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A NOTE ON A THEOREM OF CHISWELL

STEPHEN JACKSON AND LUCA Q. ZAMBONI

(Communicated by Ronald M. Solomon)

Abstract. In this note we give an alternative proof of a theorem of I. M.

Chiswell which states that every finitely generated group which acts non-trivially

on a A- tree admits a non-trivial action on an R- tree.

In [4], P. B. Shalen asked the following question: If a finitely generated group

G admits a non-trivial action without inversions on a A- tree, then does it also

admit a non-trivial action without inversions on some Z- tree? Here A denotes

an arbitrary ordered abelian group. In [2], I. M. Chiswell showed that one can

reduce the question to the case where A = R, i.e., he proves the following

theorem:

Theorem. Let A be an ordered abelian group. Let G be a finitely generated

group admitting a non-trivial action (possibly with inversions) on a A- tree T.

Then G admits a non-trivial action on some R- tree.

Chiswell's proof of the theorem depends on the fact that every ordered abelian

group can be embedded in some non-standard model of the first-order theory of

the real numbers. In this sense, the proof is non-constructive. In fact, the mere

existence of a non-standard model of R involves a non-constructive process.

They may be constructed using the Compactness Theorem of first-order logic,
which is a consequence of Gödel's Completeness Theorem (cf. [3] ), or by using a

non-principal ultrafilter on an infinite set. Both of these methods in turn depend
on some form of the axiom of choice. In this note, we give an alternative proof

of the above theorem which is independent of the existence of a non-standard

model for the real numbers. We begin by introducing some terminology. For

a more comprehensive account of the basic theory of A- trees, we refer the

reader to [1] and [4].
Let G be a group acting (by isometries) on a A- tree T. An element g £ G

is called an inversion (or phantom inversion), if g2 has a fixed point but g

does not. If g £ G is not an inversion, we denote the translation length of g

by \g\. It is defined to be the minimum of d(x, g(x)) as x ranges over all
points of T. Let Ag denote the characteristic subtree of g,  i.e., Ag = {x £
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T\d(x, g(x)) = \g\}. Then, Ag is a non-empty closed subtree of T invariant

under the action of g. If \g\ = 0, then Ag is merely the fixed point set of g,

while if |g| > 0, then Ag is a linear tree on which g acts by translation by

\g\ (cf. [1], Theorem 6.6). If g is an inversion, then by convention \g\ — 0

and Ag = 0. Finally, the action of G is said to be non-trivial if \g\ > 0 for

some g £ G.

Proof (of the theorem). In case A is archimedean, in which case it is order-

preserving isomorphic to a subgroup of R, then the result of the theorem is

immediate since G acts non-trivially on the R-tree R®A T (cf. [1], Propo-

sition 7.1). Thus, we can assume that A is non-archimedean. We can further

assume without loss of generality that the group G acts without inversions. In

fact, if G acts non-trivially on a A- tree T, then G acts non-trivially and

without inversions on the \ A- tree \A®KT (cf. [1], Proposition 7.1).

Let g\, g2, ... , gn be generators for G such that Ax n A2 n ... n An ± 0,

where for each 1 < i < n, A¡ denotes the charactersitic subtree of g¡ (cf.

[2], Lemma 4). Assume that the generators gx, g2, ■■■ , gn are ordered so that

0 < \g\\ < \g2\ < ... < \gn\- By hypothesis, \gn\ ¿ 0. Let

A' = {X £ A\3m(m £ 1 and m\g„\ > X)}.

Let x £ Ax n A2 n ... n A„ , and define Lx : G —> A by Lx(g) = d(x, g(x))
for all g £ G. Then, Lx is a Lyndon length function with values in the ordered

abelian subgroup A' (cf. [1], Definition 5.1 and Example 5.3). To see that Lx

actually takes values in A', we first note that Lx satisfies the triangle inequality

since Lx(gh) = d(x, gh(x)) < d(x, g(x)) + d(g(x), gh(x)) = d(x, g(x)) +
d(x, h(x)) = Lx(g) + Lx(h). Thus, if g G G is a word of length m in the

generators g\, g2, ... , g„, then Lx(g) < mLx(g„) = m\g„\. It follows that

there exists a A'-tree V and an action of G by isometries on V. In fact,
T' is identified with the subtree of T spanned by the orbit Gx and the action

of G on V is simply by restriction (cf. [1], Theorem 5.4). Moreover, since

x G Ax C\A2 n... r\An , the translation length function with respect to the action

of G on V coincides with that of the action of G on T.

Let

M = {X £ A'\im(m £ Z => \gn\ > mX)}.

Then M is a maximal convex subgroup of A' and the quotient A'/M is an

archimedean ordered abelian group. In fact, let [Xx] and [X2] be in A'/M with

[Xx] > 0. Then there exists an integer mx and a representative Xx of [Xx] such

that mxXx > \gn\. Similarly, there exists an integer m2 and a representative X2

of [X2] suchthat m2\gn\ > fa- Thus, mxm2Xx > X2.
Let hx : A' —► A'/M be the canonical homomorphism, and let h2 : A'/M —>

R be an order-preserving group homomorphism of A'/M onto an additive

subgroup of R. Then, the composition h = h2°hx : A' —> R is a homomorphism

of ordered abelian groups with the property that if X > 0 in A', then h(X) > 0

in R. Let TE denote the R-tree R®A, T (cf. [1] Proposition 4.4). Then, G
acts non-trivially on 7r. In fact, the translation length of g„ with respect to

the induced action of G on TR is equal to h(\g„\), which in turn is different

from zero since [\gn\] > 0 in A'/M.    D

We end by noting that in our proof as well as in Chiswell's proof of the above

theorem, "freeness" is not preserved, even under those circumstances in which
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it is theoretically possible. In fact, any element g £ G whose translation length

is in M will have a fixed point when viewed as an isometry of the R- tree

7r. For instance, let A = Z © Z (with lexicographic order), and let G denote

the free abelian group on two generators gx and g2. Then G acts freely on

the A-tree T = A by translation. Let \gx\ = (0, 1) and |^| = (1, 0). Then,
since the translation length of gx is infinitessimal with respect to that of g2,

we obtain that gx will fix each point of the R- tree 7r , which in this case is

simply R. Yet, in this case G admits a free action on R by translations; e.g.,

\gi\ = l, and \g2\ = \[2.
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