
PROCEEDINGS of the
AMERICAN MATHEMATICAL SOCIETY
Volume 123, Number 10, October 1995

ON THE HOLOMORPHY CONJECTURE
FOR IGUSA'S LOCAL ZETA FUNCTION

JAN DENEF AND WILLEM VEYS

(Communicated by William Adams)

Abstract. To a polynomial / over a p-adic field K and a character x of the

group of units of the valuation ring of K one associates Igusa's local zeta func-

tion Z(j, /, x) » which is a meromorphic function on C . Several theorems

and conjectures relate the poles of Z(s, f, x) to the monodromy of /; the

so-called holomorphy conjecture states roughly that if the order of x does not

divide the order of any eigenvalue of monodromy of /, then Z(s, f, x) is

holomorphic on C . We prove mainly that if the holomorphy conjecture is true

for f(xx, ... , x„_i ), then it is true for f(xx.xn-X) + x¿ with k > 3 ,

and we give some applications.

Introduction

0.1. Let .£ be a finite extension of the field Qp of p-adic numbers, R the

valuation ring of K, P the maximal ideal of R, and K = R/P the residue

field with cardinality q. For z £ K we denote by ord z £ Z U {+00} its
valuation, \z\ = q~ordz its absolute value, and ac(z) = zn~ordz its angular

component, where n is a fixed uniformizing parameter for R .

Let f(x) £ K[x], x = (xx, ... , xn), be a nonconstant polynomial over K,

and x '■ Rx —* Cx a character of Rx , the group of units of R. (We formally

put ^(0) = 0.) To these data one associates Igusa's local zeta function, which

is the meromorphic continuation to C of

Z(s,X,f)= Í  X(^f(x))\f(x)\s\dx\
Jr"

for Re 5 > 0, where \dx\ denotes the Haar measure on Kn , normalized such

that 7?" has measure 1. Igusa [II] showed that it is a rational function of q~s.

For more information and recent work on Igusa's local zeta function, see for

example [D], [DM], [I], [KSZ], [L], and [V]; [D2] presents an overview of the

subject.

0.2. The following conjecture [D2, Conjecture 4.4.2] is based on a formula for

Z(s, x » /) in terms of an embedded resolution of f~[{0}. See [VI, 0.2-0.3]
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for a short motivation. By the order of an eigenvalue of monodromy we mean

its order as root of unity.

Holomorphy Conjecture. If f(x) is defined over a number field F c C, then

for almost all completions K of F (i.e. for all except a finite number) we have

the following: if the order of x does not divide the order of any eigenvalue of

the (complex) local monodromy of f at any complex point of f~x{0}, then

Z(s, X > /) is holomorphic on C.

0.3. One easily shows that the conjecture is true for n = 1 and also when

{/ = 0} is nonsingular (in these cases even for all completions K). Denef

verified it for the relative invariants / of a few prehomogeneous vector spaces.

In [VI] Veys proved the conjecture in general for curves, i.e. for n = 2 and

any / £ F[xx, x2]. Also [V3, Theorem 5.1] yields some confirmation in higher

dimensions.

0.4.   The following statements are the main results of this paper.

Theorem. If the holomorphy conjecture is true for f(xx, ... , xn-X), then it is

true for f(xx, ... , xn-\ ) + x„ , where k > 3.

Corollary. The holomorphy conjecture is true for f(x, y) + zk , where f(x, y)

is a polynomial in two variables and k > 3 .

Corollary. The holomorphy conjecture is true for diagonal forms, i.e. for f(x) =

E"=i aixT' where all a¡ belong to some number field and all m¡> 1.

0.5. To prove this we need an elementary number theoretical lemma in order

to use the Sebastiani-Thom result which relates the monodromy of f(x) + g(y)

to the monodromies of f(x) and g(y) ; see §1. In §2 we extend a relation

between the poles of Z(s, x, f(x) + g(y)) and the poles of Z(s, xi, f(x))
and Z(s, X2, g(y)) for X = X\ ' X2, which was known under certain restric-

tions. Then in §3 we prove the theorem and its corollaries and give some

generalizations.

1. Eigenvalues of monodromy of f(xx, ... , xn-X) + x%

1.1. We first fix some terminology. Let / £ C[xx, ... , xn]. For P £ f~l{0}

an eigenvalue of monodromy of f at P is any eigenvalue of the monodromy

operator on any (complex) cohomology group of the local Milnor fiber of /

around P. (See [M] for the concept of monodromy.) An eigenvalue of mon-

odromy of f is an eigenvalue of monodromy of / at some P £ /"_1{0} . It is

well known that all such eigenvalues are roots of unity [SGA7, Exposé I], so we

call the order of an eigenvalue of monodromy of / its order as root of unity.

1.2. Theorem [ST], [S]. Let f £ C[xx,... ,x„] and g £ C[yx, ... ,ym]. Sup-
pose that f(0) = g(0) = 0, and denote by Ff, Fg and Ff+g the Milnor fibers
of respectively f, g and f + g around 0. Then for all r > 0 there is an

isomorphism

Hr+l(Ff+g) = ®i+j=T(Hi(Ff) ® W(Fg))

which is moreover compatible with the corresponding monodromy operators.

(Here H* denotes reduced complex cohomology.)
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So in particular if a and ß are eigenvalues of monodromy on Hl(Ff)

and  HJ(Fg), respectively, then  a • ß  is an eigenvalue of monodromy on

H^+x(Ff+g).

Remark. Remember that H°(Ff) is the direct sum of 77°(7y) and the (one-

dimensional) eigenspace of the eigenvalue 1 of the monodromy operator on

H°(Ff). Further we will call this 1 the trivial eigenvalue of / (around 0 ).

1.3. Now to study the holomorphy conjecture we are interested in the orders

of the eigenvalues of monodromy. In general those orders for f(x) + g(y) are

quite unpredictable in terms of the orders for f(x) and g(y). (If a and ß

are roots of unity with order respectively r and 5, we only know that the order

of a • ß divides lcm(/•, s).) We have the following result.

1.4. Proposition. Let f £ £[xx, ... , xn-x] and k £ N, k > 3. If there exists

a non-trivial eigenvalue of monodromy of f with order r, then there exists an

eigenvalue of monodromy of f + x% with order lcnx(r, k).

Proof. This is an immediate consequence of the number theoretical Lemma

1.5 below. If some eigenvalue of monodromy of f has order r, then e2n''^

is an eigenvalue of monodromy of / (since all primitive r th roots of unity

are simultaneously eigenvalues or not). Also the e2n,'k , £ =é 0 mod k, are

precisely the eigenvalues of monodromy on H°(Fxk). So by Theorem 1.2 some

eigenvalue of monodromy of f + xj¡ has the desired order.   G

1.5. Lemma. Let r, k £ N \ {0} and k > 3. Then there exists £ £ N such
that

(1) l + j has order lcm(r, k) in Q/Z, and
(2) £¿0 mod k .

Remark. The order of w £ Q \ {0} in Q/Z is precisely the order of e2ntw as

root of unity, and is also the number b £ N such that w = f with a £ Z, b £ N

and gcd(a, b) = 1.

Proof. Denote d = gcd(r, k), r = ad, k = bd . So gcd(<3, b) = 1 and

1     £ _b + la

r     k       abd

We first suppose that b > 2 . Choose x = b mod a such that x is prime and

big enough, say x > abd. (Use Dirichlet's theorem on arithmetic progressions.)

Then the £ for which x = b+£a satisfies (1) and (2). The remaining possibility

is b = 1  (and so d > 3 ). We must find some £ £N for which

( V ) h + 1 = ^f has order ad in Q/z ' and
( 2' ) £ £ 0 mod d .

For this we consider three subcases.

Case 1. For all prime numbers p we have p\d => p\a . We can choose £ = 1.

Case 2. The prime 2 is the only prime number p such that p\d and p \ a .

We can choose £ to be any even number which is not divisible by d. (Here

we need that d > 3 !)
Case 3. There exists a prime number p0 ^ 2 such that p0\d and Po \ a.

Choose x e N such that

x = 1    mod a,    x = 2   mod po,
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and moreover such that x is prime and big enough, say x > ad. (Use

the Chinese remainder theorem and Dirichlet's theorem.) The £ for which

x = 1 + £a satisfies (1'). And since x ^ 1 mod po by the second required

congruence, this I also satisfies (2').   D

1.6. Remark, (i) The requirement that k > 3 in the above proposition and

lemma is used only in the proof of Case 2.

(ii) For k = 2 we have the following :   7 + 5 has order lcm(r, 2) <=> r £ 2

mod 4.

2. Poles of Igusa's local zeta function for f(x) + g(y)

2.1. In what follows the trivial character behaves slightly differently with re-

spect to the other characters. We therefore introduce the notation A(s, x) :=

qs+i _ 1 if ^ is the trivial character and A(s, x) '■= 1 otherwise. Also for

/ € K[xx, ... , x„] we denote the critical set of /: A£ —> AXK by C¡.

2.2. We recall the following. Let f(x) £ K[x], x = (xx, ... , xn), and g(y) £

K[y], y = (yx,...,ym).lf CfnR"c f~x{0} and CgnRmc g~l{0}, then
the poles of A(s, x)Z(s, x, f(x) + g(y)) are of the form sx + s2 , with sx and
s2 a pole of A(s, X\)Z(s, X\, f(x)) and A(s, X2)Z(s, X2, g(y)), respectively,
for some X\ • X2 — X [D2> (5.1)] (cf. the erratum to [D2] at the end of the
present paper). We will prove an analogous statement without assumptions on

the critical sets of / and g .
First we generalize the concept of Igusa's local zeta function, including

Schwartz-Bruhat functions, and we introduce certain exponential sums.

2.3. Definition. Let O : K" —► C be a Schwarz-Bruhat function, i.e. a locally

constant function with compact support.
(i) Let / and x be as in (0.1). To f,x and <P is associated Igusa's local

zeta function

Z»(s,x,f)= [  ®(x)x(acf(x))\f(x)\s\dx\.
JK"

(So when O is the characteristic function of R" we get definition 0.1.)

(ii) Let y be the standard additive character on K ; thus y/(z) = e2KlTTKI<*p^

for z £ K, where Tr denotes the trace. To / and <P is associated

E*(z,f)= [  ®(x)ip(z ■ f(x))\dx\
JK"

for z £ K. This function is locally constant and bounded on K . When <P is

the characteristic function of R" we put E = E®.

2.4. Proposition[II, 12] (seealso [D2, Corollary 1.4.5]). Let f £ K[xx, ...,xn]
and let <P : K" —> C be a Schwarz-Bruhat function. Suppose that Cy-nSuppO c

/-1{0}- Then for \z\ big enough E®(z, f) is a finite C-linear combination of

functions of the form
X(ac(z))\z\x(logq\z\)l¡

with coefficients independent of z. Here x is a character of Rx , IsC is a pole

of A(s, x)Z<p(s, x, /). and ß £ N satisfying ß < (multiplicity of pole X ) -1.
Moreover all poles X appear effectively in this linear combination.
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2.5 Remark. The statement in 2.2 follows from the proposition above using

the obvious fact that E(z, f(x) + g(y)) = E(z, f(x)) • E(z, g(y)).

2.6. Let / £ K[x], x = (xx, ... , xn). In order to make reductions mod Pt

we choose k such that nkf £ R[x] and such that nkc¡ £ R for all critical

values Ci of / in f(K").
We then choose £ big enough such that all nk c¡ mod Pl are mutually

different and denote by <PC the characteristic function of {x £ Rn\nkf(x) = nkc

mod Pe} for any c £ R[-^]. Then

(*) c/_CinSuppOc,.c(/-ci)-1{0}

for any critical value c, of /.

2.7. Proposition. Let f £ K[xx, ..., x„]. For \z\ big enough E(z, f) is a

finite C-linear combination of the form

X(ac(z))|z|^(log,(z))V*/Tr(c-z>

with coefficients independent of z. Here c is a critical value of f, x is a

character of Rx , X is a pole of A(s, x)Z(s, x, f - c), and ß £ N satisfying
ß < (multiplicity of pole X) -1. Moreover all poles X appear effectively in this

linear combination.

Proof. We choose a set of representatives 31' of R mod Pl such that 31 =

{^\c' £ 31'} contains all critical values of /. Then

E(z,f)=Y,E»c(z,f)
caâl

= V /   <t>c(x)ip(z • (f - c)(x) + z ■ c)\dx\
c^Jk"

= Y í  <¡>c(x)y/(z ■ (f - c)(x))e2"iT^\dx\
^z,Jk"cea?'

= Yíe1*n«z":>E*c(z,f-c).

It is known that when c is not a critical value of /, then E<t>c(z, f - c) = 0

for \z\ » 0 ; in fact, this is a particular case of Proposition 2.4.

Then (*) and again Proposition 2.4 yield the stated result, but with X a pole

of A(s, x)Z<t>c(s, x, f-c). Now Z<pc(s,X,f~c) and Z(s, x, f - c) differ
only by a constant factor and have thus the same poles.   D

2.8. Corollary. Let f(x) £ K[x], x = (x\, ... , xn), and g(y) £ K[y], y =

(yx, ... , ym). All poles of A(s, x)Z(s, x, f(x) + g(y)) are of the form Sx+s2,
with Sx and s2 a pole of respectively A(s, Xi)Z(s, xi, f(x) - c) and
A(s, X2)Z(s, X2, g(y) + c) for some X\ • X2 = X and c £ K. (In that case
c is a critical value of f and -c is a critical value of g.)

Proof. We apply Proposition 2.7 to f, g, and f + g and identify then the

expansions of E(z, f(x) + g(y)) and E(z, f(x)) • E(z, g(y)). The fact that

all poles must appear yields that a pole of A(s, x)Z(s, x, f(x) + g(y)) must
be the sum of a pole of A(s, X\)Z(s, x\ > f(x) - cx) and a pole of A(s, X2) •

Z(s, Xi, g(y) - c2) with x\ • X2 = X and cx + c2 = 0.   D
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3. ON THE HOLOMORPHY CONJECTURE FOR  f(xX , ... , Xn-X) + Xk

3.1. Theorem. Let f £ F[xx, ... , xn-X] for some number field F . If the holo-

morphy conjecture is true for f(xx, ..., x„-i), then it is true for f(xx,..., x„-X)
+ xk , where k > 3.

Proof. We take a character x of order d such that d does not divide the

order of any eigenvalue of monodromy of f + xk ; then we have to prove that

Z(s, x, f + xk) is holomorphic on C (for almost all completions K of F ).

We may suppose that d > 2 and that 0 is a critical value of / ; otherwise the

statement is trivial.

For dx, d2£ N\ {0} Proposition 1.4 implies that, if dx divides the order of
an eigenvalue of monodromy of / and d2 divides the order of an eigenvalue

of monodromy of xk , then 1cm (dx, d2) divides the order of an eigenvalue of

monodromy of f + xk . So for any pair (dx, d2) such that d\ 1cm (dx, d2) we

have that

(*)   dx  does not divide the order of any eigenvalue of monodromy of /, or

d2 does not divide the order of any eigenvalue of monodromy of xk .

Now remember that a decomposition X = X\ • X2 in characters Xi and X2

satisfies d\ 1cm (order xi > order X2 )• Therefore ( * ) and the hypothesis on /

imply the following:

(**) For any pair of characters (x\, X2) such that X = X\ • X2 we have that
Z(s, Xi > f) is holomorphic (for almost all completions K of F ) or that

Z(s, X2, xn ) is holomorphic.

Then Corollary 2.8 and ( ** ) yield that Z(s, x , f + xn) must be holomorphic,

since we have trivially that also A(s, x¿)Z(s, X2, xn + c) is holomorphic for
any c ^ 0.    D

3.2. Remark. In fact, we proved above the following stronger statement: if the

holomorphy conjecture is true for f(xx, ... , x„_x) over K, then it is true for

f(xx, ... , x„-1 ) 4-xk over K, where k > 3 .

So if the conjecture would be true for / over any completion K, it would

also be true for f + xk over any completion K (where k > 3 ). In this context

it is important to notice that up to now no / with a 'failing' K is known; the

conjecture might eventually be true for all K .

3.3. Remark. Motivated by Remark 1.6 we call an eigenvalue of monodromy

of / 'bad' if it has order r = 2 mod 4 and if there exists no other eigenvalue

of / with order r' ^ 2 mod 4 such that r|r'. If / has no 'bad' eigenvalues

of monodromy, then Theorem 3.1 is also true for k = 2 .

3.4. Corollary. Let f(x,y) £ F[x, y] for some number field F . The holo-
morphy conjecture is true for f(x ,y) + zk, where k > 3.

Proof. Immediate by Theorem 3.1 and [VI, Theorem 3.1].   □

3.5. Corollary. The holomorphy conjecture is true for diagonal forms, i.e. for

f = E?=i aixT' where all a¡ belong to some number field and all m¡ > I.
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Proof. This follows from Theorem 3.1 and the fact that the holomorphy con-

jecture is true for / = Yl]=i a¡xf , which is for example implied by the formula

of [Dl, Theorem 2.2] for Z(s, x, f) and by [Dl, Theorem 1.1].   D

3.6. In view of generalizing Theorem 3.1 to more general functions instead

of xk we introduce the following concept, which is inspired by the essential

properties of xk , needed in the proof of the theorem. Let g(y) £ C[y], y =

(yi> • ■ • , ym) ■ We say that g has 'good' monodromy when the following con-

ditions are satisfied:

(i) the function g(y) admits only 0 as critical value;

(ii) if e2n,'k is an eigenvalue of monodromy of g, then e2ni'k is an eigen-

value of monodromy of g for all £ = 1, ... , k - 1 ; and

(iii) if -1 is an eigenvalue of monodromy of g, then there exists an eigen-

value of monodromy of g with even order at least 4.

3.7. Proposition. Let f(x) £ F[x], x = (xx, ... , x„), and g(y) £ F[y], y =

(yi, ■ ■ ■ , ym), for some number field F. Suppose that g(y) has 'good' mon-

odromy as in 3.6. If the holomorphy conjecture is true for f(x), then it is true

for f(x) + g(y).

3.8. This condition on g(y) is of course quite restrictive; we have however

the following nontrivial examples:

(i) g(y) homogeneous of degree k > 3 such that 0 is its only critical point

(or equivalently such that {g = 0} is nonsingular in pm-> ).

(ii) g(y) such that 0 is its only critical value and 1 is its only eigenvalue

of monodromy; for instance, g = Y™=\ y\ wxln m even> and g = YiT=i y i ■
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