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(Communicated by Palle E. T. Jorgensen)

Abstract. We introduce a new algebraic invariant χa(M,N) of a subfactor
N ⊂ M . We show that this is an abelian group and that if the subfactor is
strongly amenable, then the group coincides with the relative Connes invariant
χ(M,N) introduced by Y. Kawahigashi. We also show that this group is

contained in the center of Out(M,N) in many interesting examples such as
quantum SU(n)k subfactors with level k (k ≥ n+1), but not always contained
in the center. We also discuss its relation to the most general setting of the
orbifold construction for subfactors.

§0. Introduction

Recently Y. Kawahigashi introduced the relative Connes invariant

χ(M,N) =
Ct(M,N) ∩ Int(M,N)

Int(M,N)

for subfactors in [Ka3], where Ct(M,N) and Int(M,N) denote classes of cen-
trally trivial and approximately inner automorphisms of the subfactor respectively.
S. Popa [P1], [P2] has shown that the central triviality of automorphisms of strongly
amenable subfactors of type II1 in the sense of [P3] is equivalent to their non-strong
outerness. (Popa uses the terminology “proper outerness” instead of “strong out-
erness”.) It has been known by P. H. Loi [L] that the approximate innerness of
an automorphism of a strongly amenable subfactor of type II1 is characterized by
triviality of his invariant [L]. These facts show that we can generalize this rela-
tive Connes invariant to properly infinite subfactors. In this paper we introduce
a new algebraic invariant of a subfactor N ⊂ M . It is the intersection of the sets
of non-strongly outer automorphisms and automorphisms with trivial Loi invariant
modulo inner automorphisms arising from the normalizers. We define

χa(M,N) =
Ψ(M,N) ∩Ker Φ(M,N)

Ad N (M,N)
,

where we denote the set of non-strongly outer automorphisms on the subfactor
by Ψ(M,N), the map assigning Loi’s invariant by Φ and the set of normalizers
of N in M , i.e., {u ∈ U(M)| uNu∗ = N } by N (M,N). Note that we define
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this invariant modulo inner automorphisms arising from the normalizers instead of
inner automorphisms in N . This is because we think that it is more natural when
we think of the orbifold construction. For example, in the case of subfactors of an
AFD II1 factor M arising from an outer action of Zn on this factor, χ(M,MZn)
becomes Zn⊕Zn as in [Ka3], that is, the double of the acting group because of the
normalizers. We think this is not natural when we consider the orbifold actions on
subfactors. So we use normalizers instead of U(N).

We show that this invariant χa(M,N) is always an abelian group and that if the
subfactor is strongly amenable, then the group coincides with the relative Connes
invariant χ(M,N) introduced in [Ka3]. We also show that this group is contained
in the center of Out(M,N) in many interesting examples, but not always contained
in the center. We also discuss its relation to the most general setting of the orbifold
construction for subfactors.

In this paper we mainly deal with type II1 subfactors for simplicity. But the same
method also works for properly infinite subfactors, if we use the general bimodule
theory as in [Y1] and [Y2].

The author is grateful to Professor Y. Kawahigashi for many fruitful discussions
and constant encouragement.

§1. Triviality of Loi’s invariant

In this section we give a necessary condition for the triviality of Loi’s invariant in
terms of bimodules. We refer the readers to [L] for more details on Loi’s invariant
of automorphisms on subfactors.

Let N ⊂ M be a pair of factors of type II1 with finite index. And let E be the
trace preserving conditional expectation from M onto N . (We can also work on
properly infinite subfactors. In such a case, we take this conditional expectation
E to be minimal.) Let β be an automorphism in Aut(M,N), then the condition
β ◦E = E ◦β is automatically satisfied because of the uniqueness of the conditional
expectation E with respect to the trace. In this case we can extend β uniquely to
the kth Jones extension algebra Mk of the subfactor N ⊂ M so that β(ek) = ek.
Here ek is the kth Jones projection. (See [L],[Ka1].) We write the extension of β
to the Mk with the same symbol β.

Furthermore β induces a unitary operator on the Hilbert space L2(Mk) which
is the completion of Mk with respect to the trace. We denote this operator by
β̃. In this paper we use the following notation. Let AXB be an A-B bimodule,
α ∈ AutA and β ∈ AutB, then we define another A-B bimodule αX = A(αX)B
(resp. Xβ = A(Xβ)B) by

a · x′ · b ≡ α(a)xb, for a ∈ A, b ∈ B, x′ ∈ αX, x ∈ X
(resp. a · x′ · b ≡ axβ(b), for a ∈ A, b ∈ B, x′ ∈ Xβ , x ∈ X),

where x=x′ as an element of the Hilbert space X .
Now we have the following lemma which is easily obtained.

Lemma 1.1. Let N ⊂M be a pair of factors of type II1 with finite index, β an au-
tomorphism of the subfactor N ⊂M , and AXB an irreducible bimodule contained in

A(Mk)B . Then an irreducible bimodule A(β̃(X))B appears in the irreducible decom-
position of A(Mk)B. Moreover, let ξ be an intertwiner between the two bimodules

A(Mk)B and AXB, then we get β ◦ ξ′ ◦β−1 ∈ Hom(A(Mk)B ,A(β̃(X))B) induced by
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the action of an automorphism β, where ξ′ is the intertwiner obtained from ξ by
changing the right and left actions via β−1. Here A and B are factors M or N .

Proof. We have only to prove in the case of A = B = M , because the other cases are
proved similarly. From the assumption that MXM be an irreducible bimodule with

MXM ⊂ M(Mk)M , there exists a non-zero intertwiner ξ ∈ Hom(M (Mk)M ,MXM).
If we change the right and the left actions of these bimodules via β−1, we get
another intertwiner ξ′ ∈ Hom(M (β−1(Mk)β−1)M ,M(β−1Xβ−1)M ). The automor-
phism β induces a unitary operator between the two bimodules M (β−1(Mk)β−1)M
and M(Mk)M and also between the two bimodules M (β−1Xβ−1)M and M (β̃(X))M .
Thus we get the following three intertwiners:

ξ′ ∈ Hom(M (β−1Mkβ−1)M ,M (β−1Xβ−1)M ),

β ∈ Hom(M (β−1Mkβ−1)M ,M (Mk)M),

β ∈ Hom(M (β−1Xβ−1)M ,M (β̃(X))M ).

Here we use the same notation β for the above two intertwiners induced by the
automorphism β. We compose these intertwiners and obtain the following non-zero
intertwiner:

β ◦ ξ′ ◦ β−1 ∈ Hom(M (Mk)M ,M (β̃(X))M).

So the bimodule M (β̃(X))M appears in the irreducible decomposition of M (Mk)M .

And the irreducibility of M (β̃(X))M is easy.

The next proposition gives a necessary condition for the triviality of Loi’s invari-
ant of automorphisms on subfactors in terms of bimodules.

Proposition 1.2. Let N ⊂ M be a pair of factors of type II1 with finite index,
and β an automorphism of the subfactor. Let AXB be an irreducible bimodule
appearing in the irreducible decomposition of a bimodule A(Mk)B for some k. If

Loi’s invariant of β is trivial, then A(β̃(X))B ∼= AXB. Here A and B are factors
M or N .

Proof. We show a proof in the case of A = B = M and the other cases are proved
similarly. Since we have the isomorphism End(M (Mk)M ) ∼= M ′ ∩ M2k, any in-
tertwiner ξ ∈ End(M (Mk)M ) has the corresponding operator mξ ∈ M ′ ∩M2k on
L2(Mk) with ξ(x) = mξx for all x ∈ L2(Mk). Suppose that Loi’s invariant of β is
trivial. Then we have β(mξ) = mξ ∈M ′ ∩M2k. Since

ξ(mxm′) = mξ(mxm
′)

= β(mξ)(mxm
′)

= β(mξβ
−1(mxm′))

= mβmξβ
−1(x)m′

= mβ ◦ ξ ◦ β−1(x)m′

= β ◦ ξ ◦ β−1(mxm′)

for m,m′ ∈ M, x ∈ L2(Mk) ∩Mk, we have ξ = β ◦ ξ ◦ β−1 on L2(Mk). Here

ξ ∈ Hom(M (Mk)M ,MXM ) and β ◦ ξ ◦ β−1 ∈ Hom(M (Mk)M ,M (β̃(X))M ). So there

exists a non-zero intertwiner (β ◦ ξ ◦ β−1) ◦ ξ∗ ∈ Hom(MXM ,M (β̃(X))M) and we
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have the isomorphism MXM
∼= M (β̃(X))M because of the irreducibility of these

bimodules MXM and M(β̃(X))M .

§2. The algebraic relative Connes invariant

In this section we define an algebraic relative Connes invariant

χa(M,N) =
Ψ(M,N) ∩Ker Φ(M,N)

Ad N (M,N)

for arbitrary subfactors, where we denote the set of non-strongly outer automor-
phisms on the subfactor by Ψ(M,N), the map assigning Loi’s invariant by Φ and
the set of normalizers of N in M , i.e., { u ∈ U(M)| uNu∗ = N } by N (M,N). We
will show that it is always an abelian group. We refer readers to [CK] and [Ko] for
a notion of strong outerness of automorphisms. We also refer readers to [P1] and
[P2] for a notion of proper outerness of automorphisms which is equivalent to the
strong outerness and has been defined independently.

Theorem 2.1. Let N ⊂M be a pair of factors of type II1 with finite index. Then
a non-strongly outer automorphism and an automorphism with trivial Loi invariant
on the subfactor N ⊂M commute up to inner perturbation. That is, if α is a non-
strongly outer automorphism and β is an automorphism with trivial Loi invariant
on the subfactor N ⊂M , then αβ = (Adu) ◦ βα for some u ∈ U(M).

Proof. Since α is non-strongly outer, there exists a bimodule MXM such that

M(Mα)M ∼=M XM ⊂M (Mk)M by [CK]. So we have the isomorphismM (β−1Mαβ−1)M
∼= M(β−1Xβ−1)M . And the automorphism β induces the two isomorphisms

M(β−1Mαβ−1)M ∼= M (Mβαβ−1)M and M (β−1Xβ−1)M ∼= M(β̃(X))M . Hence by com-

posing these three isomorphisms we have M (Mβαβ−1)M ∼= M (β̃(X))M . Since the

Loi invariant of β is trivial, we have M (β̃(X))M ∼= MXM by Proposition 1.2. So
we get the isomorphism M (Mβαβ−1)M ∼= M (Mα)M , and there exists a unitary u ∈
Hom(M (Mβαβ−1)M ,M (Mα)M ). Because u(mxβαβ−1(m′)) = u(m · x ·m′) = m ·
u(x)·m′ = mu(x)α(m′) for m,m′, x ∈M , the operator u is in End(MM) ∼= M , i.e.,
u is the right multiplication of a unitary in M . From this, we have xβαβ−1(m)u
= (x ·m)u = (x)u ·m = xuα(m). Therefore, we get βαβ−1(m) = Adu ◦ α(m) by
setting x = 1 in this equality.

The next corollary is an immediate conclusion from the theorem.

Corollary 2.2. The group χa(M,N) is abelian.

Corollary 2.3. If a subfactor N ⊂ M has finite depth, then χa(M,N) is a finite
abelian group.

Proof. We have only to show the finiteness of χa(M,N). This follows immediately
from the fact that the set of non-strongly outer automorphisms on N ⊂M is finite
modulo inner automorphisms, since it corresponds to a subset of vertices of the dual
principal graph and the graph is finite by the finite depth condition by [CK].

We remark that without the finite depth assumption, we do not get finiteness of
χa(M,N) in general. See [Ka3, Remark 4.2].

In the next two propositions, we give the most fundamental examples.

Proposition 2.4. Let G be a finite group, and α an outer action on a factor M .
Then χa(M,Mα) = Z(G), the center of G.
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Proof. The inclusion χa(M,Mα) ⊂ Z(G) can be easily obtained by using the result
in [I] and Theorem 2.1.

We show the inverse inclusion Z(G) ⊂ χa(M,Mα). Suppose g is in Z(G),
then αg(uh) = uh for all h ∈ G, where uh is the implementing unitary of the
automorphism αh. Since the higher relative commutants N ′ ∩Mk are generated by
uh’s and Jones projections and the automorphism αg fixes these elements, the Loi
invariant of the automorphism αg is trivial. It is obvious that the automorphism
αg is non-strongly outer.

Proposition 2.5. Let G be a finite group, and α an outer action on a factor M .
Then χa(M oα G,M) is the group of one-dimensional representations of G.

Proof. Let M2 be a Jones’ basic extension algebra of the subfactor M = M0 ⊂
M oG = M1, and e2=eM1

M a Jones projection in M2. We denote the implementing
unitary of the automorphism αg by ug. A one-dimensional representation π of G
appears as an automorphism of M in the dual principal graph of this subfactor, so
it is non-strongly outer. Since we have π(ug)=〈π, g〉ug, this automorphism π acts
trivially on the higher relative commutants M ′∩Mk because they are generated by
{uge2u

∗
g| g ∈ G} and Jones projections. Hence, Loi’s invariant of π is trivial. Now

the inverse inclusion is easy.

The next proposition gives examples of χa(M,N), which are obtained by the
definition of χa(M,N) and Proposition 4.4 in [Ka3].

Proposition 2.6 (Kawahigashi, [Ka3, Proposition 4.4]). In the case of AFD II1

subfactor with index less than 4, we get

χa(M,N) =


0, for A2n, D2n+4, E8, with n ≥ 1,

Z2, for A2n+1, E6, with n ≥ 1,

Z3, for D4.

The next proposition is obtained from [EK2] and [G2], which generalizes the
papers [EK1], [X1] and [X2].

Proposition 2.7. Let N ⊂ M be a (not necessarily AFD) quantum SU(n) sub-
factor with level k which has the same paragroup as the AFD quantum SU(n)k
subfactor, and let d be the greatest common measure of n and k. Then we get
χa(M,N) = Zd.

As pointed out in [Ka3], several people noticed the similarity between modular
automorphisms of a type III factor and χa(M,N). It is well-known that modular
automorphisms of a type III factor are included in the center of Out(M) (see [C1]).
And χa(M,N) is also included in the center of Out(M,N) in many interesting
cases.

Example 2.8. Let N ⊂ M be a subfactor of an AFD II1 factor with index less
than 4, then an equality χa(M,N) = Z(Out(M,N)) holds except the case with
principal graph D4. Actually, an argument similar to the proof of Corollary 2.3.2
in [C2] also works for the case of automorphisms of AFD II1 subfactor. So in
the AFD II1 subfactor case, we have ε(Ct(M,N)) = ε(Int(M,N))′. Here ε is a
canonical quotient map from Aut(M,N) to Out(M,N). In the case of subfactors
with principal graphs An, E6 and E8, we have Aut(M,N)=Int(M,N) by [L], so
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Z(Out(M,N)) = ε(Int(M,N)) ∩ ε(Int(M,N))′ = ε(Int(M,N)) ∩ ε(Ct(M,N)) =
χa(M,N). In the case of subfactors with principal graph D2n (n ≥ 3),

Z(Out(M,N)) ⊂ ε(Int(M,N))′ = ε(Ct(M,N)) = 0 = χa(M,N).

Here is another example.

Example 2.9. Let N ⊂M be an SU(3) subfactor of an AFD type II1 factor with
level k = 3m for m ≥ 2, then they cannot have a Z2 paragroup symmetry which
flips the two tails of the (dual) principal graph and fixes the distinguished vertex
∗ by looking at the principal graphs. (See for example Fig 3.1 in [EK1].) (We
refer the readers to [O1] for paragroup.) So all automorphisms β in Aut(M,N) fix
α up to inner conjugacy and we have βαβ−1 = Adu ◦ α by Proposition 1.2. We
remark that we don’t need the triviality of Loi’s invariant in this case. This implies
χa(M,N) ⊂ Z(Out(M,N)).

The same kind of argument works for the quantum SU(n) subfactors with n ≥ 4.

But note that the set of automorphisms in χa(M,N) is not always included
with Z(Out(M,N)). That is, even if an automorphism β is non-strongly outer and
with trivial Loi invariant, it may not commute with an outer automorphism on the
subfactor. The following gives such an example.

Example 2.10. Let N ⊂M be an SU(3) subfactor of an AFD type II1 factor with

level 3, that is, an AFD type II1 subfactor with principal graph E
(1)
6 with index 4.

Then the graph automorphism flipping the two tails of this graph and fixing the
distinguished vertex ∗ preserves the connection on this subfactor. (See [Ka2], page
78 for the connection on this subfactor.) So it induces an outer action of Z2 on
this subfactor. This subfactor has Z3 as χa(M,N) by Proposition 2.7, and if we
denote a non-trivial automorphism in χa(M,N) by α(6= id), then we can denote the
two bimodules on the tail of the dual principal graph by M (Mα)M and M (Mα2)M .
The automorphism β exchanges these bimodules. This means βαβ−1=Adu ◦ α2

for some u ∈ N (M,N) by a similar computation to that in Theorem 2.1. So α and
β do not commute. This means χa(M,N) 6⊂ Z(Out(M,N)) in this case.

We remark that the above two examples show that an automorphism α in
χa(M,N) (α 6= id) is outer conjugate to α2 in the case of subfactor with prin-

cipal graph E
(1)
6 (i.e., SU(3)3 subfactor case), but such outer conjugacy does not

happen in the case of SU(3)k subfactors with k ≥ 4. A similar argument also works
for general SU(n)k subfactors.

Finally, we discuss the orbifold construction. The orbifold construction has orig-
inally arisen from the technique in conformal field theory and in solvable lattice
model theory. This technique was first used in subfactor theory by Y. Kawahigashi
[Ka2]. At first he used it to show the existence of subfactors of the AFD factor of
type II1 with principal graph D2n and non-existence of those with principal graph
D2n+1. But this construction has turned out to be a more general one, and it has
been extended to the case of AFD quantum SU(n)k subfactors arising from the
solvable lattice models, which is the same as Wenzl’s Hecke algebra subfactor of
type A in [W], by D. E. Evans, Y. Kawahigashi and F. Xu. (See [EK1], [X1], [X2].)
Moreover it has been generalized to the case of arbitrary (not necessarily AFD)
quantum SU(n)k subfactors by the author in [G1] and [G2].

Y. Kawahigashi introduced the relative Connes invariant χ(M,N) for type II1

subfactors and applied it to a classification of Aut(M,N). He noticed that this
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invariant is deeply related to the orbifold construction. The orbifold construction
in subfactor theory is a procedure to take a quotient of a subfactor by a certain
symmetry. It is considered the procedure to take simultaneous fixed point algebras
by a certain action on a subfactor. But a general definition of orbifold construc-
tion is still a little obscure because it has been applied only to concrete examples.
We will give a general definition here to show what should be called the orbifold
construction.

Suppose α is an outer action of a group G on a subfactor N ⊂ M . If we
take simultaneous fixed point algebras of this subfactor, we get another subfactor
Nα ⊂Mα. Then in what case should we call it an orbifold subfactor? If the above
automorphism α has trivial Loi invariant, then the higher relative commutants do
not decrease by this procedure. And if it is strongly outer, then the higher relative
commutants do not increase. So if α is strongly outer and has trivial Loi invariant,
the new subfactor Nα ⊂ Mα has the same higher relative commutants as the
original subfactor N ⊂M . This means that if the subfactor is strongly amenable,
it does not change by this construction. Actually, such actions are completely
classified by [P2]. Such a case is not interesting. But if α has a trivial Loi invariant
and the strong outerness of α breaks at some level, then the relative commutants
N ′ ∩ M̃k strictly increase at that level; here M̃k is the kth extension algebra of the
subfactor N oα G ⊂ M oα G. And in this case the (dual) principal graph may
change. So we would like to call the procedure to take simultaneous fixed point
algebras (or simultaneous crossed products) of a subfactor by an outer action of a
group the orbifold construction only when the action is non-strongly outer and has
trivial Loi invariant.

But note that χa(M,N) does not always induce an action on the subfactor
N ⊂M because the Connes obstruction of the group may be non-trivial. Now we
get the following definition.

Definition 2.11. If the Connes obstruction of χa(M,N) is trivial, then it induces
an action on this subfactor N ⊂ M . We call the procedure of taking the simul-
taneous fixed point algebras (or taking the simultaneous crossed products) by this
action the orbifold construction. And we call the new subfactor Nα ⊂ Mα an
orbifold subfactor of a subfactor N ⊂M .

We remark that according to our definition, an orbifold action on a subfactor is
always abelian by Corollary 2.2.
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