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Abstract. It is shown that the complex interpolation spaces [C([0, 1]),
Lip1([0, 1])]θ and [C([0, 1]), Lip1([0, 1])]θ do not coincide with Lipθ([0, 1]) or

lipθ([0, 1]) and also that the couple (C,Lip1) is not a Calderón couple. Simi-
lar results are also obtained for the couples (C,Lipα) and (Lipα, Lip1) when
α ∈ (0, 1).

Introduction

As usual we let C = C[0, 1] denote the space of continous functions f : [0, 1]→ C
with ‖f‖C = supt∈[0,1] |f(t)|. We let ω(δ, f) denote the modulus of continuity of

the function f : [0, 1]→ C, i.e.

ω(δ, f) = sup
s,t∈[0,1],0<|s−t|<δ

|f(s)− f(t)| for each δ > 0.

For each θ ∈[0,1], let Λθ = Λθ[0, 1] (or Lipθ) denote the space of functions f ∈ C
for which the (Lipschitz) norm

‖f‖Λθ = max

{
‖f‖C , sup

δ>0

ω(δ, f)

δθ

}
is finite. In particular we let Λ = Λ1. Observe also that Λ0 = C to within equiva-
lence of norms.

The “little” Lipschitz space λθ (or lipθ) is defined to be the subspace of Λθ
consisting of those functions f which satisfy the condition limδ→0

ω(δ,f)
δθ = 0 .

Let S be the usual “unit strip” S = {z ∈ C | 0 ≤Re z ≤ 1}.
In this note we consider the complex interpolation spaces for the couple (C,Λ),

i.e. the spaces [C,Λ]θ and [C,Λ]θ defined as in [7]. The K−functional for this
couple was calculated exactly many years ago by Peetre (see [14], cf. also [3]
Proposition 3.1.9, p. 301) and thus the real interpolation spaces for this couple are
well known. However the problem of determining the complex interpolation spaces
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has remained open. We show that they are not Lipschitz spaces nor little Lipschitz
spaces, and also that the couple (C,Λ) is not a Calderón couple. This latter result
has also been proved by Bychkova [6] using a different argument based on a result
announced by Ovchinnikov [13]. We also obtain analgous results for the couples
(C,Λα) and (Λα,Λ) for 0 < α < 1.

We refer to [7] and [3] respectively for further general information about complex
interpolation spaces and Calderón couples.

We thank Yuri Brudnyi, Leonid Hanin and Alexander Shteinberg for some helpful
discussions. Some forthcoming papers by Brudnyi and Shteinberg [4], [5] extend our
results here. In [4] the authors consider couples of (Λ(ω0),Λ(ω1)) of Lipschitz spaces
where the powers δθ are replaced by more general functions ωj and give necessary
and sufficient conditions for such couples to be Calderón. From the results of [5]
it follows that the couple (C,Λ) is not of Calderón type p (as defined in [10] for
p > 1).

In a forthcoming paper we will describe some other properties of the spaces
[C,Λ]θ and [C,Λ]θ.

The couple (C,Λ)

Lemma 1. For each θ ∈ (0, 1) the function tθ is an element of [C,Λ]θ.

Proof. For each t ∈ [0, 1] and z ∈ S we define the function h(t, z) by setting
h(0, z) = 0 and h(t, z) =

∫ z
1 t

ζdζ for t ∈ (0, 1] . Thus h(1, z) = z − 1 and h(t, z) =
tz−t
log t for t ∈ (0, 1). Clearly h is an analytic function of z for each fixed t ∈ [0, 1] and

h(·, z) ∈ C for each fixed z ∈ S and also satisfies

(2) ‖h(·, z)‖C ≤ |z − 1|

(since |tζ | ≤ 1 for all ζ ∈ S and t ∈ (0, 1]). Similarly

(3) ‖h(·, z)− h(·, z′)‖C ≤ |z − z′|

for all z and z′ ∈ S. Thus we see that h(z) = h(·, z) is a continuous map of S into
C[0, 1] and it is also clear that it is also analytic when considered as a vector valued
(i.e. C[0, 1] valued) function of z. We observe that ∂

∂zh(t, z) = tθ for z = θ and so

also ∂
∂zH(t, θ) = tθ where the function H is defined by H(t, z) = e(z−θ)2

h(t, z) .

To complete the proof we must show that H ∈ F(C,Λ). Let us first see that h
is “almost” in F(C,Λ). For any real α and β we note that

(4) ‖h(·, j + iβ)− h(·, j + iα)‖C ≤ |β − α|

for j = 0, 1 (cf. (3)). Now

h(t, 1 + iβ)− h(t, 1 + iα) =

∫ 1+iβ

1+iα

tζdζ

and ∣∣∣∣∣
∫ 1+iβ

1+iα

tζ − sζdζ
∣∣∣∣∣ =

∣∣∣∣∣
∫ β

α

t1+iσ − s1+iσdσ

∣∣∣∣∣ =

∣∣∣∣∣
∫ β

α

∫ t

s

(1 + iσ)τ iσdτdσ

∣∣∣∣∣
≤ |β − α||t− s|(1 + max(|α|, |β|).
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Consequently (using (4) also) we obtain that

(5) ‖h(·, 1 + iβ)− h(·, 1 + iα)‖Λ ≤ |β − α|(1 + max(|α|, |β|).

In particular, for β = 0, we have

(6) ‖h(·, 1 + iα)‖Λ ≤ |α|(1 + |α|).

Now, setting v(z) = e(z−θ)2

, we see that, for j = 0, 1,

(7) |v(j + iβ)| ≤ e1−β2

and, if |α− β| ≤ 1 ,

(8) |v(j + iα)− v(j + iβ)| ≤ 2(2 + |β|)e1−(min(|β|−1,|β|)2|β − α|.

Then

‖H(1 + iα)−H(1 + iβ)‖Λ ≤
∥∥(v(1 + iα)− v(1 + iβ)

)
h(1 + iα)

∥∥
Λ

+
∥∥v(1 + iβ)

(
h(1 + iα)− h(1 + iβ)

)∥∥
Λ
,

and, by (8), (6), (7) and (5) this expression is dominated by M |β − α| for all real
α and β satisfying |β − α| ≤ 1, where M is an absolute constant. But in fact this
immediately implies that the same estimate

‖H(1 + iα)−H(1 + iβ)‖Λ ≤M |β − α|

also holds without the restriction |β-α| ≤1.
Similarly

‖H(iα)−H(iβ)‖C ≤
∥∥(v(iα) − v(iβ)

)
h(iα)

∥∥
C

+
∥∥v(iβ)

(
h(iα)− h(iβ)

)∥∥
C
,

and, by (8), (2), (7) and (4) we obtain that

‖H(iα)−H(iβ)‖C ≤M ′|β − α|

for all real α and β and an absolute constant M′. This completes the verification
that H ∈ F(C,Λ). �

From the standard inclusions between real and complex interpolation spaces and
the fact ([14], [3, p. 301]) that K(t, f ;C,Λ) is equivalent to min(1, t)‖f‖C +ω(t, f)
it follows that

[C,Λ]θ ⊂ [C,Λ]θ ⊂ (C,Λ)θ,∞ = Λθ.

Since Λ is dense in [C,Λ]θ and the closure of Λ in Λθ is λθ, we also have that
[C,Λ]θ ⊂ λθ.

Now, since tθ is an element of Λθ whose modulus of continuity has maximal
growth rate, it seems natural to conjecture, in the light of Lemma 1, that [C,Λ]θ =
Λθ. Obviously [C,Λ]θ cannot coincide with Λθ for the simple reason that Λ is not
dense in Λθ. However it would seem natural to conjecture that [C,Λ]θ = λθ.

We shall soon see that both these conjectures are false.
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Lemma 9. For each θ ∈ (0, 1) the Fourier coefficients γn =
∫ 1

0
e−2πnitg(t)dt of

each function g ∈ [C,Λ]θ satisfy( ∞∑
n=−∞

|γn|2|2πn|2θ
)1/2

≤ ‖g‖[C,Λ]θ .

Proof. C[0, 1] is continuously embedded in L2[0, 1], Λ is continously embedded in
the Sobolev space W 1,2[0, 1] and both embeddings have norm 1. Thus the linear
map F which maps each integrable function on [0,1] to the sequence of its Fourier
coefficients maps C into `2 with norm 1 and also maps Λ into the weighted `2

space `2({2π|n|}) with norm 1. Thus F must be a norm 1 map of [C,Λ]θ into
[`2, `2({2π|n|})]θ = [`2, `2({2π|n|})]θ = `2({(2π|n|)θ}). �
Corollary 10. [C,Λ]θ 6= Λθ and λθ 6= [C,Λ]θ for each θ ∈ (0, 1).

Proof. The function g(x) =
∑∞
n=−∞ γne

2πinx =
∑∞
k=1 2−kθe2πi2kx cannot be in

[C,Λ]θ since
∑∞
n=−∞ |γn|2(2π|n|)2θ =

∑∞
k=1 |2−kθ|2(2π|2k|)2θ is of course divergent.

On the other hand it is well known and easy to check that g ∈ Λθ. (To do this

observe that |g(x + h) − g(x)| ≤
∑∞
k=1 2−kθ|e2πi2kh − 1| ≤

∑N
k=1 2−kθ|2π2kh| +

2
∑∞
k=N+1 2−kθ ≤ C(2N(1−θ)|h|+ 2−Nθ) for some constant C depending only on θ.

Then choose N so that 2−N ∼ |h|.)
Now consider the functions gN for N = 1, 2, . . .where gN is obtained by convolv-

ing g with the Nth order Fejér kernel. These are clearly in λθ and ‖gN‖λθ ≤ ‖g‖Λθ
for each N . If λθ coincides with [C,Λ]θ, then {gN} must be a bounded sequence
in [C,Λ]θ and so the Fourier coefficients γnN of gN must have the property that∑∞
n=−∞ |γnN |2(2π|n|)2θ is uniformly bounded for all N . But this is clearly false

and so λθ 6= [C,Λ]θ. �
Corollary 11. The couple (C,Λ) is not a Calderón couple.

Proof. The function g defined above satisfies K(t, g;C,Λ) ≤MK(t, f ;C,Λ) for all
t > 0, where M is some constant and f is the function f(x) = xθ. However there
cannot exist a bounded linear operator T : (C,Λ)→ (C,Λ) such that Tf = g. �

The couples (C,Λα) and (Λα,Λ) for 0 < α < 1

Since (C,Λ)θ,∞ = Λθ for each θ ∈ (0, 1), it follows from [9] that the couple
(Λθ0 ,Λθ1) is a Calderón couple whenever 0 < θ0 < θ1 < 1. As we have seen in
the previous section, this is false if both θ0 = 0 and θ1 = 1. We now extend the
argument given there to show that it is also false when either 0 = θ0 or θ1 = 1, i.e.
for each of the couples (C,Λα) and (Λα,Λ) when α is a fixed number in (0, 1). We
shall first consider the couple (C,Λα).

The first step is a modification of Lemma 1:

Lemma 12. For each θ ∈ (0, 1) the function tαθ is an element of [C,Λα]θ.

Proof. Although it is not known in general whether the upper complex method
[·, ·]θ satisfies reiteration theorems as does the method [·, ·]θ (cf. [7], [8]) we do have
inclusions in the “easy” direction: In particular, for any Banach couple (A0, A1),

(13) [A0, A1]αθ ⊂ [A0, [A0, A1]α]θ
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with continuous (norm one) inclusion. This seems rather obvious from the defi-
nitions, but there are some technicalities to be checked. To prove (13) let a be
an arbitrary element of [A0, A1]αθ with norm less than 1. Then a = h′(αθ) for
some element h ∈ F(A0, A1) with norm less than 1. Our goal will be to check
that the function f defined by f(z) = 1

αh(αz) is an element of F(A0, [A0, A1]α)
with norm less than 1, and this of course will yield (13). That is, we have to
verify that f satisfies conditions i) - iv) of [7] Section 5, p. 115 for the couple
(B0, B1) = (A0, [A0, A1]α):

Using a remark of Calderón (cf. [1] p. 776), we can assume that h(j+iy) assumes
values in Aj for j = 0, 1 and all real y. Then we also have that ‖h(j + iy)‖Aj ≤
‖h(j)‖Aj + |y|. It follows easily that ez

2

h(z) ∈ F(A0, A1). More precisely, for

each δ > 0, the function hδ defined by hδ(z) = eδz
2

1+z h(z) is in F(A0, A1) and

‖hδ‖F(A0,A1) ≤ C for some constant C independent of δ, for all δ ∈ (0, 1). Let {gn}
be a sequence in the class G(A0, A1) which tends to hδ in F(A0, A1) (cf. [7] Section
9.2, p. 116). Obviously gn(αz) tends to hδ(αz) in F(B0, B1) and

‖hδ(α·)‖F(B0,B1) ≤ lim
n→∞

‖gn(α·)‖F(B0,B1)

≤ lim
n→∞

‖gn(·)‖F(A0,A1) = ‖hδ‖F(A0,A1) ≤ C.

Thus, by standard properties of the spaces F , we have ‖hδ(αz)‖B0+B1 ≤ C for all
δ ∈(0,1) and all z ∈ S. From this we deduce that ‖f(z)‖B0+B1 ≤ c(1 + |z|) for
all z ∈ S and some constant c, i.e. condition i) of [7]. The verifications of the
remaining conditions ii), iii) and iv) are more straightforward, using the fact that
the functions

uδ(z) := eδz
2−δ h(z + is)− h(z + it)

s− t
are elements of the open unit ball of F(A0, A1) for all real s 6= t and all δ > 0. It
also follows that ‖f‖F(B0,B1) < 1. We leave the details to the reader. (Observe that

the above argument actually gives the stronger result [A0, A1]αθ ⊂ [A0, [A0, A1]α]θ.)
We can now apply Lemma 1 and (13) to the particular couple (C,Λ) to see

that the function tαθ is an element of [C,Λ]αθ ⊂ [C, [C,Λ]α]θ ⊂ [C, (C,Λ)α,∞]θ =
[C,Λα]θ, which completes the proof. �

Next we obtain a variant of Lemma 9:

Lemma 14. For each θ ∈ (0, 1) the Fourier coefficients γn =
∫ 1

0 e
−2πnitg(t)dt of

each function g ∈ [C,Λα]θ satisfy

(15) (
∞∑

n=−∞
|γn|q(2π|n|)qαθ)1/q ≤ C ‖g‖[C,Λα]θ

where 1/q = (1− θ)/2 and C is a constant depending only on α and θ.

Proof. Applying real interpolation to the Fourier transform F we obtain that it
maps Λα = (C,Λ)α,∞ boundedly into (`2, `2({2π|n|}))α,∞ and so it must map
[C,Λα]θ boundedly into [`2, (`2, `2({2π|n|}))α,∞]θ. By the reflexivity of `2 and [7]
Section 9.5, pp. 117-118 this space coincides with [`2, (`2, `2({2π|n|}))α,∞]θ. By
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[11] Theorem 1.2, pp. 905-6 this space in turn coincides with (`2, `2({2π|n|}))αθ,q
where 1/q = (1− θ)/2. Since q > 2, we deduce that

(`2, `2({2π|n|}))αθ,q ⊂ (`q, `q({2π|n|}))αθ,q,

and this latter space is of course the same as `q({|2πn|αθ}) (cf. [2] Theorem 5.4.1,
p. 115). This implies (15) and completes the proof. �

Now replacing θ by αθ in the definition of the function g used above in Corol-
lary 10, we obtain a function gα which is in Λαθ but clearly not in [C,Λα]θ. The
second part of the proof of Corollary 10 can also be immediately adapted to show
that λαθ 6= [C,Λα]θ.

Finally let us show that (C,Λα) is not a Calderón couple: Observe that gα
satisfies K(t, gα;C,Λ) ≤ MK(t, fα;C,Λ) for all t > 0, where M is some constant
and fα is the function f(x) = xαθ. For any couple (A0, A1) it is well known (and
easy to check) that the K−functional for the couple (A0, (A0, A1)α,∞) is given to
within equivalence by

K(t, a;A0, (A0, A1)α,∞) ∼ t sup
s>t1/θ

s−θK(s, a;A0, A1).

(Cf. also Remark 2.1 of [12] p. 183 and [3].) This implies that for some constant
M ′ we have K(t, gα;C,Λα) ≤ M ′K(t, fα;C,Λα) for all t > 0. However there
cannot exist a bounded linear operator T : (C,Λα)→ (C,Λα) such that Tfα = gα.
Consequently (C,Λα) is not Calderón.

We can now deal with the second couple (Λα,Λ) by easy modifications of the
preceding discussion. Exactly analogously to the proof of Lemma 12 we can show
that [A0, A1]α(1−θ)+θ ⊂ [[A0, A1]α, A1]θ. (This can also be deduced from (13)
and the general formula [X0, X1]σ = [X1, X0]1−σ.) It is convenient to set β =
α(1− θ) + θ. It follows that the function tβ is an element of [Λα,Λ]θ. Then minor
modifications of the proof of Lemma 14 show that F maps [Λα,Λ]θ into `q({|2πn|β})
with q = 2/θ. We deduce that the function

∑∞
k=1 2−kβe2πi2kx is in Λβ\[Λα,Λ]β

and use this function and the function tβ to show that (Λα,Λ) is not Calderón.
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