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Abstract. It is shown that Paschke’s result cannot be generalized to the [IN]group setting given by Lau and Paterson. This resolves negatively a problem
raised by Lau and Paterson.

Let G be an [IN]-group with a fixed Haar measure λ, and let Lp (G) (1 ≤ p ≤ ∞)
be the associated Lebesgue spaces. Recall that a locally compact group G is said
to be an [IN ]-group if G contains a compact neighborhood of the identity in G
which is invariant under all inner automorphisms. Notice that an [IN]-group is
unimodular. It is also well known that L∞ (G) has an inner invariant mean m, i.e.,
a mean on L∞ (G) such that m(π(a)f ) = m(f ) for all a ∈ G and f ∈ L∞ (G), where
π(a)f (x) = f (a−1 xa) (x ∈ G). (A locally compact group G is called inner amenable
if L∞ (G) admits an inner invariant mean. Some results on inner amenability are
to be found in [1, 3, 4, 5, 6, 7, 10].) For a compact neighborhood V of the identity
in G, let


Z
g(x) dλ(x) = 0
L20 (V ) = g ∈ L2 (G) :
V

and let PV denote the orthogonal projection on the one-dimensional subspace of
L2 (G) spanned by 1V (the characteristic function of V ). Thus the operator PV has
the form


Z
1
PV (f ) =
f (x) dλ(x) · 1V
(f ∈ L2 (G)).
λ(V ) V
For p ∈ [1, ∞), let πp be the isometric representation of G on Lp (G) defined by
πp (x)f (t) = f (x−1 tx)

(x, t ∈ G, f ∈ Lp (G)).

Let C ∗ (π2 (G)) denote the C ∗ -algebra generated by π2 (G) in B(L2 (G)) (the space
of bounded linear operators on L2 (G)).
For a compact neighborhood V of the identity in G which is invariant under all
inner automorphisms, let us consider the following conditions on G:
(a) PV is not in C ∗ (π2 (G)).
Received by the editors July 29, 1994.
1991 Mathematics Subject Classification. Primary 43A07, 43A15.
Key words and phrases. [IN]-groups, inner invariant means, amenability, free groups, C ∗ algebras.
c 1996 American Mathematical Society

193

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use

194

YUJI TAKAHASHI

(b) There exists a net {hα } in L20 (V ) such that khα k2 = 1 and kπ2 (x)hα −hα k2 →
0 for each x ∈ G.
(c) There exists a state ω on B(L2 (G)) such that ω(π2 (x)) = 1 for each x ∈ G
and ω(PV ) = 0.
(d) There exists an inner invariant mean m on L∞ (G) such that m(1V ) = 0.
In [4, Theorem 4.2] Lau and Paterson proved that (a), (b), and (c) are equivalent
and that (d) implies one (and hence all) of (a), (b), and (c). The following was
posed as an open problem in [4, p. 164]: Is (d) equivalent to the other conditions?
Note that this is the case when G is an infinite discrete group and V = {e} (where
e is the identity of G) as Paschke’s result [7] shows. Notice also that the answer
to the Lau-Paterson problem is obviously negative if G is a compact abelian group
and V = G. Indeed, since G is abelian, π2 (x)h = h for each x ∈ G and h ∈ L20 (G)
and therefore (b) holds. However, (d) is not true because m(1G ) = 1 for any mean
m on L∞ (G). The main purpose of this note is to give an example which shows
that the answer to the Lau-Paterson problem is negative even though V 6= G. We
also prove that if G is amenable and V 6= G, then (d) (and hence any one of (a),
(b), and (c)) holds. (For more information on amenable groups, see [2, 8, 9].)
Let us begin with the following example which gives the negative answer to the
Lau-Paterson problem.
Example 1. Let G be the direct product of a finite abelian group H of order n ≥ 2
and the free group F2 on two generators, and let V = H × {e} (where e denotes
the identity of F2 ). Of course, V is a compact neighborhood of the identity in G
which is invariant under all inner automorphisms. We shall prove that G satisfies
(b) but not (d). It is easy to verify that G meets (b). Indeed, take a function
g ∈ l02 (H) (= L20 (H)) and consider the function h on G defined by
(
g(s) if (s, t) ∈ V (= H × {e}),
h((s, t)) =
0
otherwise.
Then, since h ∈ l02 (V ) and π2 ((x, y))h − h = 0 for each (x, y) ∈ G (= H × F2 ),
(b) holds. Let us next show that G does not satisfy (d). Assume, by way of
contradiction, that there exists an inner invariant mean m on l∞ (G) (= L∞ (G))
such that m(1V ) = 0. Denote two generators of F2 by a and b, and let A be the
subset of F2 formed by all reduced words of the form . . . an where n is a nonzero
integer. Note that F2 = A ∪ aAa−1 ∪ {e} and the subsets A, bAb−1 , and b−1 Ab are
mutually disjoint. Let H = {s1 , s2 , . . . , sn } where s1 = 0 (the identity of H), and
put Bi = {si } × A (1 ≤ i ≤ n). Then
G =H × F2 = H × (A ∪ aAa−1 ∪ {e})
!
!
n
n
[
[
=
Bi ∪
∪ V,
ξ (Bi )ξ−1
i=1

i=1

where ξ = (0, a). Hence we have
2

n
X
i=1

m(1Bi ) =

n
X

m(1Bi ) +

i=1

n
X

m(π(ξ)1Bi ) + m(1V )

i=1

≥m(1G ) = 1
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because m(1V ) = 0 and m is inner invariant. On the other hand, since the subsets
Bi , η (Bi )η−1 , and η−1 (Bi )η (1 ≤ i ≤ n) are mutually disjoint for η = (0, b),
1 =m(1G ) ≥

n
X
i=1

=3

n
X

m(1Bi ) +

n
X

m(π(η)1Bi ) +

i=1

n
X

m(π(η −1 )1Bi )

i=1

m(1Bi ).

i=1

But this gives the desired contradiction. Thus we conclude that G does not satisfy
(d).
Remarks. (1) The group G in Example 1 is not amenable. In fact, as shown below
(Proposition 3), it is impossible to find a counterexample to the Lau-Paterson
problem for amenable [IN]-groups.
(2) The argument used in Example 1 shows that if G is the direct product of
F2 and a finite (not necessarily abelian) group of order greater than or equal to 2,
then G does not satisfy (d).
We now proceed to a characterization of [IN]-group for which (d) holds.
Proposition 2. Let G be an [IN ]-group , and let V be a compact neighborhood of
the identity in G which is invariant under all inner automorphisms. Let 1 ≤ p < ∞.
Then the following assertions are equivalent :
(i) There exists a net {kα } in Lp (G) such that kα ≥ 0, kα |V = 0, kkα kp = 1,
and kπp (x)kα − kα kp → 0 for each x ∈ G.
(ii) L∞ (G) admits an inner invariant mean m such that m(1V ) = 0.
Proof. First of all, note that it suffices to show the case p = 1. Indeed, this follows
immediately from the inequality
(kf 1/p − g 1/p kp )p ≤ kf − gk1 ≤ p2p−1 kf 1/p − g 1/p kp
(f, g ∈ {h ∈ L1 (G) : h ≥ 0, khk1 = 1} and p ∈ [1, ∞)). Let us suppose that p = 1
in the remainder of the proof.
Let {kα } ⊂ L1 (G) ⊂ L∞ (G)∗ be given as in (i), and let m be any weak*-cluster
point of {kα } in L∞ (G)∗ . We may assume by passing to a subnet if necessary that
{kα } converges to m in the weak*-topology in L∞ (G)∗ . Since each kα is a mean
on L∞ (G) and kπ1 (x)kα − kα k1 → 0 for each x ∈ G, m is an inner invariant mean
on L∞ (G). Moreover, we have
m(1V ) = lim kα (1V ) = 0
α

because kα |V = 0. Thus (i) implies (ii).
Conversely, let m be an inner invariant mean on L∞ (G) such that m(1V ) = 0.
Then, from a well-known argument (cf. the proof of [6, Proposition 1]) and the fact
that m(1V ) = 0, it is easy to find a net {kα } in L1 (G) such that kα ≥ 0, kα |V =
0, kkα k1 = 1, and kπ1 (x)kα − kα k1 → 0 for each x ∈ G. This completes the
proof.
The following proposition can be combined with Lau-Paterson’s result [4, Theorem 4.2] to show that (a), (b), (c), and (d) are equivalent if G is amenable.
Proposition 3. Let G be an amenable [IN ]-group , and let V be a compact neighborhood of the identity in G which is invariant under all inner automorphisms. If
V 6= G, then L∞ (G) has an inner invariant mean m such that m(1V ) = 0.
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Proof. If G is noncompact, then m(1V ) = 0 for any two-sided invariant mean m on
L∞ (G) (cf. [9, Proposition 21.2]). Since a two-sided invariant mean on L∞ (G) is
inner invariant, there exists the desired inner invariant mean. Assume next that G
is compact. Let h = λ(V1 c ) 1V c; then h ≥ 0, h|V = 0, khk1 = 1, and π1 (x)h − h = 0
for each x ∈ G. Hence an application of Proposition 2 yields an inner invariant
mean on L∞ (G) such that m(1V ) = 0. This completes the proof.
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