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(Communicated by Hal L. Smith)

Abstract. We present some results associated with the existence of central
configurations (c.c.’s) in the classical gravitational N-body problem of Newton.
We call a central configuration of five bodies, four of which are coplanar, a
pyramidal central configuration (p.c.c). It can be shown that there are only
three types of p.c.c.’s, admitting one or more planes of symmetry, viz. (i) the
case where the planar bodies lie at the vertices of a regular trapezoid, (ii) the
case where the bodies lie at the vertices of a kite-shaped quadrilateral, and
(iii) the case where the bodies lie at the vertices of a rectangle. In this paper
we classify all p.c.c.’s with a rectangular base and, in fact, prove that there
is only one such c.c., namely, the square-based pyramid with equal masses at
the corners of the square. The classification of all p.c.c.’s satisfying either (i)
or (ii) will be discussed in subsequent papers.

1. Introduction

Let q̄1, . . . , q̄N ∈ R3 denote the position vectors ofN bodies with massesm1, . . . ,
mN respectively subject to the influence of Newton’s law of gravitation. The motion
of the system is then governed by the relations

mi¨̄qi =
∂U

∂q̄i
, 1 ≤ i ≤ N,(1)

where

U =
∑

1≤i<j≤N

mjmi

|q̄j − q̄i|
(2)

is the potential energy of the system.
Consider the space

X = {q̄ = (q̄1, . . . , q̄N ) ∈ R3N ;
N∑
i=1

miq̄i = 0},

i.e., suppose that the center of mass is fixed at the origin of the space. Let 4 =⋃
i≤j4ij be the set of diagonals where

4ij = {q̄ = (q̄1, . . . , q̄N ) ∈ R3N ; q̄i = q̄j}, 1 ≤ i, j ≤ N.
The set X \ 4 is called the configuration space.
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Definition 1.1. A point q̄ = (q̄1, . . . , q̄N ) ∈ X \ 4 is a central configuration
(c.c.) if there exists a constant λ such that

N∑
j=1
j 6=i

mjmi

|q̄j − q̄i|3
(q̄j − q̄i) = −λmiq̄i, 1 ≤ i ≤ N.(3)

The value of the constant λ in (3) is uniquely determined by the formula, given
by Wintner [9],

λ = −U
J

(4)

where U is given by (2) and

J =
N∑
i=1

mi|q̄i|2.

Moreover, if A is an orthogonal matrix, then clearly Aq̄ = (Aq̄1, . . . , Aq̄N ) is also
a central configuration with the same λ. If κ 6= 0, then κq̄ = (κq̄1, . . . , κq̄N ) is also a
central configuration with λ replaced by λ/κ3. Thus any configuration similar to a
central configuration, either by rescaling or rotation, is also a central configuration.
When counting central configurations one counts only similarity classes.

Definition 1.2. A central configuration of five bodies, four of which are coplanar,
the fifth being off the plane, is called a pyramidal central configuration (p.c.c.).
Equivalently, we will say that the c.c. has the shape of a pyramid.

The problem of the existence of c.c.’s dates back to the 18th century, when,
in 1767, Euler [2] discovered collinear c.c.’s when N = 3. According to Wintner
[9], it was Lagrange [3], and not Laplace, who in 1772 first proved that, for any
three arbitrary masses, there exists exactly one c.c.: the equilateral triangle. The
corresponding question for N = 4 was considered by Lehmann-Filhés [4], who
showed that the regular tetrahedron is a c.c. for any choice of the masses. This
work was completed by Pizzetti in 1904, who, in his pioneering paper [7], showed
that, in fact, the regular tetrahedron is the only non-flat c.c. corresponding to
four arbitrary masses. Aside from these fundamental results little else is known in
terms of a classification of c.c.’s for given N ≥ 4. Indeed, even in the flat case when
N = 4, we do not have a complete classification of the shapes of c.c.’s, although
there are some results (e.g., lower bounds) on the number of such c.c.’s.

It is the scope of this paper to contribute some results on the classification of
c.c.’s in the 5-body problem. However, some restrictions on the initial positions of
the given bodies are necessary at this point in our research, as is to be expected.
More specifically, we will limit our efforts to the problem of determining the shape
of all the c.c.’s of five bodies, four of which lie on a common plane, and admitting
one or more planes of symmetry: Even with these restrictions, the calculations are
very technical.

It can be shown that there are only three types of p.c.c.’s, admitting one or more
planes of symmetry, viz. (i) the case where the planar bodies lie at the vertices of a
regular trapezoid, (ii) the case where the bodies lie at the vertices of a kite-shaped
quadrilateral, and (iii) the case where the bodies lie at the vertices of a rectangle.

In this paper we classify all p.c.c.’s with a rectangular base and, in fact, prove
that there is only one such c.c., namely, the square-based pyramid with equal masses
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at the corners of the square. The classification of all p.c.c.’s satisfying either (i) or
(ii) will be discussed in subsequent papers.

For further results on c.c.’s see [8] where Schmidt characterizes some c.c.’s of
five bodies using, after Dziobek, the mutual distances between the masses as coor-
dinates. Since Dziobek’s coordinates are singular when four bodies lie in a plane,
we see that our results cannot be derived using the same method.

2. The mutual distances

Consider five bodies with masses m1, . . . ,m5 > 0 in a Newtonian field. Suppose
that m1, . . . ,m5 are at the vertices P1, . . . , P5 of a rectangular-based pyramid such
that m5 is at the top vertex and m1, . . . ,m4 are at the vertices of the base. Without
loss of generality, we can assume that they are in counterclockwise order (Figure 1).
Let q̄1, . . . , q̄5 denote the position vectors of m1, . . . ,m5 in a coordinate system
Gx̄ȳz̄ whose origin is at the center of mass of the five bodies. By Definition 1.1,
q̄ = (q̄1, . . . , q̄5) forms a c.c. then there exists a scalar λ such that

5∑
j=1
j 6=i

mjmi

|q̄j − q̄i|3
(q̄j − q̄i) = −λmiq̄i, 1 ≤ i ≤ 5.(5)

Writing q̄i = (x̄i, ȳi, z̄i) ∈ R3, in terms of its coordinates, and Dji = |q̄j − q̄i| for
1 ≤ i, j ≤ 5, we obtain

5∑
j=1
j 6=i

mj

D3
ji

(x̄j − x̄i) = −λx̄i, 1 ≤ i ≤ 5.(6)

This expression was apparently first derived by Pizzetti [7] in his pioneering work
on homographic solutions of non-flat problems.

The masses m1, . . . ,m4 lie on a common plane. We may assume then, without
loss of generality, that this plane is parallel to Gȳz̄. Hence, x̄1 = x̄2 = x̄3 = x̄4.
Inserting these relations into (6), we readily obtain

D15 = D25 = D35 = D45.

P5, m5

P2, m2

P1, m5

P4, m4

P3, m3

Figure 1
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Thus, we have proved

Lemma 2.1. Let q̄ = (q̄1, . . . , q̄5) be a p.c.c. with a rectangular base such that m5

is at the top vertex and m1, . . . ,m4 are at the vertices of the base. Then m5 is
equidistant from m1,m2,m3 and m4.

This surprising fact is a key observation that will reduce considerably the com-
plexity of the computations in our problem.

Remark. The masses m1, . . . ,m4 are concyclic.
In fact, they lie on the intersection of a plane with a sphere, for they are coplanar

by assumption, and they belong to a sphere centered at m5 by Lemma 2.1.
Since the notion of a c.c. is independent of the orientation of the system of coor-

dinates, we can now suppose, without loss of generality, that the plane containing
the masses m1,m2,m5 is parallel to Gȳz̄, i.e., x̄1 = x̄2 = x̄5. Hence, (4) gives for
i = 1, 2, 5

1

8
m3(x̄3 − x̄1) + bm4(x̄4 − x̄1) = −λx̄1,(7)

bm3(x̄3 − x̄1) +
1

8
m4(x̄4 − x̄1) = −λx̄1,(8)

gm3(x̄3 − x̄1) + gm4(x̄4 − x̄1) = −λx̄1,(9)

where

a =
1

D3
12

=
1

D3
34

, b =
1

D3
14

=
1

D3
23

,

and

g =
1

D3
5i

, 1 ≤ i ≤ 4.

Note. g is determined uniquely by Lemma 2.1.

The system (7)–(9) can be transformed into a homogeneous system, linear in
m3(x̄3 − x̄1) and m3(x̄4 − x̄1), by taking the difference ((7)–(8)) and ((8)–(9)). A
necessary condition for the existence of solutions is(1

8
− b
)(1

8
+ b− 2g

)
= 0.(10)

If we repeat the same process for the masses (m1,m4,m5) we get(1

8
− a
)(1

8
+ a− 2g

)
= 0.(11)

But D12, D14 6= 2, hence comparing (10) and (11) we get that

a = b

or
D12 = D14.

Then the rectangular base is necessarily a square.
Since a c.c. is invariant under rescaling, we can assume, without loss of generality,

that the square base of the pyramid is inscribed in a circle of diameter
√

2. Hence,

D12 = D14 = 1.

Now that we have a = 1, equation (10) gives

D51 =
2

3
√

4 +
√

2
.
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Therefore,

Lemma 2.2. Every p.c.c. with a rectangular base is necessarily similar (up to
isometry) to a pyramid with a square base, where the mutual distances are given by

D12 = D23 = D34 = D41 = 1,

D13 = D24 =
√

2,

and

D5i =
2

3
√

4 +
√

2
, 1 ≤ i ≤ 4.

3. The masses

Similar to our approach in the previous section on the mutual distances, we will
consider a p.c.c. with a rectangular base as desribed at the beginning of Section 2
and find necessary conditions on the masses.

Without loss of generality, we may assume that Gx̄ȳ is parallel to the plane P
containing m1, . . . ,m4.

Formula (4), given by Wintner to determine the value of the scalar λ in Defini-
tion 1.1, is not computationally practical. For the most part it leads very compli-
cated expressions. However, our choice of the coordinate system Gx̄ȳz̄ will allow
us to overcome this problem and find a simplified form for λ which will reveal to be
of great importance in establishing necessary conditions on the masses m1, . . . ,m5.
In fact, we have

Lemma 3.1. If q̄ = (q̄1, . . . , q̄5) is a p.c.c. with a rectangular base, then

λ = mg

where m = m1 + . . .+m5 is the total mass and g = 1/D3
5i, 1 ≤ i ≤ 4.

Moreover, for this choice of λ and Gx̄ȳz̄ (Gx̄ȳ parallel to the plane containing
m1, . . . ,m4), the equations

5∑
j=1
j 6=i

mjmi

|q̄j − q̄i|3
(q̄j − q̄i) · ~k = −λmiq̄i · ~k, 1 ≤ i ≤ 5,(12)

where ~k is the unit vector in the z̄-direction, are satisfied for 1 ≤ i ≤ 5.

Proof. Denote by Oxyz, the coordinate system obtained from Gx̄ȳz̄ by parallel
translation to a new origin O ∈ P (Figure 2 on the next page). Let q1, . . . , q5 be
the position vectors of m1, . . . ,m5 in Oxyz.

Obviously,

−→
OG =

1

m

5∑
j=1

mjqj .(13)

q̄ = (q̄1, . . . , q̄5) is a c.c. Then by definition (5) is satisfied. Taking the scalar

multiple of (5) with ~k for 1 ≤ i ≤ 4, and using q̄i = qi −
−→
OG, we get

5∑
j=1
j 6=i

mjmi

|q̄j − q̄i|3
(q̄j − q̄i) · ~k = −λmi(qi −

−→
OG) · ~k.(14)
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P5, m5

n

k

P2, m2

P1, m1
O, P4, m4

P3, m3

s

Figure 2

But ~k is perpendicular to the plane P containing the vectors qi, 1 ≤ i ≤ 4; then
using (13) equation (14) gives

m5

D3
5i

q5 · ~k =
λ

m
m5q5 · ~k.

Hence,

λ =
m

D3
5i

, 1 ≤ i ≤ 4.

On the other hand, for i = 5, the left-hand side of (5) gives

5∑
j=1
j 6=5

mjm5

|q̄j − q̄5|3
(q̄j − q̄5) · ~k =

4∑
j=1

mjm5

|qj − q5|3
(qj − q5) · ~k

= − 1

D3
j5

( 4∑
j=1

mj

)
m5q5 · ~k.(15)

Now, the right-hand side of (5) gives

− λm5q̄5 · ~k = −λm5(q5 −
−→
OG) · ~k = −λm5(m−m5)

m
q5 · ~k

= −m5(m−m5)

D3
5i

q5 · ~k.(16)

Since (15) and (16) are clearly equal, (5) is satisfied for 1 ≤ i ≤ 5.

Now, we are ready to prove

Lemma 3.2. Given a p.c.c. with a rectangular base for the masses m1, . . . ,m5

such that m5 is at the top vertex of the pyramid and m1, . . . ,m4 are at the vertices
of the base, then

(i) m5 is arbitrary, and
(ii) m1 = m2 = m3 = m4.
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Proof. Let q̄ = (q̄1, . . . , q̄5) be a p.c.c. for the masses m1, . . . ,m5. There exists
λ such that (5) is satisfied. Following the notation introduced in Section 2, (5) is
equivalent to

5∑
j=1
j 6=i

mj

D3
ji

(qj − qi) = −λq̄i,(17)

for 1 ≤ i ≤ 5.
(i) Using q̄i = qi −

−→
OG, λ = m

D3
51

and (13), (17) gives

5∑
j=1
j 6=i

mj

D3
ji

(qj − qi) =
5∑
j=1
j 6=i

mj

D3
51

(qj − qi)

for 1 ≤ i ≤ 5. Hence,

4∑
j=1
j 6=i

mj

( 1

D3
ji

− 1

D3
51

)
(qj − qi) = 0(18)

because Dji = D51 for j = 5.
Therefore, (5) is equivalent to (18), which is independent of m5. Hence, m5 can

be taken as arbitrary. We note that (18) is identically satisfied for i = 5.
(ii) Let ~n be a unit vector perpendicular to the line segment P1P4 on the base

of the pyramid.
Taking the scalar multiple of (17) with ~n, we get for i = 1

m2h

D3
21

+
m3h

D3
31

+
m5

D3
51

(q5 − q1) · ~n = −λq̄1 · ~n,(19)

and for i = 4

m2h

D3
24

+
m3h

D3
31

+
m5

D3
54

(q5 − q4) · ~n = −λq̄4 · ~n,(20)

where h = D12 = D34.
Since h 6= 0, D21 = D34 and D31 = D24, equating (19) and (20) gives

(m2 −m3)
( 1

D3
21

− 1

D3
31

)
= 0.

Hence, m2 = m3 because D21 6= D31, otherwise m1 and m4 collide.
Similarly, we prove that m1 = m4, m1 = m2 and m3 = m4. Therefore,

m1 = m2 = m3 = m4.

4. The mutual distances: another approach

The results in Section 3 were developed independently of Section 2. This was
done on purpose in order to illustrate a second approach to finding the mutual
distances between the masses.

In fact, assume we have proved Lemma 2.1, Lemma 3.1 and Lemma 3.2 and that
we are trying to compute the mutual distances of a p.c.c. with a rectangular base.
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Let ~n and ~s be the unit vectors respectively perpendicular and parallel to the
line segment P1P4. Taking the scalar product of (3), where N = 5, with ~n and ~s
respectively, we get for i = 1

m1

5∑
j=2

(q̄j − q̄1) · ~n
D3
j1

= −λq̄1 · ~n(21)

and

m1

5∑
j=2

(q̄j − q̄1) · ~s
D3
j1

= −λq̄1 · ~s,(22)

since m1 = m2 = m3 = m4 by Lemma 3.2. If we let

h = D12, H = D14, and D = D13,

then (21) and (22) imply

1

h3
+

1

D3
=

λ

2m1
(23)

and

1

D3
+

1

H3
=

λ

2m1
,(24)

since h,H, and m1 6= 0. Comparing (23) and (24), we get

h = H.

Therefore, D12 = D14, i.e., the rectangular base is necessarily a square. The rest
of the proof is identical to what was presented in Section 2.

To recapitulate, we have proved so far that if we are given a p.c.c. with a
rectangular base, then

(i) The pyramid is necessarily similar to one with a square base and with mutual
distances described in Lemma 2.2.

(ii) The masses are such that

m5 is arbitrary, and(25)

m1 = m2 = m3 = m4.(26)

Conversely, suppose we are given the five masses m1, . . . ,m5 at the vertices of
a square-based pyramid with mutual distances given by Lemma 2.2 and such that
the masses m1, . . . ,m4 at the vertices of the base are equal and the mass m5 at
the top vertex is arbitrary as in (ii).

Consider a coordinate system Gx̄ȳz̄ with origin at the center of mass of m1, . . . ,
m5 such that Gx̄ is parallel to P4P1 and Gȳ is parallel to P4P3. Since m1 = m2 =
m3 = m4, their center of mass is at the center of the square base. Hence, G is on
the line segment joining P5 to the center of the square.

Let q̄i be the position vector of mi, 1 ≤ i ≤ 5, in the coordinate system Gx̄ȳz̄.
By Definition 1.2, we need to find λ such that (5) is satisfied. Now, let Oxyz be
the parallel translate of Gx̄ȳz̄ with origin O at P4.

By Lemma 3.1, we can choose

λ =
m

D3
5i

,(27)
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where m = m1 + . . .+m5 = 4m1 +m5 so that (12) is automatically satisfied. Let
qi be the position vector of mi, 1 ≤ i ≤ 5, in Oxyz. Equation (12) is equivalent to

5∑
j=1
j 6=i

mj

D3
ji

(qj − qi) · ~k = −λq̄i · ~k(28)

for 1 ≤ i ≤ 5. Hence, we need only to check that equation (27) is satisfied for the
x̄, x and ȳ, y components, 1 ≤ i ≤ 5.

For this, in the rest of the proof, q̄i, qi will denote the projections of the position
vectors of mi, 1 ≤ i ≤ 5, on the Gx̄ȳ, Oxy planes respectively:

q1 =

(
1
0

)
, q2 =

(
1
1

)
, q3 =

(
0
1

)
, q4 =

(
0
0

)
(29)

and

q5 =

(
1/2
1/2

)
.(30)

In the proof of Lemma 3.2 we saw that the definition of a c.c. given by equa-
tion (3) is equivalent to equation (18), in the case we are studying. Using the
symbolic computation software “Maple V” [1], we wrote a procedure c(m, d, q)
which yields a matrix of ith row equal to

4∑
j=1
j 6=i

mj

( 1

D3
ji

− 1

D3
51

)
(qj − qi)(31)

where m = (m1, . . . ,m5) denotes the vector of masses, d = (Dij)1≤i,j≤5 denotes
the matrix of mutual distances, and q = (q1, . . . , q5)transpose denotes the matrix of
position row vectors.

Since all the entries of the matrix c(m, d, q) are 0, we conclude that equation (18)
is satisfied and hence, the pyramid described in (i) and (ii) of Section 5 forms a c.c.

Hence, we have proved

Theorem 4.1. The only p.c.c. with a rectangular base is (up to isometry) the
square-based pyramid with mutual distances

D12 = D23 = D34 = D41 = 1,

D13 = D24 =
√

2,

and

D5i =
2

3
√

4 +
√

2
, 1 ≤ i ≤ 4,

where the masses are taken such that the mass m5 at the top vertex is arbitrary and
the masses on the base are equal, i.e., m1 = m2 = m3 = m4.

Finally, in 1990, Moeckel [6] considered four equal masses on the vertices of a
square and an arbitrary fifth mass on the top vertex of a regular pyramid based
on this square. He proved that there exists a height for which the pyramid forms
a central configuration for this choice of masses. Our work exhibits this pyramid
(i.e., it is possible to calculate the value of the height) and proves its uniqueness.
Moreover, it proves that the choice of equal masses on the vertices of the square
base is not only sufficient but also necessary.
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