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Abstract. We show that for every r > 4 there exists a dr such that for

all d > dr a general set of r points in Pr_1 is not a hyperplane section

of an arithmetically Cohen-Macaulay local complete intersection curve in Pr.

Explicit values for the bound dT are given. In particular, for r > 12 we have

dr = r + 3 , and this bound is exact.

One of the most important approaches to the study of projectively normal

curves in Pr is to study their hyperplane sections in Pr_ ' . This applies both in

the French school of curves in P3, and in Castelnuovo theory where the whole

method is to study the numerical properties of curves by means of the numer-

ical properties of their hyperplane sections. The reasons for this approach are

that many of the algebraic and especially numerical properties of a projectively

normal curve (including their Hubert functions, minimal projective resolutions,
degree, genus, etc.) are reflected in similar properties of the ideal of the hyper-

plane section; and since the hyperplane section is a set of points, it is in some
ways easier to study.

In this context the following question was raised ([EEK]): is a general set of
d points in Pr~' always the hyperplane section of a projectively normal curve

in Pr? In [B] Ballico showed that for each r > 7 there exist a finite number of

d for which the answer is negative. But then he asked ([B] p. 145) whether for

each r > 7 it is true that a general set of d points in Pr_I is not the hyperplane

section of a projectively normal curve for all d > 0.

In this paper we give an almost definitive answer to this last question of

Ballico's. Our result is:

Theorem 1. For any integer r > 4, there exists an integer dr such that for all

d>dr a general set of d points in Pk~{ (with k a field of characteristic 0) is

not the hyperplane section of any arithmetically Cohen-Macaulay local complete
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intersection curve in Prk . Moreover, one may take d4 = 31, d$ = 19, d(, = 15,

d7 = d% = d<)= 13, dXo = 14, dxx = 15, and dr = r + 3 for r > 12.

We should note, as Ballico already pointed out in his paper, that Theorem

1 is false if r = 3 ([CO] Corollary 16), or if the curves are not required to

be arithmetically Cohen-Macaulay. For instance any set of d points in Pr_1

can be achieved as the hyperplane section of a nonsingular rational curve in

Pr ([BM] Theorem 1.6). The local complete intersection property can also not

be dropped (at least not completely) since the cone over any set of points in
Pr_I is always an arithmetically Cohen-Macaulay curve. On the other hand,

it is quite possible that the characteristic 0 condition might be unnecessary

or that the particular values of dr given might not be the minimum possible

if 3 < r < 11. But for r > 12, the value dr = r + 3 is exact because in

an accompanying paper ([W] Theorem 0.1) we show that a general set of r + 2

points in P7"-1 is the hyperplane section of a projectively normal curve of genus

2.
A particularly interesting corollary of the above theorem is:

Corollary 2. Let r > 4 and d > dr be integers, where dr is as in Theorem 1.

Then there exist at least two components of the Hubert scheme of arithmetically

Cohen-Macaulay curves of degree d in Pr with the same genus and Hubert

function.

This corollary stands in marked contrast to the situation in P3, where the

families of arithmetically Cohen-Macaulay curves of degree d are in one-to-one

correspondence with the different possible Hubert functions of sets of d points

in P2 ([GP]). Thus although in P3 the Hubert function of the hyperplane
section is (almost) all that is necessary for the classification of arithmetically
Cohen-Macaulay curves, this is not the case in Pr for r > 4 .

The two components of the corollary are easy to describe. Both have the prop-

erty that the hyperplane sections of the curves are zero-dimensional schemes of

length d with generic postulation. So if s is the integer such that (*JIi ) -

d < (sr*rx), then the Hubert function of the curves satisfies H(n) = ("+r) if

n < s, and 77(«) = d(n - s) + (s+rr) if n > s. The genus is g = sd + 1 - (s+rr).

One component contains cones over arbitrary sets of d points in Pr~' with

generic postulation. Theorem 1 implies that this component cannot contain any

local complete intersection curves if r > 4 and d >dr. The second component

contains arithmetically Cohen-Macaulay local complete intersection curves with

the same Hubert function 77. These are guaranteed to exist because of

Theorem 3 ([RR] Theorem 4.2(b)). Let TcPr~l be a zero-dimensional scheme.

Then there exists an arithmetically Cohen-Macaulay stick figure C c Pr whose

proper hyperplane sections have the same Hubert function as T.

Here a stick figure is a union of lines no three of which pass through a common

point. Thus stick figures are local complete intersection curves.

The method used to prove Theorem 1 would apply to other classes of local

complete intersection curves in Pr provided that the genera of curves in the

class grow sufficiently fast as the degrees of the curves increase (see Theorem 5

below).
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Theorem 1 extends a result of Ballico ([B]) who showed that it held for certain
values of r, d but only for r > 1 and only for a finite number of values of

d for each r. On the other hand there was no characteristic 0 assumption in

Ballico's proof.
We do not know under what conditions the stick figures of Theorem 3 can be

smoothed. If r = 3, the stick figure can be smoothed if and only if the Hubert

function of T is of decreasing type. But for r > 4, it is still unclear whether

the stick figure is smoothable even if T is a general set of d points in Pr_l

except for certain special values of d. For instance, if d = {s+rr_Tx2), then the

stick figures are degenerations of curves generated by the maximal minors of

s x (s + r -2) matrices of linear forms.

The author would like to thank A. Geramita, J. Migliore, and B. Ulrich who

brought Ballico's paper to his attention.

The Proof of the Theorem

We precede the proof of Theorem 1 with the proofs of several preliminary

results.

Lemma 4. Let C be a local complete intersection curve in Pr of degree d and

arithmetic genus g over a field of characteristic 0. Let Jf be the normal sheaf

of C. If Hx(yf(-1 )) = 0, then either g < (2d - 4)/(r - 3), or C is a line.

Proof. By [H], Theorem III.7.11, JV is a locally free cfc-n\odxxle of rank r - 1,

and /\r_1 JV = a>c(r + 1). So ^(-l) is locally free of rank r - 1 of degree

deg(&>c(2)) = 2d + 2g - 2. The Riemann-Roch theorem for locally free sheaves

on curves then implies that

AV(-l)) - hx(yf(-l)) = deg(^(-l)) + (1 - g)rx\(yK(-l))

= 2d-(r-3)(g-l).

We claim that if HX(JT(-1)) = 0, then either h°(yf(-l)) > r + 1, or C is a
line. It is clear that the lemma follows from this claim.

To prove the claim, note that 7f°(«5pr(-l)) is of dimension r + 1 with

basis g$j, ... , &. There is a natural map 77°(^(-l)) -» fl°(./fY-l))

whose kernel is V = {£ £ H°(S^(-1)) | Ç • 7(C) C 7(C)}. If V = 0, then
A°(/(-l)) > h°($pr(-l)) = r + 1 as claimed. On the other hand if there is

0 # C € V, then we may assume ¿f = ^ . Then for F £ 1(C), if we write

F = E ^oTH^i, ... , Xr),xt follows (in characteristic 0) that all the F¡ £ 1(C).
So 7(C) is generated by elements which do not depend on Xq . Hence C is a

cone. Since C is also a local complete intersection, it follows that C is a com-

plete intersection. If C is a complete intersection of hypersurfaces of degrees

ax,...,ar-i, then JT(-l) = ®¡cfc(a¡ - I), and wc = ¿c((E/ûi) -r-ï).

Since //"'(^"(-l)) = 0, we must have a,■ - 1 > (£,a/) - r- 1 for all i. It

now follows that all a¡ must be 1 except possibly one which could be 2. So C

is either a line or a degenerate conic as claimed. This completes the proof of

the lemma.   G

The next result requires some background before it can be stated. Let X —► 5

be a flat family of 1-dimensional closed subschemes of Pr of degree d . Let 77
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be a hyperplane in Pr. Assume that no irreducible or embedded component

of any fiber Xs of X -> S lies in 77. Then X xP, 77 —> S is a flat family of
O-dimensional subschemes Xs n 77 of 77 of length d. The universal property

of the Hubert scheme then asserts that there is a unique morphism / : S -»

Hilbrf77 such that X xPr 77 —► S is the pullback with respect to / of the

universal family over Hilb 77.

We now consider Hnr/77. It can have several irreducible components,

but only one concerns us. Specifically, let LCI(d) be the open subscheme

of Hilb 77 of local complete intersection schemes. Any local complete in-

tersection scheme of length d can easily be deformed into the union of d

distinct points, so LCI(d) is an open subscheme of the irreducible component

of Hilbrf 77 containing the unions of d distinct points. Furthermore, LCI(d)

is a nonsingular variety. This is because (i) there are no local obstructions to

deforming local complete intersection subschemes of a regular scheme (cohomo-

logically the higher cotangent sheaf ¿7~2 , which contains the local obstructions,

vanishes), and (ii) there are no global obstructions to deforming O-dimensional

subschemes (cohomologically 771 (Jf) = 0). Thus all infinitesimal deforma-

tions of fibers of LCI(d) can be extended without obstruction, implying that

the local rings of LCI(d) must be regular.
Finally, if X -* S is a flat family of local complete intersection curves in Pr

such that no fiber Xs has an irreducible component lying in the hyperplane 77

of Pr, then the morphism / : S —> Hilbd 77 described earlier factors through a

map fx : S -» LCI(d).

Theorem 5. Let k be a field of characteristic 0. Let d, g, r be integers such

that d > 2 and r>4. Let X -> S be a flat family of local complete intersection
curves in Prk of degree d and arithmetic genus g. Let H be a hyperplane in

¥k. Suppose that no irreducible component of any fiber Xs lies in 77. If the

map f\ : S —> LCI(d) defined above is dominant, then g < (2d - 4)/(r - 3).

Proof. It is enough to consider the case when X -* S is the universal family

over an open subscheme of an irreducible component of the Hubert scheme of

local complete intersection curves in Pr of degree d and arithmetic genus g .

Under that assumption, TSS = T7°(y^s) for all closed points s £ S. Moreover,

the map f\ : S -> LCI(d) defined by s = [Xs] -> [Xs n 77] has differential
(df)s : TSS —> TfiS)LCI(d) which is the first arrow of the long exact sequence

H°W,) - H°(jrXinH/H) - Hl(jrx,(-1)) -> H\jrx¡).

Now suppose that fx is dominant. Then the map of reduced induced sub-

schemes fXtred : Sred —* LCI(d) is also dominant. (Note that LCI(d) is its

own reduced induced subscheme because it is smooth by the discussion preced-

ing the statement of the theorem.) Since the characteristic is assumed to be
0, the generic smoothness theorem applies. So at a general point s £ S, the

differential (dfXred)s : TsSred -» Tf^LCI(d) is surjective. Then (dfx)s must
be surjective at a general s £ S as well.

Returning to the exact sequence, we see that for a general s, the map a :

^(JVxA-l)) -* FIx(jVxs) is injective.   So its dual a*  is surjective.   By the
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functoriality of Serre duality, a* is the map

induced by multiplication by the linear form defining 77. However, JQ* <g> coxs

is a locally free sheaf on a local complete intersection curve, so it has no 0-

dimensional associated points. And it is easy to see that for a coherent sheaf W
without O-dimensional associated points, the map 77°(If) -> TT°(i?(l)) given

by multiplication by a linear form can be surjective if and only if H°(W) =

H°(?(1)) = 0. Thus H0(JQ/s®cúXs(1)) = 0, and dually Hl(Jk,(-l)) = 0. By
Lemma 4, we now have either d = 1 or g < (2í7 - 4)/(r - 3). This completes

the proof of the theorem.   D

Lemma 6. Let C be an arithmetically Cohen-Macaulay curve in Pr of degree

d and arithmetic genus g. Then g > td + 1 - (t+rr) for all integers t > -r.

Proof. From the exact sequence 0 —> Jc —» tfpr —► cfc —> 0 we see that

*Pc(0) = * W)) - X(&c(t)) = (*+rr\-(td+l- g).

Hence the lemma is equivalent to the assertion that x(-?c(t)) > 0 for all t > -r.

But since C is of dimension 1, the same exact sequence shows H'(Jc(t)) = 0

for all t > -r unless i £ {0, 1,2}. And since C is arithmetically Cohen-

Macaulay, we have Hx(^c(t)) = 0 for all t as well. Hence x(^c(t)) = h° +

h2 > 0 for all t > 0. The lemma follows,   a

Proof of Theorem 1. If a general set of d points in Pr_1 were the hyperplane

section of an arithmetically Cohen-Macaulay local complete intersection curve
in Pr, then there would exist a flat family X -> S of arithmetically Cohen-

Macaulay local complete intersection curves in Pr of the same degree d and

some constant arithmetic genus g for which the map / : S —► LCI(d) of
Theorem 5 would be dominant. But then Theorem 5 and Lemma 6 would give

inequalities
2d-4^    ^   .    ,     ft + r\
-y^>g>td+l-(  r  j

for all integers t > — r. Solving for d would give

(1) d < Kr '   /-3

'       r-3

for all í > 733 . If r = 4, then setting t = 3 makes ( 1 ) become d < 30. If

r = 5, then setting / = 2 makes ( 1 ) become d < 18. If r > 6, then setting

t = 1 makes ( 1 ) become d < r + 2 + ^ • The asserted values of dr for r > 6

are the smallest integers strictly greater than r + 2 + -^ . The theorem now

follows.   D
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