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ABSTRACT. We would like to find an explicit formula for the spectral function
of the following Sturm-Liouville problem:

2

{ Lf=-&fx)+ax)f(x), x>0,
S(0) = mf(0) =0.

A simple operational calculus argument will help us obtain an explicit formula

for the transmutation kernel. The expression of the spectral function is then

obtained through the nonlinear integral equation found in the Gelfand-Levitan
theory.

1. INTRODUCTION

Some forty years ago, Gelfand and Levitan, in a celebrated article [3] ob-
tained an integral equation that related the spectral function I'(A) of the self-
adjoint operator

{ Lf=-£ fx)+a(x)f(x), x>0,
f(0) = mf(0)=0

to the real function g(x) and m. The purpose of this note is not to expose
the work in [3] but to work out a method that gives the spectral function I'(A)
explicitly in terms of the potential g(x), i.e. solve the direct spectral problem.
The importance of the spectral function lies in the fact that it contains all
information about the spectrum of the operator. Indeed, the decomposition of
the spectrum will correspond to the decomposition of the measure.

Recall that with each selfadjoint operator is associated a unitary transform
by which the operator is transformed into a simple multiplication by the inde-
pendent variable. In our case this transform is represented by

Ltzlx(o’ 00) - Ltzil"(l)(o’ OO)
f—=fA)= / f()y(x, A)dx.
0
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The inverse transform is simply defined by f(x) = [ f{( FfAy(x, A) dT'(1) where
I'(A) is the spectral function and y(x, A1) are solutlons of
{ -y'+qy =12y,

y(0,4)=1 and y'(0,4)=m,

i.e., eigenfunctionals of L. The theory of the inverse spectral problem is based
on the existence of two functions K(x, t), H(x, t) such that

y(x,A) = cos(x\/_ — Jo K(x, t)cos(tv2)dt VA€R,
cos(xvV7) = y(x, A) — [ H(x, 0y(t, A)dt.

By a process of elimination one obtains the well-known linear integral equation

in K(x, t) and H(x, t) derived by Gelfand and Levitan. With the help of the

function H(x, t) one can express the spectral function (see [3]), through what
is called the nonlinear equation,

(1)

(2)

(3) /cos(x\/_ 2)cos(tvVA)da(A) = —H(x, t) - (t,x)+/xH(x,s)H(s,t)ds
0

where
I[(A) - 2vA fori>0,

{ I'(A) for A < 0.
In fact we can obtain a simpler and remarkable expression, if we assume that
I'(4) is absolutely continuous with respect to dv4 (see [2])

E.d_r__—l-/ H(t, 0)cos(tvVA)dt, 4> 0.

2 dva

Our first objective is to obtain an explicit formula for the function H(x, t)
which can be used in the above expression to obtain I'(1). Recall that the
functions K(x,t) and H(x,t) are defined in fact through partial differen-
tial equations of hyperbolic type, and this alone makes it impossible to obtain
H(x, t) explicitly. In this note we shall derive the function H(x, t) in a direct
and natural way. It remains to use the inverse cosine transform in (3) to recover
the expression of the spectral function I'(1).

o(A) =

2. EXPLICIT COMPUTATION OF H(x, t)

In this section we shall try to compute explicitly the kernel H(x, ¢) appearing
in equation (2). For the sake of simplicity we first deal with the case m = 0.
Equation (1) can be rewritten as an integral equation

(4) y(x, A) = cos(xVA) + /0 ’ sm(("\/;x’)‘a) ~q()y(t, A)dt.

From this and equation (2) one obtains

HVA)

6 [ Hovende= [FEEEIE L g0y, par

It is readily seen that in order to recover the function H(x, t) we need to write
the right-hand side of (5) as a y-transform. Hence our first objective is to get
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rid of the A appearing in M’%’@ by converting it to an operator. Observe
that since the kernel is an entire function,

x—‘t 2n+1

M Z( L 2 ((2n+ i n

n>0

the uniform convergence in [0, x] implies

[ a6 oy nai= 3 [P S gy,

n>0
For simplicitly we shall agree to write

(x _ 1)2”+1

2
.75—%7+q(t) and an(x—t)sm(—l)".

d

Recall in this case .Z"y(x,A) = A"y(x, i) holds in the classical sense and
therefore (6) yields

(7) / H(x, t)y(t, A)dt—Z/ an(x — )q(1)L"y(t, A) dt.

n>0

To simplify the integration by parts, let us assume that
q() e #°[0,0) and ¢®0)=0 Vk>0.

Clearly for n > m

oom dz ( _t)2n+l
an(x —t)q(t) = (‘1(’) dt2) [mq(t)

=Y cp.rsa(0)Pq(t)0 (x - t)*
where 2n > r, B > 1, and s > 1. Thus the contribution of the boundary
condition at ¢ =0 and ¢ = x is zero since ¢*)(0) =0, k>0, and s> 1. For
each fixed x, obviously dif,";(x —1)@+1) js continuous at ¢ = x . Consequently

[q(t) — d%z;]"(x — 1)@+hg(¢) is also continuous in [0, x].
From (7) we deduce that

® [ #coende=Y [ 2 lalx- a0, ar

n>0
Remark. From the Gelfand-Levitan theory, H(x, -) € [0, x] and so the
left-hand side is Ldl“( 2 This means that, for each fixed x, the series on the
right converges in L2 ar () and obviously the partial sums also belong to L2 ar)
in other words,

Z( 1’91’</0 et

)2k+1 )
D1 T d(Oy(t, A)dt € Lyr,,.

The next Lemma will help us interchange the series with the integral in (8).
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Lemma. Z',ﬁ:" Lrlag(x — 1)q()] = L a,(x —t).

Proof. 1t is readily seen that

L g (x—1) = L¥(a(0)-D*)a (x~1)] = L¥[(a(O @ (x—1)]+L (@, (x-1)].

Hence

k=n k=n
> LHar(x - g0 = ao(x — )g(1) + > L ar(x - 1) - L@y (x - 1)]
k=0 k=1
= ag(x — 1)q(t) + L ay(x — 1) = Lag(x - 1)]
=£ﬂn+l n( _ t).

Hence the Lemma is proved and as a consequence
k=n
(9) / PHan(x - gD, At = [ LMl - 0b(e, ) de
Since the partial sum converges in Ldr( 2> We have

X 2 X
/ P g, (x — D(t, Adt =4 / H(x, 0y(t, )dt as n — oo.
0 0

Using the inverse y-transform, which is a unitary transform, we deduce

L% (0,
vx, ™ a(x - 1) 4

Thus we have proved

Proposition 1. Let q(t) € €, ¢™(0)=0Vn>0,Vx >0 and 0 <t < x;
then

X d? n+l 1\ (y — £\2n+1 )
H(x,7) = lim [_dtz+q(t)] {( 12251x+ lt))! } in L3,(0, x).

Remark. In other words, since H(x, t) is the kernel of a transmutation, we
have

x 2 ntl oo (s _ p\2n+l
cos(x\/i)=y(x,l)—nlingo/0 [——3}5+q(t)] {( 122&1x+ lt))! }y(t,).)dt.

The above expression is the key to our problem. Indeed as mentioned before
we do not need to solve a partial differential equation in order to find H(x, t).
We can also repeat a similar argument to obtain the function K(x, ?).

H(x,t) asn— oco.

3. THE SPECTRAL FUNCTION

Now we are in a position to find the spectral function just by using the
nonlinear equation (3) which can also be obtained as a particular case from [1].

Proposition 2. Let g(x) € € and q"(0) = 0, and T'(A?) be differentiable
and suppdI'(A) C [0, o0). Then

ndl'(A) _
5—6—17—= —/ Ht 0 COS(t‘/_
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where

2 n+l o dvnes o p\2n+d
e 0= Jim [~ ve]  { SRR

Proof. From the assumptions that I'(A%) is differentiable and suppdI'(A) C
[0, 00), (3) can be written as

/cos(x\//_l) cos(1V/2) [—;—‘g\%z - 1] d%\/z

(10) 5
—-H(x,0 - H@, 0+ [ H(x, 9H(s, 0ds.
0

By taking the inverse cosine transform, it follows that for each x, in the space

2
Lz

n dI’
<§m(1) - l) cos(xV/A)

=_ / " Hix, 1) cos(tVa) dt - / " H(t, x) cos(tV7) dt
0 x
+/0x H(x, t)/t H(n, t)cos(m/Z)dndf.

By letting x — 0 we obtain the proposition.

Remark. The connection between the spectral function and the kernel H(x, t)
is a standard result (see [2]). However the assumption on the spectral function
simplifies the proof.

4. GENERAL BOUNDARY CONDITION

We now consider the general boundary condition, i.e. L is a selfadjoint
extension defined by

2
Lf=-%f+q(x)f,
f(0)-mf(0)=0, meR,
where m # 0. The eigenfunctionals in this case are defined by

{ =V"(x, A)+q(x)y(x, A) =Ay(x, 4),
y(0,4) =1 and »'(0,4)=m;

and the solution of the above equation can be written as

sin(xv/2) N /" sin((x — )v/A)
0

(11) p(x, A) = cos(xV2) + m -q(t)y(t, A)dt.

Vi v
Under conditions of Proposition 1, we can also integrate by parts to obtain
B sin(xv2) [~ .. il {(x - t)2”+1(—1)"}
y(t,A) = cos(x\/I)+mT+ A nlLrgo.? Gn 1) y(t, A)dt.

If we denote by L, ,, the selfadjoint extension defined by

{Lz,me-f”(x), x>0,
S(0)-mf(0)=0,
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then its spectral function

.
if m>0 %E{m—ﬁnm 220,

0’ A<0,
and
if m < 0 Mz{m%r), 150,
dA _omd(h+m?), A<O,

By using the factorization theorem (see [1]), and repeating the proof of Propo-
sition 2, we end up with

déljm / H(t, 0) [cos(t\/— )4+ m3n \;Zf] dt for A> 0.

Proposition 3. Let q(t) € € and ¢ (0) = 0Vn > 0, and let T'(1) be abso-
lutely continuous with respect to dI'y ,,(1). Then

ar 0 sin(tV/2)
T @A) =1 —/0 (cos(t\/z) + mT) H(t,0)dt

where

Hix, )= lim [‘j_tzz + ‘1(‘)] " {(-12';(”:; f))!zm } '
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