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Abstract. We discuss relations between several formulas for the joint spectral

radius of «-tuples of non-commuting Banach algebra elements.

In 1960, Rota and Strang [10] proposed a formula for the joint spectral

radius of an zz-tuple (or, more generally, any bounded set) of Banach algebra

elements. A different formula was investigated by Berger and Wang [3]. We

consider relations between these formulas and the "geometric spectral radius".

Let sé be a unital complex Banach algebra, and let (ax, ... , a„) be an

zz-tuple of elements of stf . Let F(s, zz) be the set of all functions from

{1,... , s} to {l,...,zz}. Then the Rota-Strang radius r is defined by

r(ax, ... ,a„) = limJ_.oomax/ef(j),0 ||a/(1)a/(2) •• '<2/(S)||!/i. (In [10] it is shown

that this limit always exists.) The Berger-Wang radius r* is defined by

r„(ax, ... , a„) = limsup   max  [r(a/(1)a/(2) • ••a/(j))]1/s,
5—»oo    f£F(s,n)

where r is the ordinary spectral radius in s/ .

The left joint spectrum o\(ax, ... , a„) of an zz-tuple of elements of s/ is

the set of all zz-tuples (Xx, ... ,Xn) of complex numbers for which the left

ideal generated by {ax - Xx, a2— X2, ... , an - X„} is proper; the right joint

spectrum is defined analogously. We denote by d(ax, ... , a„) the union of
the left and right joint spectra of (ax, ... , a„), computed with respect to the

unital algebra generated by {ax, ... , a„} (cf. [8]). The geometric joint spectral

radius r(ax, ... , a„) of (ax, ... , a„) is then defined by

r(ax, ... ,a„) = max{|A,|: (Ax,... , A„) £ ô(ax, ... , a„)}.

That is, r(ax, ... , a„) is the radius of the smallest /°° ball in C" containing

ô(ax, ... ,a„).
Easy examples [8] show that d(ax,... , a„) may be empty; in that case we

put r(ax,... , a„) = -oo .

Theorem 1. For any (ax, ... , a„),

r(ax,... ,a„)< max r(aj) < rt(ax, ... , a„) < r(ax, ... , a„).
\<j<n
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Proof. The only inequality that is not immediate is the first. For this, assume

that (Ax,... , X„) £ ô(ax, ..., an). Then, by [5], there is a multiplicative linear

functional </> on the unital Banach sé0 algebra generated by {ax, ... , an} such

that (p(a¡) = Aj for j = I, ... , n. Then <p(aj) is in the spectrum of a¡

computed with respect to the algebra s/0 ■ Since the ordinary spectral radius of

an element does not depend on the algebra containing it, the result follows.

Example. There exists (a\, a2) with r*(ax, a2) = 0 and r(ax, a2) = 1.

Proof. We use an example constructed by Guinand [6] for a different purpose.

Let sé be the Banach algebra of all bounded linear operators on a separable

complex Hubert space. We construct two weighted shifts as follows. Let {a}}

be a sequence of 0 's and 1 's such that no finite substring occurs three times in

a row; the existence of such a sequence was established by Thue ([12], Satz 6);

also see ([7], Problem 1J). Choose an orthonormal basis {ej}f=o an(^ define

Txe¡ = ajej+x,        T2e¡ = (1 - aj)ej+x

for 7 = 0,1,2,3,.... Then each T¡ is a bounded linear operator, and every

word in {Pi , P2} is nilpotent of order 3 (see [6]).

Since every word in {Tx, T2} is nilpotent, r*(Tx, T2) = 0. But there exist

arbitrarily long words in {Pi, P2} of norm 1: simply let

/(;) = {!  ""'-'^
{ 2   if otj-x — 0

for each j and form

w = Tf(s)Tf(s-i)---Tf(iy

Then ||fPe0|| = 1, so ||IP|| = 1. Thus ma\feF(St2)\\Tf{xr ■■Tf(n)\\xln = 1 for
all s, and f(Tx, T2) = 1.

Notes. 1. For finite-dimensional matrices {P,} , it is shown in [3] that

r(Tx, ... , T„) = r„(Tx , ... , T„).

2. Similarly, if the elements {a,} are mutually commuting, then it is shown

in [11] that
r(ax, ... , a„) = f(ax, ..., an),

so by Theorem 1 it follows that r*(ax, ... , a„) — r(ax, ... , a„) in that case

too.
Let rad^ denote the Jacobson radical of sé .

Theorem 2. If sé is a unital complex Banach algebra, then the following are

equivalent:

(i)  sé/radsé is commutative;
(ii)   r(ax, ... , an)  =  max{r(a;): j  =   1, ... , zz} for every finite subset

{ax, ... ,a„} of sé ;
(ii')   r(ax, a2) = max{r(iZi), r(a2)} for each pair {ax, a2} C sé ;

(iii) for every n, r(ax, ... , a„) - r*(ax, ... , a„) for all n-tuples of elements

of sé;
(iii')    r(ax, a2) = r*(ax, a2) for each pair {ax, a2} c sé .
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Proof. That (ii) implies (ii') and that (iii) implies (iii') are trivial. By Theorem

1, (iii) implies (ii) and (iii') implies (ii').

To show that (ii') implies (i), let a and b be arbitrary elements of sé . By

the definitions and the fact that the unital subalgebras generated by {a, b} and

{a + b, a} are identical,

r(a + b, a) = max{|a|: (a, ß) or (ß, a) is in d(a + b, a)}.

Thus, in particular, ö(a + b, a) ^ 0. By [5], there is a unital multiplicative

linear functional 4> on the unital algebra generated by {a, b} such that

r(a + b,a) = max{\(¡>(a + b)\, \<j>(a)\}.

Thus r(a + b, a) < \cf>(a)\ + \(/)(b)\.
But clearly \4>(a)\ < r(a) and \4>(b)\ < r(b), since the spectral radius of

a single element is independent of the Banach algebra containing it. Thus,

r(a + b, a) < r(a) + r(b). But r(a + b) < r(a + b, a) by (ii'), so we have

r(a + b) < r(a) + r(b).

The Aupetit-Zemanek Theorem ([1], [13], or [2, p. 94]) states that such subad-

ditivity of the spectral radius implies that sé/ radsé is commutative, so (ii')

implies (i).

It remains to be shown that (i) implies (iii). For an element a £ sé , let [a]

denote its coset in sé/ radsé . Then r(a) = r([a]) for every a £ sé , so

rt([ax], ... , [a„]) = rt(ax, ... , an).

But â([ai], [a2], ... , [an]) C a(ax, ... , a„) (from the definitions), so

r([ai], [a2], ... , [an]) < r(ax, ... , a„).

Since sé/radsé is commutative,

r([ax], [a2], ... , [a„]) = rt([ax], [a2], ... , [an]).

Thus

r,(ax, a2, ... , an) = r„([a,], [a2], ... , [an])

= r([ax], [a2], ... , [a„])

< r(ax, a2, ... , a„).

But, by Theorem 1, r(ax, a2, ... ,an) < r*(ax ,a2, ... , a„) ,so (iii) holds.

Note. By Theorems 1 and 2, r(ax, a2, ... , a„) = r(ax, a2, ... , a„) implies

each of the conditions of Theorem 2. We do not know, however, if the converse

holds. Equivalently, if sé is commutative modulo its radical, must

n(ax, a2, ..., a„) = f(ax, a2, ... , a„)

for all zz-tuples of elements of sé ?
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