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Abstract. We prove that if a commutative semi-simple Banach algebra A
is the range of a ring homomorphism from a commutative C ∗ -algebra, then
A is C ∗ -equivalent, i.e. there are a commutative C ∗ -algebra B and a bicontinuous algebra isomorphism between A and B. In particular, it is shown
that the group algebras L1 (R), L1 (T) and the disc algebra A(D) are not ring
homomorphic images of C ∗ -algebras.

Introduction
There are many papers that deal with the beautiful theory of the so-called operator ranges. A subspace of a Banach space is said to be an operator range if it
is a continuous linear image of a Banach space (see [Cro, FW] and the references
therein). It turns out that this condition for a subspace is surprisingly strong. To
mention one of the easiest examples which is common in spirit with our results
below, we recall that if a Banach space is the range of a continuous linear operator
from a Hilbert space, then the Banach space in question is in fact linearly homeomorphic to a Hilbert space. Inspired by these investigations of operator ranges, in
our recent paper [Mol] we started to study similar questions concerning the ranges
of ring homomorphisms of certain particular but important Banach algebras. It
has been shown that there do not exist surjective ring homomorphisms between
different p-classes of an infinite-dimensional H ∗ -algebra. As a continuation of that
work, in this present note we prove the following interesting theorem. If a commutative semi-simple Banach algebra A is the range of a (possibly discontinuous) ring
homomorphism from a commutative C ∗ -algebra, then A is C ∗ -equivalent. This
means that in spite of the fact that our transformation is far from preserving such
essential characteristics of a C ∗ -algebra as the involution or the norm, the range
still does not forget its C ∗ -origin.
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The results
Considering the Stone-Weierstrass theorem, our first result, which is fundamental
from the view-point of this paper, may seem to be slightly surprising since although
self-adjointness and closedness are not assumed for a subalgebra of C0 (X), the
Banach algebra of all continuous complex-valued functions on the locally compact
Hausdorff space X vanishing at infinity, our theorem characterizes C0 (X) among its
subalgebras (for other characterizations see the excellent survey [Bur]). We recall
that a subset A of C0 (X) is called separating if for every x, y ∈ X, x 6= y, there
is a function f ∈ A such that f (x) 6= f (y). We say that A vanishes nowhere if for
every x ∈ X there exists an element f of A for which f (x) 6= 0.
Theorem 1. Suppose that X and Y are locally compact Hausdorff spaces. If
Φ : C0 (X) → C0 (Y ) is a ring homomorphism whose range contains a separating
subalgebra of C0 (Y ) which vanishes nowhere, then Φ is a surjective.
Proof. We first show that the kernel ker Φ of Φ is a closed ring ideal of C0 (X). To
prove the closedness, let f0 ∈ ker Φ. Then for an arbitrary f ∈ C0 (X) there exists
an element g ∈ ker Φ such that kf f0 − gk < 1. Let us define
h=

∞
X

(f f0 − g)n ∈ C0 (X).

n=1

We have h(f f0 − g) = h − (f f0 − g) and this implies
Φ(h)Φ(f )Φ(f0 ) = Φ(h) − Φ(f )Φ(f0 ).
In particular, Φ(f )(y)Φ(f0 )(y) 6= 1 for every y ∈ Y . Assume that Φ(f0 ) 6= 0, i.e.
there is a point y0 ∈ Y such that Φ(f0 )(y0 ) 6= 0. The condition posed on the range
of Φ implies that one can choose a function f ∈ C0 (X) with Φ(f )(y0 )Φ(f0 )(y0 ) = 1.
Thus, we obtain Φ(f0 ) = 0.
We now assert that every closed ring ideal of C0 (X) is in fact an algebra ideal
which is a consequence of the existence of an approximating unit. Indeed, let λ ∈ C.
By the Urysohn lemma [Rud, 2.12] we infer that for every compact subset K of
X there is a function fK ∈ C0 (X) such that |fK | ≤ |λ| and fK |K = λ. Since the
net (f fK ) converges uniformly to λf for every f ∈ C0 (X), we have the desired
statement.
Using [FD, 8.9. Proposition] it follows that there is a closed subset F of X such
that
ker Φ = {f ∈ C0 (X) : f |F = 0}.
Our next claim is that Φ can be considered acting on C0 (F ). To show this, we
prove that every continuous function f on the locally compact Hausdorff space F
vanishing at infinity can be extended to an element of C0 (X). Indeed, let X∞ =
X ∪ {∞} be the one-point compactification of X which is a compact Hausdorff
space. If f˜ is defined on F ∪ {∞} as f on F and as 0 at the point ∞, then
f˜ is a continuous function on a closed subset of a normal space. By the Tietze
˜
extension theorem there exists a continuous extension f˜ of f˜ onto the whole space
˜
X∞ . The restriction of f˜ onto X will posess the desired properties. Hence, if we
define Ψ : C0 (F ) → C0 (Y ) by Ψ(f ) = Φ(f˜) where f ∈ C0 (F ) and f˜ ∈ C0 (X) is an
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extension of f , then Ψ is a well-defined injective ring homomorphism whose range
is equal to that of Φ. Consequently, we may and do assume that our Φ given in the
statement of the theorem is injective.
In the following step we show that for every y ∈ Y there exist a point ϕ(y) ∈ X
and a ring automorphism τy of C such that
(1)

Φ(f )(y) = τy (f (ϕ(y)))

(f ∈ C0 (X)).

To this end, let y ∈ Y be fixed for a moment. If Φy : C0 (X) → C denotes the
mapping f 7→ Φ(f )(y), then the condition concerning the range of Φ implies that
Φy is surjective and the argument above shows that ker Φy is a closed algebra ideal
of C0 (X) which is regular in the sense of [FD, 5.9. Definition]. Since C is a simple
ring, we have the maximality of the ideal ker Φy and hence, by [FD, 8.8. Corollary]
there is a point x = ϕ(y) ∈ X such that
ker Φy = Ix = {f ∈ C0 (X) : f (x) = 0}.
Therefore, the kernels of Φy and that of the evaluation map of C0 (X) associated
with the point x are equal. This implies the existence of a ring automorphism τy
of C such that
Φy (f ) = τy (f (x)) = τy (f (ϕ(y)))
holds for every f ∈ C0 (X).
Our next goal is to prove that the function ϕ : Y → X is continuous. Let (yα )
be a net in Y converging to y ∈ Y . Let ϕ(y) ∈ U ⊂ X be an open set and suppose
that f ∈ C0 (X) vanishes on X \ U and f (ϕ(y)) = 1. Since
τyα (f (ϕ(yα ))) = Φ(f )(yα ) → Φ(f )(y) = τy (f (ϕ(y))) = 1,
there is an index α0 such that f (ϕ(yα )) 6= 0, i.e. ϕ(yα ) ∈ U holds for every α ≥ α0 .
This implies ϕ(yα ) → ϕ(y) and we have the continuity of ϕ.
Let us show now that ϕ is injective. Suppose, on the contrary, that there are
y, y 0 ∈ Y such that y 6= y 0 but ϕ(y) = ϕ(y 0 ). It follows from (1) that for every
function f ∈ C0 (X) which vanishes at x = ϕ(y) = ϕ(y 0 ), we obtain Φ(f )(y) =
Φ(f )(y 0 ) = 0. But Φ is a ring isomorphism from C0 (X) onto rng Φ and the ideal
Ix is a maximal ring ideal in C0 (X) which is an easy consequence of the simplicity
of the ring C. Moreover, it is not hard to see that the ideal of rng Φ consisting
of all functions from the range which vanish at y and y 0 is properly contained in
Iy ∩ rng Φ or in Iy0 ∩ rng Φ. Indeed, if there is a g ∈ rng Φ with g(y) = 0 and
g(y 0 ) 6= 0 or with g(y) 6= 0 and g(y 0 ) = 0, then this is obvious. Consequently,
assume that g(y) = 0 or g(y 0 ) = 0 implies g(y) = g(y 0 ) = 0 for every g ∈ rng Φ.
Let h be an element of the separating subalgebra of rng Φ such that h(y) 6= h(y 0 ).
Hence, h(y) 6= 0 and h(y 0 ) 6= 0. Then it is elementary that for every a, b ∈ C the
system of equations
αh(y) + βh2 (y) = a,
αh(y 0 ) + βh2 (y 0 ) = b
can be solved. Now let a = 0 and let b = 1. Since αh + βh2 ∈ rng Φ vanishes
at y and does not equal 0 at y 0 , we obtain the statement. As a consequence, we
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infer that Φ maps a maximal ideal into a nonmaximal one and this is an obvious
contradiction. Thus, we have the injectivity of ϕ.
We next prove that rng ϕ is dense in X. Suppose that there is a point x ∈ X
which does not belong to the closure of rng ϕ. Then by the Urysohn lemma we
have a function f ∈ C0 (X) such that f 6= 0 and f |rng ϕ = 0. Using (1), this implies
that Φ(f ) = 0 which contradicts the injectivity of Φ.
Now our claim is that τy is continuous for all but a finite number of y ∈ Y . To
show this, let (yn ) be a sequence of pairwise different points of Y such that τyn
is discontinuous (we shall briefly say that yn is a point of discontinuity) for every
n ∈ N. Considering a subsequence of (ϕ(yn )) if necessary and using an argument
similar to the proof of the statement concerning the cardinality of a perfect set, we
may assume that every ϕ(yN ) is an isolated point of D = {ϕ(yn ) : n ∈ N}. If τ is a
discontinuous automorphism of C, then τ maps every disc onto an unbounded set
[Kuc, Theorem 2, p. 360]. Consequently, we can choose a sequence (λn ) of complex
numbers converging to 0 such that |τyn (λn )| → ∞. Let us define f : D → C by

f (x) =

λn

if x = ϕ(yn ), n ∈ N,

0

if x ∈ D \ D.

It is easy to see that f ∈ C0 (D) and hence there is an extension f˜ ∈ C0 (X) of f .
Since
Φ(f˜)(yn ) = τyn (f˜(ϕ(yn ))) = τyn (λn )
(n ∈ N)
and the right side is not bounded, we arrive at a contradiction.
Let {y1 , ..., yn } be the set of all points of discontinuity. We assert that y1 , ..., yn
and ϕ(y1 ), ..., ϕ(yn ) are isolated points of Y and X, respectively. To see this,
suppose that (yα ) is a net in R = Y \ {y1 , ..., yn } converging to y1 . It is well known
that there are exactly two continuous automorphisms of C, namely, the identity
and the conjugation [Kuc, Lemma 1, p. 356]. Therefore, by (1) we have
|f (ϕ(yα ))| = |τyα (f (ϕ(yα )))| −→ |τy1 (f (ϕ(y1 )))|
and
|f (ϕ(yα ))| −→ |f (ϕ(y1 ))|
for every f ∈ C0 (X). These imply that |τy1 (λ)| = |λ| holds for every λ ∈ C, i.e. τy1
is continuous which is a contradiction. Thus, y1 is an isolated point of Y . By the
Urysohn lemma there is a function f ∈ C0 (X) such that f (ϕ(yi )) = 1 (i = 1, ..., n).
Then the function y 7→ Φ(f )(y) = τy (f (ϕ(y))) is continuous and vanishing at
infinity. Let us consider it only on the closed set R. Since this restriction also
vanishes at infinity, we have a compact set K ⊂ R such that |f (ϕ(y))| < 1/2
(y ∈ R \ K). Consequently, ϕ(K) is a compact subset of ϕ(R) with the property
that |f (x)| < 1/2 for every x ∈ ϕ(R) \ ϕ(K). This implies that ϕ(y1 ), ..., ϕ(yn ) are
not accumulation points of ϕ(Y ). Using the density of rng ϕ in X we infer that
these points are isolated in X.
Let S = X \ {ϕ(y1 ), ..., ϕ(yn )}. If f ∈ C0 (S), let
Ψ(f )(y) = τy (f (ϕ(y))) (y ∈ R).
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Then there exists an f˜ ∈ C0 (X) such that f˜|S = f and hence Ψ(f ) = Φ(f˜)|R. Since
R is closed in Y , we have Ψ(f ) ∈ C0 (R). The range of Φ contains a subalgebra of
C0 (Y ) which separates the points of Y and vanishes nowhere. Let A denote the
set of the restrictions of the elements of this subalgebra onto R. It is easy to see
that Ψ(f ) = Ψ(f) (f ∈ C0 (S)), i.e. the range of Ψ is self-adjoint. The family of all
functions from rng Ψ which are of the form
X

αi gi +

i

X

βj hj +

j

X

γl gl kl

(gi , hj , kl ∈ A)

l

is a subalgebra satisfying the assumptions of the Stone-Weierstrass theorem. This
implies the density of rng Ψ in C0 (R). Since ϕ(R) is dense in S, we obtain that Ψ
is an isometry and, consequently, we have rng Φ|R = rng Ψ = C0 (R).
Finally, if g ∈ C0 (Y ) is arbitrary and f ∈ C0 (S) is such that Ψ(f ) = g|R, then
let the function f˜ : X → C be defined by

f˜(x) =

τy−1
(g(yi ))
i

if

x = ϕ(yi ) (i = 1, ..., n),

f (x)

if

x ∈ S.

It is easy to see that f˜ ∈ C0 (X) and Φ(f˜) = g. This completes the proof.



Using the language of Banach algebras we can reformulate the statement of the
previous theorem in the following way.
Theorem 2. Let A be a commutative C*-algebra and let B be a commutative semisimple Banach algebra. If Φ : A → B is a ring homomorphism whose range contains
a dense subalgebra of B, then Φ is surjective and B is C*-equivalent.
Proof. Let Â and B̂ be the structure spaces of A and B, respectively, and let GA
and GB denote the corresponding Gelfand representations. Then Ψ = GB ◦ Φ ◦
GA −1 is a ring homomorphism from C0 (Â) into C0 (B̂). Clearly, rng Ψ contains a
dense subalgebra. Since the range of the Gelfand representation is separating and
vanishing nowhere, the same holds for its subalgebra in question. Now, Theorem
1 implies that Ψ is surjective and then the same holds for Φ as well. Finally, the
continuity of the Gelfand representation and the Banach theorem on the bounded
inverse yield the C ∗ -equivalence of B to C0 (B̂).

As an application of the results above we prove the following corollary.
Corollary. The group algebras L1 (R), L1 (T) and the disc algebra A(D) are not
ring homomorphic images of commutative C ∗ -algebras.
Proof. Examining the proof of our Theorem 2 we obtain that it is sufficient to
prove that the Gelfand representations of these Banach algebras are not surjective.
But this is a consequence of the Gelfand theory and the well-known results [Rud,
Chapter 9, Exercise 2], [Rud, 5.15 Theorem] and [Pal, 3.2.13].

To conclude the paper, we note that in the light of Cuntz’s fundamental theorem
on locally C ∗ -equivalent algebras [Cun], it would also be interesting to study the
noncommutative counterparts of our Theorem 2.
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