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ON CHARACTERIZING DERIVATIVES
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(Communicated by Andrew M. Bruckner)

Abstract. We show that the set of derivatives of real functions of a real vari-

able can be characterized by prescribing, for each subset of the real line, the set

of its possible inverse images.

For a long time various authors have studied problems whose solutions would

bring us closer to a characterization of those functions which are derivatives of
a real-valued function of a real variable. The development led, for example,

to a characterization of associated sets of bounded derivatives ([8]) and of all
derivatives ([6]) and many other results in this direction (see surveys [2, 1]) on
one side and to a better understanding of the basic difficulty coming from true

co-analyticity of the set of differentiable functions on the other side (see [5] and,

for related information, [3]). These results imply that a "simple" characteriza-
tion of derivatives is impossible. This, however, is often easy to see directly.

For example, a simple fact that there are a derivative / and a homeomorphism

tp of R onto R such that tp o f is not a derivative immediately shows that

there is no topology t on the real line such that the set of derivatives coincides

with the set of r-continuous functions. This has been extended in [7] by show-

ing that one cannot find two topologies x and a on R such that derivatives

are characterized as functions continuous from (R, t) to (R, a). Since conti-
nuity is described by the behaviour of inverse images of (some) sets, a natural
further extension of these results would be to show that derivatives cannot at

all be characterized by prescribing inverse images of sets. More precisely, the
problem is whether one can have, for each set E c R, a family SFe of subsets

of R such that a function / is a derivative if and only if for each set E the
set / ~ ' (E) belongs to !Fe . One easily sees that not all families of functions

can be characterized in this way. An easy example is supplied by the set of

bounded functions; an example more related to derivatives is given by the set

of Darboux functions.

In the present note we prove that, if A is the set of derivatives, a necessary

and sufficient condition for a function g to belong to A is the following:

VEcR3f£A:g-x(E) = f-x(E).
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This shows that derivatives can be characterized in the proposed way (with

&E = {f~l(E) : f £ A}). Even though we do not consider this result as a
satisfactory characterization of derivatives (especially because the proof is not

constructive), we believe that it opens a new direction in our understanding of

their behaviour. In particular, it would be very interesting to know whether

one can limit the sets E to some "respectable" class of sets. The only negative

result in this direction follows from the above example of a derivative / and a

homeomorphism tp such that tp o / is not a derivative, since this easily implies

that our statement does not hold if we restrict the sets E to intervals.

We start with the following lemma:

Lemma 1. Let g be a function R-»R and for every subset E c R let fs £ A
be such that

g-x(E) = fE~x(E).

If g £ A and h £ A, then there exist a subset S of R and a function f £ A

such that card(S) < c (where c denotes the cardinality of R), / ^ h and

g(x) = f(x)

for every x £ R\(g~x(S) n f~x(S)).

Proof. Since A contains the set of continuous functions and is contained in the

first class of Baire, card(A) = c. (See [4].) Hence the elements of A can be

ordered into a transfinite sequence {fa} indexed by ordinals of cardinality less

than c such that fo = h and fa ^ fo for a > 0.
Since g £ A and fo £ A, there is xq £ R such that g(xo) ^ fo(xo) ■ We let

Yo = {g(xo)} and Zq = {fo(xo)} and, by transfinite induction, we continue to

construct increasing sequences of sets Yß and Zß of power less than c such

that Yß n Zß = 0 for every ß < c. To this aim, suppose that for every ß < a
the sets Yß and Zß have been already defined and that Yß n Zß = 0 for every

ß < a. We let Ya — \Jß<a Yß and Za = U/,<Q ̂ ß an(* consider the following

three possibilities:

(1) There is x £ R such that g(x) $. ZQ, fa(x) £ Ya and g(x) ± f<*(x).

We choose one such x, say xa, and define Ya = Ya U {g(xa)} and

Za = Za U {fa(xa)}. Clearly, our assumptions imply that Ya n Za = 0 .

(2) The case (1) does not occur and there is x £ R such that g(x) £ Ya ,

fa(x) £ Za and g(x) ^ fa(x). We choose one such x, say xa,

and define Ya - Ya u {fa(xa)} and Za = Za u {g(xa)}. Again, our

assumptions imply that Ya n Za = 0 .

(3) Neither (1) nor (2) occurs: In this case the construction stops.

Let us note first that if case (3) occurs for some a < c, then the lemma is

proved. Indeed, let

S=YnuZa   and   f = fa.

Clearly, card(S) < c and f ^ h (since a > 0). If x £ R and g(x) # fa(x) we

use that case (1) did not occur to infer that g(x) £ Zn or fa(x) £ Ya . In the

former case we have g(x) £ Yn (because YanZa = 0) and therefore, since

case (2) did not occur, f„(x) £ Za . Hence g(x) £ Z„ c S and fa(x) £ Zn c S,

which shows that
x£g~x(S)nf-x(S).
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Similarly, in the case when fa(x) £ Ya, we have that fa(x) $ Za and we

deduce that g(x) £ Ya . Again, we conclude that

x£g-x(S)nf-x(S).

Thus every x £ R for which g(x) / f(x) belongs to the set g~x(S) r\f~x(S),

which shows that g(x) = f(x) for x £ R\(g~x(S) n f~x(S)).
It remains to show that case (3) occurs for some a < c. To this aim, suppose

on the contrary that the families (Yß) and (Zß) are defined for every ß < c
and put

E=\jYß   and   F = [j Zß .
ß<c ß<c

Let fg £ A be such that g~x(E) = fE~x(E). Then fE = fa for some a < c.
If, for this a, case (1) occurred, or if a = 0, there is x £ R (namely, the

xa chosen in the construction) such that g(x) £ E and fa(x) £ F. Since

E n F = 0, this shows that g~l(E) ^ f~x(E). If case (2) occurred, there

is x £ R such that g(x) £ F and fa(x) £ E. Again, we conclude that

g~x(E) ,¿ faX(E), which is the desired contradiction.

Lemma 2. Let g be a function R -» R and let f and h be two nonconstant

functions from A. Let U and T be two subsets of R, both with cardinality less

than c, such that g equals f in R\(g~x(U) n f~l(U)) and g equals h in
R\(g-x(T)Dh-x(T)). Then f = h.

Proof. With S = U U T we first observe that f(x) £ S for every

x €[(g-\S)nf-l(S))u(g-i(S)nh-1(S))].

Indeed, if f(x) £ S for some such x, we have x £ (g~l(S) n h~x(S)). In

particular, g(x) £ S, which implies that g(x) / f(x). But this can happen

only if x £ (g~x(U)C\f~x(U)), hence f(x) £ U c S, which is a contradiction.

Let
z = R\[(g-x(S)nf-x(S))u(g-x(S)nh-x(S))].

We note that Z ^ 0, since otherwise the previous argument shows that f(x) £

S for every x £ R. But this is impossible, because the range of a nonconstant

derivative is an interval and card(S) < c.

Finally, we observe that / and h coincide in Z and that, therefore, the

function t = f - h is zero in Z. Since Z ^ 0, the lemma will be proved

once we show that the function t is constant. But to see this, it suffices to

observe that t is a derivative with range contained in a set of power less than

c, namely, in the set

{0} U {y - x : x, y £ S}.

Theorem. Let g be a function R-+R. Then g is a derivative if and only if

VPcR3/e A :#-'(£) = /-'(£).

Proof. If g is a derivative, the condition is obviously true. Suppose that the

condition is fulfilled. If g is not a derivative, we use Lemma 1 (with an arbitrary

h £ A) to find a function fo £ A and a subset So of R with card(So) < c and
such that

g(x) = fo(x)   for x £ R\(g-\S) n/0-'(S)).
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Then we use Lemma 1 once more, this time with h = fo, to find a function

fx £A and a subset Sx of R with card(Si ) < c such that fx ^ fi¡ and

g(x) = fx(x)   forx£R\(g-x(S)nf~x(S)).

But now the assumptions of Lemma 2 are satisfied with f = f0, h = f , U =

So, and T = Si ; hence fx = fo, which gives a contradiction.

Remark. Let W be a set of functions R —> R. If we attempt to use the above

proof with A replaced by W, we note that only the following properties of W

are needed:

(1) card(W)<c.
(2) The range of any nonconstant function from ^ has cardinality c.

(3) The range of any nonconstant function which can be expressed as a

difference of two functions from W has cardinality c.

Hence any set of functions verifying the above conditions can be characterized

in the proposed way. In particular, this holds for the set of bounded derivatives.
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