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Abstract. Let I1, . . . , Ig be ideals of the commutative ring R, let M be
a Noetherian R-module and let N be a submodule of M ; also let A be an
Artinian R-module and let B be a submodule of A. It is shown that, when-
ever (am (1) , . . . , am (g))m∈N is a sequence of g-tuples of non-negative integers
which is non-decreasing in the sense that ai (j) ≤ ai+1 (j) for all j = 1, . . . , g

and all i ∈ N, then AssR

(
M/I

an(1)
1 . . . I

an(g)
g N

)
is independent of n for all

large n, and also AttR

(
B :A I

an(1)
1 . . . I

an(g)
g

)
is independent of n for all large

n. These results are proved without any regularity conditions on the ideals
I1, . . . , Ig, and so (a special case of) the first answers in the affirmative a
question raised by S. McAdam.

0. Introduction

Let R be a commutative ring (with identity) and I be an ideal of R. In [Ra] L.
J. Ratliff, Jr., conjectured about the asymptotic behaviour of AssR (R/In) when
R is a Noetherian domain. Subsequently, M. Brodmann [B] showed that if R
is Noetherian and M is a finitely generated R-module, then AssR (M/InM) is
ultimately constant for large n ∈ N. (We use N0 (respectively N) to denote the set
of non-negative (respectively positive) integers.) It is a very easy consequence of
Brodmann’s result that the same conclusion holds if we relax the hypotheses and
assume only that R is a commutative ring and M is a Noetherian R-module. In [S1,
Theorem 3.1(iii)] the second author proved that if A is an Artinian R-module, then
AttR (0 :A I

n) is ultimately constant for large n; in a sense, this can be regarded as a
dual of Brodmann’s result. More recently in [Ru, Theorem 5.5] D. E. Rush further
expanded upon this by showing that if N is an R-submodule of the Noetherian
R-module M , then AssR (M/InN) is ultimately constant for large n ∈ N, and if B
is an R-submodule of the Artinian R-module A, then AttR (B :A I

n) is ultimately
constant for large n ∈ N.

On a different course of investigation, D. Katz, S. McAdam and L. J. Ratliff,
Jr., have shown in [K-M-R, Corollary 1.8(c)] that if R is Noetherian, I1, . . . , Ig
are regular ideals of R, and (am (1) , . . . , am (g))m∈N is a sequence of g-tuples of
non-negative integers which is non-decreasing in the sense that ai (j) ≤ ai+1 (j) for
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1704 A. K. KINGSBURY AND R. Y. SHARP

all j = 1, . . . , g and all i ∈ N, then AssR
(
R/I

an(1)
1 . . . I

an(g)
g

)
is independent of n

for all large n. Further in [Mc, 13.5(i)] S. McAdam put forward the question: “Can
we drop the assumption that I1, . . . , Ig are regular”; one of the main results of this
paper is an affirmative answer to this question.

This paper is concerned with what might be considered a natural generalisation
of the above-mentioned result of Katz, McAdam and Ratliff. Let I1, . . . , Ig be ideals
of R and let (am (1) , . . . , am (g))m∈N be a sequence of g-tuples of non-negative
integers which is non-decreasing. We shall show that if N is a submodule of the
Noetherian R-module M and B is a submodule of the Artinian R-module A, then

AssR
(
M/I

an(1)
1 . . . I

an(g)
g N

)
and AttR

(
B :A I

an(1)
1 . . . I

an(g)
g

)
are both ultimately

constant for large n. We shall use techniques similar to those employed by Katz,
McAdam and Ratliff to establish the first result when R is Noetherian, M is finitely
generated and the ideals satisfy some regularity conditions. Then we shall extend
the result to the general case by use of the Artin-Rees Lemma. In Section 2, we shall
use Matlis duality and techniques investigated by the second author in [S3], which
allow an Artinian module over a commutative ring to be considered as a faithful
Artinian module over a complete semi-local Noetherian ring, to prove the second
result. (Throughout this paper whenever we describe a semi-local Noetherian ring
as “complete”, we shall always mean it is complete with respect to the topology
defined by its Jacobson radical.)

1. Associated prime ideals

1.1 Notation. Throughout this paper R will denote a commutative ring (with iden-

tity). For a fixed positive integer j, we shall denote by Nj0 the set of all j-tuples
of non-negative integers. Throughout, let g be a fixed positive integer, and let
I1, . . . , Ig be ideals of R; and for n = (n1, . . . , ng) ∈ Ng0 we shall denote In1

1 . . . I
ng
g

by In. Let j ∈ N. For n ∈ Nj0 we define n (i) to be the ith component of n

(1 ≤ i ≤ j). Thus for n,m ∈ Nj0, by n ≤ m (respectively n < m) we mean
n (i) ≤ m (i) (respectively n (i) < m (i)) for all 1 ≤ i ≤ j. Addition, and mul-

tiplication by elements of N0, are defined on Nj0 in the obvious ways. We denote by
Zj the set of all j-tuples of integers, defining operations involving elements of Zj in
a similar fashion as for Nj0, with the convention that if z (i) < 0 for some 1 ≤ i ≤ j,
then we take I

z(i)
i to be R.

1.2 Lemma. Let R be a Noetherian ring, let M be a finitely generated R-module
and let N be a submodule of M . Then the set

⋃
n∈Ng

0
AssR (M/InN) is finite.

Proof. For z = (z1, . . . , zg) ∈ Zg we shall denote tz1
1 . . . t

zg
g by tz. Let R denote

R[I1t1, . . . , Igtg, t
−1
1 , . . . , t−1

g ], the extended Rees ring of I1, . . . , Ig. We denote

R[t1, . . . , tg, t
−1
1 , . . . , t−1

g ] ⊗R M by M [t1, . . . , tg, t
−1
1 , . . . , t−1

g ] and denote its ele-
ment tz ⊗ m (for z ∈ Zg and m ∈ M) by mtz. Let M denote

⊕
z∈Zg I

zMtz,

a Zg-graded R-submodule of M [t1, . . . , tg, t
−1
1 , . . . , t−1

g ]. Similarly let N denote⊕
z∈Zg I

zNtz, a Zg-graded R-submodule of M. Let n ∈ Ng0. It is clear that t−nN
is a homogeneous R-submodule of M with the (0, . . . , 0)-th component InN . Hence

AssR (M/InN) ⊆ {P ∩R : P ∈ AssR

(
M/t−nN

)
}.
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There are three possibilities for n: we have (i) n = 0, or (ii) t−n = t−1
i for some

1 ≤ i ≤ g, or (iii) there exists k ∈ N with 1 ≤ k ≤ g such that n (k) 6= 0 and

t−n = t−1
k t−n

′
for some 0 6= n′ ∈ Ng0. Then since t−1

k is a non-zerodivisor on M,
there is an exact sequence

0 −→M/t−n
′
N −→M/t−1

k t−n
′
N −→M/t−1

k M −→ 0,

and so
AssR

(
M/t−nN

)
⊆ AssR

(
M/t−1

k M
)
∪AssR

(
M/t−n

′
N

)
.

Repetition of this argument shows that, in cases (ii) or (iii),

AssR

(
M/t−nN

)
⊆

⋃
1≤k≤g

(
AssR

(
M/t−1

k M
)
∪AssR

(
M/t−1

k N
))
.

Hence ⋃
n∈Ng0

AssR (M/InN) ⊆

P ∩R : P ∈
⋃
n∈Ng0

AssR

(
M/t−nN

)
⊆
{

P ∩R : P ∈
( ⋃

1≤k≤g

(
AssR

(
M/t−1

k M
)
∪AssR

(
M/t−1

k N
))⋃

AssR (M/N)

)}
,

which clearly is a finite set. �
1.3 Lemma. Let R be a Noetherian ring and let M be a finitely generated R-
module. Let h be a fixed positive integer and let J1, . . . , Jh be ideals of R. Let Jn,
for n ∈ Nh0 , be defined in a similar fashion to In

′
, for n′ ∈ Ng0, in 1.1. Also for

fixed i, we define Ks for s ∈ Nh−1
0 to be J

s(1)
1 . . . J

s(i−1)
i−1 J

s(i)
i+1 . . . J

s(h−1)
h .

(i) For each i, with 1 ≤ i ≤ h, if Ji is M -regular, then there exists ci ∈ N0 such

that
(
Jdi+ei KsM :M Jei

)
= Jdii K

sM for all s ∈ Nh−1
0 , di, e ∈ N0 with di > ci.

(ii) Let H be an ideal of R and suppose that J1, . . . , Jh are M -regular. Then
there exists t ∈ Nh0 such that (Jn+mHM :M Jm) = JnHM for all n,m ∈ Nh0 with
n > t.

Proof. (i) We may clearly assume that M 6= 0 (and Ji 6= 0). Let

M = m1R+ . . .+mrR.

Fix i ∈ N with 1 ≤ i ≤ h, and assume that Ji is M -regular. Then there exist M -
regular elements a1, . . . , at ∈ R such that Ji = a1R+ . . .+atR. For j = 1, . . . , t, let
Sj = {arj : r ∈ N0}, and let N,L be the R-submodules of S−1

1 M⊕ . . .⊕S−1
t M given

by N = {(m/1, . . . ,m/1) : m ∈ M} and L = {(m′1/a1, . . . ,m
′
t/at) : m′1, . . . ,m

′
t ∈

M}. Clearly N ⊆ L, and L is finitely generated. Define φ : M → N by φ (m) =
(m/1, . . . ,m/1) for all m ∈M , so that φ is an isomorphism. Now

JnL ∩N = {(m/1, . . . ,m/1) : m ∈M,ajm/aj = lj/aj with lj ∈ JnM for all
j = 1, . . . , t}

= {(m/1, . . . ,m/1) : m ∈M,Jim ⊆ JnM}
= φ ((JnM :M Ji))
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1706 A. K. KINGSBURY AND R. Y. SHARP

for all n ∈ Nh0 . Thus by [K-M-R, Proposition 1.4], there exists ci ∈ N0 such that

φ
((
Jdi+fi KsM :M Ji

))
= Jdi+fi KsL ∩N

= Jfi

(
Jdii K

sL ∩N
)

= φ
(
Jfi

(
Jdii K

sM :M Ji
))

⊆ φ
(
Jdi+f−1
i KsM

)
for all s ∈ Nh−1

0 , di, f ∈ N0 with di > ci and f ≥ 1. Let e ∈ N0 with e ≥ 1 and

x ∈
(
Jdi+ei KsM : Jei

)
for some di > ci. Then xJei ⊆ Jdi+ei KsM , so xJe−1

i ⊆(
Jdi+ei KsM :M Ji

)
⊆ Jdi+e−1

i KsM , and continuing inductively in this manner

we get x ∈ Jdii K
sM . Hence

(
Jdi+ei KsM :M Jei

)
= Jdii K

sM for all s ∈ Nh−1
0 ,

di, e ∈ N0 with di > ci, as required.
(ii) This follows easily by repeated application of the first part. �

1.4 Theorem. Let R be a Noetherian ring and let M be a finitely generated R-
module.

(i) Let (am)m∈N be a sequence in Ng0 with ai ≤ ai+1 for all i ∈ N. Assume that
Ii is M -regular for each i with 1 ≤ i ≤ g such that {aj (i) : j ∈ N} is infinite. Then
AssR (M/IamM) is ultimately constant for large m.

(ii) Furthermore, if Ii is M -regular for all i = 1, . . . , g, then there exists d ∈ Ng
such that AssR (M/InM) is independent of n for all n ≥ d.

Proof. (i) If {aj (i) : j ∈ N} is finite for all i = 1, . . . , g, then the result is clear.
Therefore we suppose this is not the case and we may reorder the ideals so that for
some q ∈ N with 1 ≤ q ≤ g, {aj (i) : j ∈ N} is infinite for 1 ≤ i ≤ q, and finite for

q < i ≤ g. Define bm := (am (1) , . . . , am (q)) ∈ Nq0 and denote I
bm(1)
1 . . . I

bm(q)
q by

Jbm for all m ∈ N. Then there exists an ideal H of R such that Iam = JbmH for all
sufficiently large m, and it suffices to show that AssR

(
M/JbmHM

)
is ultimately

constant for large m.
Now by 1.3, for all sufficiently large m, JbmHM =

(
Jbm+1HM :M Jbm+1−bm

)
.

Let P ∈ AssR
(
M/JbmHM

)
for such an m, so that P =

(
0 :R x+ JbmHM

)
for

some x ∈ M\JbmHM . It follows that r ∈
(
0 :R x+ JbmHM

)
if and only if r ∈(

0 :R
(
Jbm+1−bmx+ Jbm+1HM

)
/Jbm+1HM

)
, and so P ∈ AssR

(
M/Jbm+1HM

)
.

Now by 1.2,⋃
m∈N

AssR
(
M/JbmHM

)
⊆
⋃
n∈Nq0

AssR

(
M/I

n(1)
1 . . . In(q)

q HM
)

is finite, and hence it follows that AssR (M/IamM) is ultimately constant for large
m.

(ii) By 1.3(ii), there exists k ∈ Ng0 such that InM = (In+mM :M Im) for all

n,m ∈ Ng0 with n > k. Let s′ ≥ t′ > k and let P ∈ AssR
(
M/It

′
M
)

, so that

P =
(

0 :R x+ It
′
M
)

for some x ∈M\It′M . It follows that r ∈
(

0 :R x+ It
′
M
)

if

and only if r ∈
(

0 :R

(
Is
′−t′x+ Is

′
M
)
/Is

′
M
)

, and so P ∈ AssR

(
M/Is

′
M
)

.
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For each j ∈ N, let nj = (j, . . . , j) ∈ Ng. Then, by part (i), there exists l ∈ N
such that

AssR (M/InlM) = AssR (M/Inl+iM) for all i ∈ N.

Let c = max{l, k (1) + 1, . . . , k (g) + 1} and define d := nc. Let s ∈ Ng with
s ≥ d. Then there exists r ∈ N such that rd ≥ s, and hence, since d > k,

AssR
(
M/IdM

)
⊆ AssR (M/IsM) ⊆ AssR

(
M/IrdM

)
= AssR

(
M/IdM

)
. �

In the next theorem, there is no ‘regularity’ assumption on the ideals I1, . . . , Ig.
Thus the particular case of the theorem in which M = R answers in the affirmative
a question raised by McAdam in [Mc, 13.5(i)].

1.5 Theorem. Let R be a Noetherian ring, let M be a finitely generated R-module
and let N be a submodule of M .

(i) Let (am)m∈N be a sequence in Ng0 with ai ≤ ai+1 for all i ∈ N. Then
AssR (M/IamN) is ultimately constant for large m.

(ii) Furthermore, there exists d ∈ Ng such that AssR (M/InN) is independent of
n for all n ≥ d.

Proof. (i) The result is obvious if {aj (i) : j ∈ N} is finite for all 1 ≤ i ≤ g. Hence we
shall assume this is not the case and we may reorder the ideals so that there exists
q ∈ N with 1 ≤ q ≤ g such that {aj (i) : j ∈ N} is infinite for 1 ≤ i ≤ q and finite for

q < i ≤ g. Define bm := (am (1) , . . . , am (q)) ∈ Nq0 and denote I
bm(1)
1 . . . I

bm(q)
q by

Jbm for all m ∈ N. Then there exists an ideal K of R such that Iam = JbmK for all
m ≥ l, say, and it suffices to show that AssR

(
M/JbmKN

)
is ultimately constant

for large m.
By applying the Artin-Rees Lemma to (0 :N Ii) ⊆ N , we see that, for each

i = 1, . . . , q, there exists hi ∈ N0 such that(
0 :

I
hi+1
i

N
Ii
)

= Ihi+1
i N ∩ (0 :N Ii) = Ii

(
Ihii N ∩ (0 :N Ii)

)
= 0.

Let L = Ih1+1
1 . . . I

hq+1
q K. Then, for each i = 1, . . . , q, we have (0 :LN Ii) = 0, so

that Ii is LN -regular.
Now there exists l′ ∈ N with l′ ≥ l such that bm (i) ≥ hi + 1 for all m ≥ l′ and

1 ≤ i ≤ q. Then for m ≥ l′ we define

cm := (bm (1)− h1 − 1, . . . , bm (q)− hq − 1) ∈ Nq0,

and Jcm in a way similar to Jbm . Then Iam = JcmL for all m ≥ l′. Now for all
m ≥ l′, there is an exact sequence

0 −→ JcmLN/Jcm+1LN −→M/Iam+1N −→M/IamN −→ 0,

and so

(*) AssR (M/Iam+1N) ⊆ AssR (JcmLN/Jcm+1LN) ∪AssR (M/IamN) .
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By 1.4(i), we know that AssR ((LN) /Jcm+1 (LN)) is ultimately constant for large
m. Thus for all sufficiently large m,

AssR (JcmLN/Jcm+1LN) ⊆ AssR (LN/Jcm+1LN) = AssR (LN/JcmLN)

⊆ AssR (M/IamN) ,

so that, by (∗),
AssR (M/Iam+1N) ⊆ AssR (M/IamN) .

Hence AssR (M/IamN) is ultimately constant for large m.
(ii) For each j ∈ N, let nj = (j, . . . , j) ∈ Ng. Then by part (i), there exists k ∈ N

such that

AssR (M/InkN) = AssR (M/Ink+iN) for all i ∈ N.
As in the proof of part (i), we can apply the Artin-Rees Lemma to (0 :N Ii) ⊆ N

to see that, for each i = 1, . . . , g, there exists xi ∈ N0 such that
(

0 :
I
xi+1
i

N
Ii
)

= 0.

Let y = max{x1, . . . , xg}+ 1, and let v = ny. Then, for each i = 1, . . . , g, we have
(0 :IvN Ii) = 0, so that Ii is IvN -regular. Thus by 1.4(ii), there exists c ∈ Ng0 such
that

AssR (IvN/IaIvN) = AssR (IvN/IcIvN)

for all a ∈ Ng0 with a ≥ c.
Let w = max{k, c (1) + y, . . . , c (g) + y}. Define d := nw, and let s, t ∈ Ng with

s ≥ t ≥ d. Then there is an exact sequence

0 −→ ItN/IsN −→M/IsN −→M/ItN −→ 0,

and so
AssR (M/IsN) ⊆ AssR

(
ItN/IsN

)
∪AssR

(
M/ItN

)
.

Now since s− v ≥ t− v ≥ d− v ≥ c,
AssR

(
ItN/IsN

)
⊆ AssR

(
IvN/Is−vIvN

)
= AssR

(
IvN/It−vIvN

)
⊆ AssR

(
M/ItN

)
.

Therefore AssR (M/IsN) ⊆ AssR (M/ItN). Clearly for any u ∈ Ng with u ≥ d
there exists e ∈ N such that ed ≥ u, and hence

AssR
(
M/IdN

)
= AssR

(
M/IedN

)
⊆ AssR (M/IuN) ⊆ AssR

(
M/IdN

)
. �

1.6 Theorem. Let R be a commutative ring (not necessarily Noetherian), let M
be a Noetherian R-module and let N be a submodule of M .

(i) Let (am)m∈N be a sequence in Ng0 with ai ≤ ai+1 for all i ∈ N. Then
AssR (M/IamN) is ultimately constant for large m.

(ii) Furthermore, there exists d ∈ Ng such that AssR (M/InN) is independent of
n for all n ≥ d.

Proof. Clearly M has a natural structure as an R/ (0 :R M)-module with the same
submodule structure as the R-module, and so is still Noetherian. Let b ∈ Ng0. Since
(0 :R M) ⊆

(
0 :R M/IbN

)
, M/IbN is a Noetherian R/ (0 :R M)-module. Let φ :

R −→ R/ (0 :R M) be the natural homomorphism, and φ∗ : Spec (R/ (0 :R M)) −→
Spec (R) be the induced map. Then by [Ru, Theorem 5.2(i)], we see that

AssR
(
M/IbN

)
= φ∗

(
AssR/(0:RM)

(
M/IbN

))
.

Hence since R/ (0 :R M) is a Noetherian ring the results follow from 1.5. �
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2. Attached prime ideals

2.1 Matlis duality. The classical duality originally developed by Matlis (see [Ma,
Section 4]) dealt with a complete Noetherian local ring; it can, in fact, also be
applied to a complete Noetherian semi-local ring (see [S-T, 3.5]). We shall be
making substantial use of this theory, and so we shall include a summary for the
reader. Let R be a complete semi-local Noetherian ring, and let m1, . . . ,mn be the
distinct maximal ideals of R. Set S :=

⊕n
j=1R/mj and E := E (S), the injective

envelope of S. We shall use D to denote the additive, exact, R-linear [N, p.35]
functor HomR (−, E) from the category of all R-modules and R-homomorphisms to
itself. For each R-module T , let

µT : T −→ DD (T ) = HomR (HomR (T,E) , E)

be the natural R-homomorphism for which (µT (x)) (f) = f (x) for all x ∈ T and
f ∈ HomR (T,E).

Then Matlis duality states (among other things) that, whenever M is a finitely
generated R-module, µM : M −→ DD (M) is an isomorphism and D (M) is an
Artinian R-module, and whenever A is an Artinian R-module, µA : A −→ DD (A)
is an isomorphism and D (A) is a Noetherian R-module.

2.2 Lemma. Let the situation be as in 2.1. Let A be an Artinian R-module, let B
be a submodule of A and let M := D (A). Then there exists a submodule N of M
such that the sets AssR (M/JN) and AttR (B :A J) are equal for all ideals J of R.

Proof. The argument of [S2, Corollary 2.7(ii)] can be extended to this case to show
that, whenever M ′ is a Noetherian R-module, then AttR (D (M ′)) = AssR (M ′).

We know from Matlis duality that there exists a Noetherian R-module L and an

isomorphism ψ : D (L)
∼=−→ A/B. It is easily shown that

0 −→ (0 :A/B J)
β−→ A/B

D(i)◦ψ−1

−−−−−−→ D (JL) −→ 0

is an exact sequence, where β is the inclusion map and i is the inclusion map of JL
into L. It follows from this that

0 −→ J (D (A/B))
π−→ D (A/B)

D(β)−−−→ D (0 :A/B J) −→ 0

is an exact sequence, where

π = D (ψ)
−1 ◦DD (i) ◦ µJL ◦ µ−1

L
|
J(DD(L))

◦D (ψ) |
J(D(A/B))

.

Hence from the commutative diagrams

JL
i−−−−→ L J (D (A/B))

D(ψ)|−−−−→
∼=

J (DD (L))

∼=
yµJL ∼=

yµL ⊆
y ⊆

y
DD (JL)

DD(i)−−−−→ DD (L) D (A/B)
D(ψ)−−−−→
∼=

DD (L)
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1710 A. K. KINGSBURY AND R. Y. SHARP

we see that π is just inclusion, and so Ker (D (β)) = J (D (A/B)). Therefore,
applying the Snake Lemma to the commutative diagram

0 −−−−→ D (A/B)
D(σ)−−−−→ D (A) −−−−→ D (B) −−−−→ 0yD(β)

yD(α)

∥∥∥
0 −−−−→ D (0 :A/B J) −−−−→ D (B :A J) −−−−→ D (B) −−−−→ 0,y y

0 0

where α is the inclusion map of (B :A J) into A and σ : A −→ A/B is the canonical
epimorphism, we obtain Ker (D (α)) = J (D (σ) (D (A/B))).

Hence D (B :A J) ∼= M/JN where N := (D (σ) (D (A/B))) and therefore, since
the choice of N is not dependent upon J , the proof is finished. �

2.3 Theorem. Let R be a complete semi-local Noetherian ring, let A be an Artinian
R-module and let B be a submodule of A.

(i) Let (am)m∈N be a sequence in Ng0 with ai ≤ ai+1 for all i ∈ N. Then
AttR (B :A I

am) is ultimately constant for large m.
(ii) Furthermore, there exists d ∈ Ng such that AttR (B :A I

n) is independent of
n for all n ≥ d.

Proof. This follows from 2.1, 2.2 and 1.6. �

2.4 Note. (i) Here we shall outline some results concerning Artinian modules; for
further details see [S3, Theorem 3.2]. Let A be a non-zero Artinian module over
the commutative ring R. There exist only finitely many maximal ideals m of R for
which Soc(A) has a submodule isomorphic to R/m: let the distinct such maximal
ideals be m1, . . . ,ms. Set J :=

⋂s
i=1 mi and

R̂(J) := lim←−
n

R/Jn,

the J-adic completion of R. Then A has a natural structure as a module over
R̂(J), and the ring R′ := R̂(J)/ (0 :R̂(J) A) is a complete semi-local commutative
Noetherian ring. Also the module A is a faithful Artinian module overR′; moreover,
a subset of A is an R-submodule if and only if it is an R′-submodule.

(ii) Let φ : R −→ R′ be the natural map and let r ∈ R. Then the multiplication
by r on A has the same effect as multiplication by φ (r) on A (see [S3, 2.2]).

2.5 Theorem. Let R be a commutative ring (not necessarily Noetherian), let A be
an Artinian R-module and let B be a submodule of A.

(i) Let (am)m∈N be a sequence in Ng0 with ai ≤ ai+1 for all i ∈ N. Then
AttR (B :A I

am) is ultimately constant for large m.
(ii) Furthermore, there exists d ∈ Ng such that AttR (B :A I

n) is independent of
n for all n ≥ d.

Proof. If A = 0 the result is clear, and so we may assume that A 6= 0. Let the
notation be as in 2.4. Let φ : R −→ R′ be the natural map and, for an ideal K of
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R, let Ke denote the extension of K to R′ under φ. Let φ∗ : Spec (R′) −→ Spec (R)
be the induced map. Then, by [Ru, Theorem 5.2(ii)], we see that

AttR (B :A I
n) = φ∗ (AttR′ (B :A I

n)) for all n ∈ Ng0,

and so it suffices to show that (i) AttR′ ((B :A I
am)) is ultimately constant for large

m, and (ii) there exists d ∈ Ng such that AttR′ (B :A I
n) is independent of n for all

n ≥ d. Let (Ie)
n

denote (Ie1 )
n(1)

. . .
(
Ieg
)n(g)

for all n ∈ Ng0. Then using the natural
structure of A as an R′-module we see from 2.4(ii) that

(B :A I
n) = (B :A (In)

e
) = (B :A (Ie)

n
)

for all n ∈ Ng0. Hence the results follow from 2.4(i) and 2.3. �
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