PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 124, Number 6, June 1996

CYCLIC HOMOLOGY FOR SCHEMES
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(Communicated by Eric Friedlander)
Abstract. Using hypercohomology, we can extend cyclic homology from algebras to all schemes over a ring k. By ‘extend’ we mean that the usual cyclic
homology of any commutative algebra agrees with the cyclic homology of its
corresponding affine scheme.

The purpose of this paper is to show that there is a cyclic homology theory HC∗
of schemes over a commutative ring k, extending the usual cyclic homology HC∗
of k-algebras. By a cyclic homology theory for schemes over k we mean a family of
graded k-modules HCn (X) associated to every scheme X over k which satisfy:
(0.1) they are natural and contravariant in X;
(0.2) for each affine scheme X = Spec A, there are natural isomorphisms
HCn (X) ∼
= HCn (A)

for all n;

(0.3) if X = U ∪ V , there is a Mayer-Vietoris sequence
· · · HCn (X) → HCn (U ) ⊕ HCn (V ) → HCn (U ∩ V ) → HCn−1 (X) · · · .
We discuss uniqueness of a cyclic homology theory briefly in Remark 0.5 below.
We have chosen homological indexing because of axiom (0.2), and because cohomological indexing (HC n = HC−n ) would concentrate the nonzero groups in
negative degrees.
The construction is simple: just sheafify Connes’ (b, B) double chain complex and
take Cartan-Eilenberg hypercohomology (as defined in the appendix). Axioms (0.1)
and (0.3) are immediate from generalities about hypercohomology of unbounded
complexes. The point of this paper is that axiom (0.2) also holds.
This definition was suggested by Loday in [L1, 3.4], without knowing whether
axiom (0.2) held. Motivated by this gap, Geller and I showed in [WG, 4.6.1] that if
A is a finite-dimensional noetherian k-algebra, then (0.2) holds, i.e., that HC∗ (A) ∼
=
HC∗ (Spec A).
In the spirit of Grothendieck’s seminal letter [GdR], Geller and I also proved in
[WG] that sheafifying and taking hypercohomology yields a “Hochschild homology
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theory” for schemes over k (replace HC by HH in the above axioms). The key axiom
(0.2) for HH is a consequence of étale descent. Hochschild and cyclic homology of
schemes are related by a natural “SBI” sequence [WG, 4.5.1], generalizing the usual
SBI sequence for algebras:
(0.4)

S

B

I

→ HCn−2 (X) −→ HHn−1 (X) −
→ HCn−1 (X) · · · .
· · · HCn (X) −

Since hypercohomology of unbounded complexes is an ambiguous notion, I have
included an appendix to show how the “Cartan-Eilenberg” hypercohomology used
in this paper (and in [CE] [T], [W], [WG], etc.) compares with hypercohomology
in the sense of derived categories.
Remark 0.5. Suppose that HC∗ → HC∗0 is a morphism of cyclic homology theories.
Then HC∗ (X) ∼
= HC∗0 (X) for every quasi-compact, quasi-separated scheme X over
k. To see this, note that the affine case is axiom (0.2). The case in which X is
quasi-compact and separated follows from the Mayer-Vietoris axiom (0.3), using
the 5-lemma and induction on the size of an affine cover. Another induction, again
on the size of a quasi-affine cover, proves the result whenever X is quasi-compact
and quasi-separated.
§1. The definitions
Fix a commutative ring k, and write ⊗ for ⊗k . The Hochschild homology
HHn (A) of a k-algebra A is the homology of the standard Hochschild complex
C∗h (A) which has Cnh (A) = A⊗n+1 = A ⊗ A ⊗ · · · ⊗ A. Let us write C∗h for the
sheafification of the corresponding complex of presheaves U 7→ C∗h (OX (U )):
C∗h :

⊗∗+1
··· −
→ OX
−
→ ··· −
→ OX ⊗k OX −
→ OX → 0.
b

b

b

0

As in [WG], [W1], the Hochschild homology of X over k is defined as the (CartanEilenberg) hypercohomology (see the appendix) of the unbounded cochain complex
h
C n = C−n
:
(1.1)

HHn (X) = H−n (X, C∗h ) = H−n (X, C −∗ ).

For an affine scheme X = Spec A, HHn (X) agrees with the classical group HHn (A)
by [WG, 4.1]. Note that X can have negative Hochschild homology modules (viz.
H n (X, OX ) is a summand of HH−n (X)). However, when X is quasi-compact
and quasi-separated, the argument of 0.5 shows that only finitely many negative
Hochschild modules can be nonzero. For example, HHn (X) = 0 for n < − dim(X)
whenever X is finite-dimensional and noetherian over k [WG, 4.3].
⊗n+1
Although the sheaves Cnh = OX
are not quasi-coherent for n > 0, the following
proposition, which is a paraphrase of part of [WG, 0.4], states that the chain complex C∗h has quasi-coherent homology. To formulate it, let HHn denote the nth sheaf
homology of C∗h . Since sheafification is an exact functor, it commutes with taking
homology. Hence HHn is also the sheafification of the presheaf U 7→ HHn (OX (U )).
Proposition 1.2 [WG, 0.4]. Let X be a scheme over k. Then each HHn is a
quasi-coherent sheaf on X. Moreover, on each affine open U = Spec (A) of X we
have natural isomorphisms
∼
=

HHn (A) −→ H 0 (U, HHn ).
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We now define the cyclic homology of a scheme over k. Recall that the cyclic
homology of A is HC∗ (A) = H∗ (Tot B∗∗ (A)), where B∗∗ (A) denotes Connes’ (B, b)
double complex [C], [L], [W]. Sheafifying B∗∗ yields a double complex of sheaves,
⊗n+1
form a cyclic object in the category
which we write as B∗∗ . Of course, the OX
of sheaves, and B∗∗ is just the associated (b, B) double complex in the category of
sheaves. We define
(1.3)

HCn (X) = H−n (X, Tot B∗∗ ),

where the (product) total chain complex Tot B∗∗ is regarded as a cochain complex
by reindexing in the usual way. We are going to prove that if X = Spec (A) is
affine, then the natural maps HCn (A) → HCn (X) are isomorphisms. The following
calculation shows that HC∗ (X) is an interesting theory, and indicates how one could
reconstruct the Chern character of [C] from the standpoint of algebraic geometry.
Example 1.4 (Beckmann [B]). Let X be projective m-space Pkm, and A the ring
k[t]/(tm+1 ). Then we have


A if ∗ = 0,
A if ∗ is even,
m
m
HH∗ (Pk ) =
HC∗ (Pk ) = HC∗ (k) ⊗ A =
0 if ∗ 6= 0,
0 if ∗ is odd.
The hypercohomology spectral sequence E2pq = H p (X, HH−q ) ⇒ HH−n (X), which
degenerates for X = Pkm , gives the calculation for HH. The calculation of HC
follows from this using the SBI sequence (0.4).
Remark 1.5. We can define λ-operations upon the Hochschild complex C∗h and
Connes’ double complex B∗∗ . The construction is natural enough that λ-operations
are also defined on HH∗ (X) and HC∗ (X). If k contains the rational numbers, and
if X is noetherian and finite-dimensional, these operations induce λ-decomposiQ∞
(i)
tions of the hyperhomology groups, HH∗ (X) = i=0 HH∗ (X) and HC∗ (X) =
Q∞
(i)
i=0 HC∗ (X), with
HHn(0) (X) = HCn(0) (X) = H −n (X, OX ).
We will discuss this decomposition in another paper [W1]. (It is also studied in
[B].)
§2. Agreement for affine schemes
We will make use of the following trick for writing any bounded below chain
complex C∗ as the inverse limit of a natural tower of bounded complexes and
surjective maps. The rth complex in this tower is the “good truncation” τ<r C∗ of
C∗ at level r [W, 1.2.7]. By definition, τ<r C∗ is the quotient complex of C∗ such that
τ<r Cn is Cn when n < r, d(Cr ) when n = r, and is zero when n > r. The adjective
“good” refers to the fact that Hn (τ<r C∗ ) equals Hn (C∗ ) or zero, depending on
whether n < r or n ≥ r. As r varies, the natural surjections τ<r+1 C∗ → τ<r C∗ fit
together into a tower with inverse limit C∗ . When C∗ is bounded below, this is a
tower of bounded complexes.
In particular, C∗h is the inverse limit of its good truncations τ<r C∗h . We shall write
HHn hri for Hn (τ<r C∗h ); by the above remarks, this equals Hn (C∗h ) = HHn if n < r,
and equals zero if n ≥ r. Therefore each τ<r C∗h is a bounded complex with quasicoherent cohomology. We shall also write HHn hri(X) for the hypercohomology
H−n (X, τ<r C∗h ).
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Lemma 2.1. For any affine scheme X = Spec (A) we have

HHn hri(X) =

HHn (A)
0

if n < r,
if n ≥ r.

Proof. Since τ<r C∗h is a bounded complex, the hypercohomology spectral sequence
E2pq = H p (X, H−q (τ<r C∗h )) ⇒ HH−n hri(X) converges. It degenerates, since τ<r C∗h
has quasi-coherent cohomology, to yield HHn hri(X) = H 0 (X, HHn hri). Now (1.2)
applies.
Definition 2.2. Let τq<r B∗∗ (A) denote the double chain complex obtained from
Connes’ (b, B) double complex B∗∗ (A) by applying the good truncation τ<r to each
column. This truncated double complex is nonzero only in the bounded triangular
portion of the plane defined by the equations 0 ≤ p ≤ q, 0 ≤ q ≤ r. The top row of
τq<r B∗∗ (A) looks like:
0←
− b(A⊗n+1 ) ←− b(A⊗n ) ←− · · · ←− b(A⊗2 ) ←
− 0.
B

B

B

We define HCn hri(A) to be the homology of Tot τq<r B∗∗ (A). Since τq<0 B∗∗ (A) =
0, HC∗ h0i(A) = 0. Since τq<1 B∗∗ (A) is A concentrated in degree zero, the first
nonzero truncation is HC0 h1i(A) = A, with HCn h1i(A) = 0 for n 6= 0.
Lemma 2.3.


 HCn (A)
HCn hri(A) = S(HC2r−n (A))


0

if n < r,
if r ≤ n ≤ 2r − 2,
if n > 2r − 2.

Proof. This is clear unless r ≤ n ≤ 2r − 2. In general, the inclusion of the first
column produces a short exact sequence of chain complexes
(2.3.1)

S

0 → τ<r C∗h (A) → Tot τq<r B∗∗ (A) −
→ Tot τq<r−1 B∗∗ (A)[−2] → 0.

The long exact homology sequence yields HCn hri(A) ∼
= HCn−2 hr − 1i(A) for
S
n > r, and HCr hri(A) ∼
→ HCr−2 (A). The result is now straight= image HCr (A) −
forward.
We may sheafify the truncations of 2.2 to form the bounded double chain complex
of sheaves τq<r B∗∗ on X, and define HCn hri(X) = H−n (X, Tot τq<r B∗∗ ).
Lemma 2.4. For any affine scheme X = Spec (A), and for all n and r, we have
HCn hri(A) ∼
= HCn hri(X).
Proof. For each n we have a short exact sequence of complexes of sheaves on X:
(2.4.1)

S

0 → τ<r C∗h → Tot τq<r B∗∗ −
→ Tot τq<r−1 B∗∗ [−2] → 0.
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Taking hypercohomology and comparing to (2.3.1) yields a map of long exact sequences
HCn−1 hr−1i −
→ HHn hri(A) −
→ HCn hri(A) −
→ HCn−2 hr−1i(A) −
→ HHn−1 hri










∼
∼
=y
=y
y
y
y
→ HHn hri(X) −
→ HCn hri(X) −
→ HCn−2 hr−1i(X) −
→ HHn−1 hri
HCn−1 hr−1i −
The terms marked ‘∼
=’ are isomorphisms by Lemma 2.1. We now proceed by induction on r, starting from the trivial case r = 0.
Remark 2.4.2. The case r = 1, n = 0 of this lemma is the isomorphism A ∼
=
H 0 (X, OX ).
Main Theorem 2.5. For any affine scheme X = Spec (A) over k we have
HCn (A) ∼
= HCn (X).
Proof. Tot B∗∗ is the inverse limit of the tower of complexes Tot (τq<r B∗∗ ), and in
each degree n we have Tot (B∗∗ )n = Tot (τq<r B∗∗ )n for all r > n. Thus we can find
Cartan-Eilenberg resolutions Ir∗∗ for the Tot (τq<r B∗∗ ) so that each column Irp∗ in
the tower of double complexes Ir∗∗ is eventually constant. By construction, lim Ir∗∗
←−
is a Cartan-Eilenberg resolution of Tot B∗∗ . By (1.3) and (A.1), HCn (X) is H −n of
ΓTot (lim Ir∗∗ ) = lim ΓTot Ir∗∗ .
←−
←−
Since H −n (ΓTot Ir ) = HCn hri(X), we have an exact sequence for each n (see [W,
3.5.8]):
0 → lim 1 HCn+1 hri(X) → HCn (X) → lim HCn hri(X) → 0.
←−
←−
As r → ∞ the tower {HCn hri(X)} stabilizes at HCn (A) as soon as r > n by 2.3
and 2.4.
Appendix: Hypercohomology
If K ∗ is a cochain complex of sheaves on a site X, the hypercohomology of
K is well known—as long as K ∗ is bounded below or X has finite cohomological dimension [EGA, 0III ]. Unfortunately, that is not the case for many of the
complexes considered in this paper. The point of this appendix is to explain what
hypercohomology is.
Classical homological algebra uses the following definition of hypercohomology
[CE], [EGA, 0III ], [W, 5.7.10]. Because X has enough injective sheaves, we can
form an injective Cartan-Eilenberg resolution I ∗∗ of K ∗ in the sense of [CE, XVII.1],
[EGA, 0III (11.4.2)] or [W, 5.7.9]: there is an augmentation K ∗ → I ∗0 such that the
maps on coboundaries and on cohomology are injective resolutions of B ∗ (K) and
H ∗ (K). The product total complex Tot I ∗∗ is independent of the choice of I up to
chain homotopy equivalence [CE, XVII(1.2)], and so is the product total complex
H(X, K ∗ ) = Γ(Tot I ∗∗ ) = Tot Γ(I ∗∗ ) of the double complex of global sections. We
define the Cartan-Eilenberg hypercohomology of K ∗ to be
∗

(A.1)

Hi (X, K ∗ ) = H i (H(X, K ∗ ) = H i (Γ(Tot I ∗∗ )).
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In this paper we shall use Cartan-Eilenberg hypercohomology. Axiom (0.3) for
our cyclic homology theory follows from Thomason’s Descent Theorem [T, 1.46]
(see [WG, A.5]); if {U, V } is a cover of X, then there is a Mayer-Vietoris sequence
for every complex K ∗ :
· · · Hn (X, K) → Hn (U, K|U ) ⊕ Hn (V, K|V )
→ Hn (U ∩ V, K|U∩V ) → Hn+1 (X, K) · · · .
We can interpret this construction in terms of derived categories. A quasiisomorphism K ∗ → L∗ induces a quasi-isomorphism H(X, K ∗ ) → H(X, L∗ ) by
[WG, A.3]. Therefore the hypercohomology complex induces a well-defined functor
K ∗ 7→ H(X, K ∗ ) from the derived category D(X) of complexes of sheaves of abelian
groups to the derived category D(Ab). By [T, 1.35], H(X, −) is a morphism of
triangulated categories.
Spaltenstein [Sp] and Joyal [Joy1] proved independently that the total right
derived functor RΓ : D(X) → D(Ab) of Γ exists, and the hyper-derived cohomology
of a complex K ∗ is defined by taking its cohomology:
(A.2)

Ri Γ(K ∗ ) = H i (RΓ(K ∗ )).

The universal property of total derived functors yields a unique natural transformation ηK : RΓ(K) → H(X, K) such that Γ(K) → RΓ(K) → H(X, K) is the natural
augmentation Γ(K) → ΓTot (I ∗∗ ) = H(X, K).
If K ∗ is bounded below, or if X has bounded cohomological dimension, it is
well known that ηK : RΓ(K) ∼
= H(X, K). However, Example A.5 below shows
that ηK is not always an isomorphism, because R0 Γ(K) and H0 (X, K) need not be
isomorphic.
Here are some details of the construction of RΓ. Call a complex L∗ (globally)
fibrant if for every acyclic complex A∗ the complex Hom(A∗ , L∗ ) is acyclic. (These
complexes are called “K-injective” in [Sp], and “acyclic-local” in [BN, 2.6].) The
name comes from Joyal’s Theorem [Joy] (see [Jar, 2.7]) that fibrant complexes form
part of a “global” closed model structure on Ch(X) in which the cofibrations are
the degreewise monomorphisms.
More generally, the definition of a fibrant complex makes sense over any abelian
category A. By definition, every acyclic fibrant complex is split exact [W, 2.7.5].
Therefore the (triangulated) category Kf ib (A) of fibrant complexes in A and chain
homotopy classes of maps is its own derived category. When A is the category of
sheaves of abelian groups on a space X, we shall write Kf ib (X) for Kf ib (A).
Joyal and Spaltenstein proved that every complex is quasi-isomorphic to a fibrant
complex. This implies that Kf ib (X) ∼
= D(X). (Use [W, 10.5.9].) In particular,
we can define RΓ by setting RΓ(K ∗ ) = Γ(L∗ ), where L∗ is a fibrant complex
quasi-isomorphic to K ∗ .
The next result shows when “Cartan-Eilenberg” hypercohomology is a hyperderived functor, and clarifies [BN, §2]. Recall that an abelian category is complete
if it has (infinite) products, so that Tot of a double complex exists. We say that
A satisfies axiom (AB4∗ ) if the product of exact sequences is exact. The category
of R-modules satisfies (AB4∗ ) but (as Example A.5 shows) the category of sheaves
on a space X does not.
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Theorem A.3. Let A be any complete abelian category with enough injectives.
Then
(i) The total complex Tot I ∗∗ of any Cartan-Eilenberg resolution is a fibrant complex.
Now suppose that A satisfies axiom (AB4∗ ). Then
(ii) each map K ∗ → Tot I ∗∗ is a quasi-isomorphism;
(iii) D(A) is isomorphic to the category Kf ib (A);
(iv) the total derived functors RF and hyper-derived functors Ri F = H i RF exist
for every additive functor F : A → B. In fact, RF (K ∗ ) is just F (Tot I ∗∗ ).
Proof. Part (ii) is a special case of [W, 3.5.11]—which assumes axiom (AB4∗ )—
since the cohomology of the tower of brutal truncations of I ∗∗ satisfies the MittagLeffler condition. Parts (iii) and (iv) follow from (i), (ii) and [W, 10.5.9], as above.
It remains to prove (i).
Let τ >n K denote the good truncation of K [W, 1.2.7]; it is a quotient of K with
n+1
B
(K) in degree n and 0 in all lower degrees. As with any Cartan-Eilenberg
resolution, the good truncations of the rows I ∗q fit together to form a CartanEilenberg resolution τ p>n I ∗∗ of τ >n K ∗ . Since Tot I is the inverse limit of the
tower Tot τ p>n I, we have
Hom(A, Tot I) = lim Hom(A, Tot τ p>n I).
←−
Now suppose that A∗ is acyclic. As each Tot (τ p>n I) is a bounded below injective
complex, the usual Comparison Theorem for injective complexes [W, 2.3.7] shows
that (a) each Hom(A, Tot τ p>n I) is acyclic, and (b) each Hom(A, Tot τ p>n I) →
Hom(A, Tot τ p>n+1 I) is onto. These facts combine to show that Hom(A, Tot I) is
acyclic.
Remark A.4. Suppose that K ∗ is a complex in which all differentials are zero.
Then we can choose a Cartan-Eilenberg resolution I ∗∗ in which all the horizontal
differentials are zero. If F : A → Ab is additive, then Tot F (I ∗∗ ) is the product of
the
(I p∗ )[p] and the Cartan-Eilenberg hypercohomology of F is H i (Tot F (I ∗∗ )) =
Q Fp+i
R F (K −p ). InQparticular, when A is Sheaves(X), then for such a complex we
have Hi (X, K ∗ ) = H p+i (X, K −p ).
In the absence of axiom (AB4∗ ), the hyper-derived groups Ri F (K ∗ ) will not be
this
Here is an example to show that Ri Γ(K ∗ ) can differ from Hi (X, K) =
Q product.
p+i
−p
H (X, K ).
Example A.5. Let X be the one-point compactification of the disjoint union of
the spheres S n , n = 1, 2, . . . . If we identify each S n with an n-sphere of radius 1/n
about the origin in Hilbert space, then X is the union of the spheres and the origin.
If ιn∗ (Z) denotes the extension by zero of the constant sheaf Z on S n , let K ∗ be the
|n|
negative cochain complex with zero differentials and K n = ι∗ (Z) for n < 0:
K∗ :

0

0

0

··· −
→ ι3∗ (Z) −
→ ι2∗ (Z) −
→ ι1∗ (Z) → 0.
Q
∞
By the previous remark, H0 (X, K) = n=1 H n (S n , Z) 6= 0. Similarly, any neighborhood U of the
Q limit point x contains all but finitely many spheres, so we have
H0 (U, K|U ) = H n (S n ∩ U, Z) 6= 0 and
lim H (U, K|U ) = lim
−→
p→∞
0

U

∞
Y

H n (S n , Z) 6= 0.

n=p
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On the other hand, if L is a fibrant complex which is quasi-isomorphic to K, then
lim R0 Γ(K|U ) = lim H 0 (Γ(U, L)) = H0 (L)x = H0 (K)x = 0.
−→
−→
U

U

Thus for some U we have R0 Γ(K|U ) 6= H0 (U, K|U ).
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