATORS PRESERVING DISJOINTNESS 1093

one cannot guarantee that the inverse of a one-to-one disjointness-preserving
operator is also a disjointness-preserving operator.

Example 3.8. Let X consist of all continuous piecewise linear functions on

[0, 1], i.e., for each x £ X there are a partition (depending on x ) 0 = tx <
Í2 < ■ ■ ■ < t„ = 1 of [0, 1] and numbers a¡ - a¡(x), b¡ = b¡(x) £ R such that
x(t) = ad + bi for all t £ [t¡, ti+x], where i - 1,2, ... , n-l. Let {q„} be a
sequence of all rational numbers from [0, 1). Hence for each x £ X and for

each n e N there exists a unique i„ = i(x, n) £ N such that q„ £ [t¡n, tin+x).

Finally, we denote by aN the one-point compactification of the set N of all
natural numbers, and let Y — C(aH).

Now we are in a position to define an operator 7 : X —y Y. For each x £ X
and each k £ N we let

{ia,„(x)   ifk-2n,

x-bin(x)   iffc = 2n + l.

It is easy to see that 7 is a one-to-one, linear, disjointness-preserving oper-
ator. If we take now u — u(t) = 1 and v — y(t) — t, then u, v £ X, their

images Tu and Tv are disjoint in Y, but u, v are not disjoint.

Example 3.9. Let X = C(Q) be a Dedekind completion of C[0, 1] represented

on its (extremally disconnected compact) Stonean space Q. For each q £ Q

we denote by I(q) the ideal in X consisting of all functions vanishing on a

neighborhood (depending on function) of q , that is,

/(«) = {/eC(Ö):/M = 0},

and we denote by nq the canonical quotient mapping nq : C(Q) -+ C(Q)/I(q).
Let *¥(q) = {nq(hq) : a e A(q)}be an arbitrary Hamel basis in C(Q)/I(q)
containing nq(u) and nq(v), where u and v are the functions introduced in
Example 3.8. Let D(q) — {tqt:a£ A(q)} be a discrete space, and let

D = ®{D(q) :q£Q}

be the topological direct sum of spaces D(q). As usual, Y = C(D) denotes the
space of all continuous functions on D.

For each / € C(Q) and each q £ Q there is a unique representation

/«£«(/.*. «/)*«, + *.

where a(f, q, a,) € R and g £ I(q). We define an operator 7 : A" —► T

by letting T(f)(t%) = a(f,q,a) (f £ X). Clearly 7 is a linear operator.
We claim that 7 is one-to-one. Assume that / ^ 0. Then there exists a
point q £ Q such that / £ I(q). Hence we can find a £ A(q) satisfying

a(/,0,a)?EO,thatis, r//0.
We claim that operator 7 preserves disjointness. Indeed, if fx, f2 are dis-

joint functions in X, then for any q £ Q either f[q] - 0 or f2[q] — 0.

Suppose fx[q] - 0. Then a(fx, q, a) = 0 for any a 6 A(q).
However, 7 is not a d-isomorphism since T(u) A T(v) = 0. Indeed, for

each q £ Q we have that nq(u) - nq(hqa(q)) for some index a(q) £ A(q). Let

tq e D. If a = a(q), then T(v)(tqa) = 0. If ají a(q), then T(u)(tqa) = 0.
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The operator 7 constructed above is useful in other situations as well. Let

an operator S : C(Q) -* C(Q) 8 C(D) be defined by Sf = f@T(f) for
/ £ C(Q). Then S is a linear d-isomorphism satisfying (DNB) (since C(Q) is
uniformly complete) but failing to be (ru - r„)-continuous. This shows that an

extra assumption in Theorem 3.6 about the image of the operator is essential.

Similarly, fix any t = t% £ D and let <p(f) = (Tf)(t). Then ç? is a linear
disjointness-preserving (surjective) functional satisfying (DNB) but failing to

be (r„-r„)-continuous. Of course, the functional <p is not one-to-one, and that

is why this example does not contradict Theorem 3.6.

Several comments are in order in connection with the Hammerstein property

introduced in Definition 2.1. This property goes back to the theory of integral
operators [Ko,Kr] and this explains its importance. Recall that as we noticed

after Definition 2.1 each operator with the Hammerstein property is disjointly

additive. The latter property was introduced by Pinsker [P] as early as in 1938
(see also [DO]). Here we want to point out that there is a principal distinc-
tion between the operators with Hammerstein property and disjointly additive
operators. We will illustrate this distinction with an example.

Let 7 : C[0, 1] -> R be the following functional: Tx := min{|x(0| : t £
[0, 1]}. This functional is disjointly additive, (ru - ru)-continuous, and pre-

serves disjointness. However, 7 does not satisfy the Hammerstein property,

and therefore, 7 allows neither any natural integral representation nor a rep-

resentation as a composition operator. The important Lemma 2.3 fails for this

operator. In other words, the operators with the Hammerstein property (rather

than the disjointly additive operators) may be viewed as a natural generalization

of linear operators on vector lattices.
In conclusion I would like to express my thanks to Y. Abramovich for point-

ing out that C. Huijsmans and B. de Pagter [HP2] have also solved the problem

posed in [HL] and constructed an example similar to Example 3.8.
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