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Abstract. In this paper an easier proof is obtained of Alexandru Aleman’s
extension of an inequality of Axler and Shapiro for subnormal operators to the
essential norm. The method is applied to show that a hyponormal operator
whose essential spectrum has area zero must be essentially normal.

If S is a subnormal operator on a Hilbert space, it was shown in [4] that the
norm of the selfcommutator of S, [S ∗ , S] = S ∗ S − SS ∗ , satisfies the inequality
(1)

||S ∗ S − SS ∗ || ≤ distC(σ(S)) [z̄, R(σ(S))]2 ,

where for any compact subset K of C , R(K) is the uniform closure in C(K) of
the rational functions with poles off K. Recently Alexandru Aleman [2] proved a
variation on this inequality by calculating the essential norm of S ∗ S − SS ∗ ; that
is, the norm of the image of S ∗ S − SS ∗ in the Calkin algebra. Denote this norm
by ||S ∗ S − SS ∗ ||e . He shows that
(2)

||S ∗ S − SS ∗ ||e ≤ distC(σe (S)) [z̄, R(σe (S))]2 ,

where σe (S) is the essential spectrum of S.
Aleman’s proof uses properties of the positive operator-valued measure associated with S (the compression of the spectral measure of its minimal normal extension ). In this note we give an easier proof of (2) that uses (1) and the fact that a
C ∗ -algebra has a faithful representation.
The reader might also be cautioned that a study of Aleman’s paper is still worth
the effort. First, he obtains additional information. Second, the method using the
associated positive operator-valued measure seems likely to be useful in attacking
additional questions.
These inequalities have a number of important consequences for the study of
subnormal operators. When combined with a result from [3], (1) yields Putnam’s
inequality [7] for subnormal operators:
Area(σ(S))
.
π
(It should be noted that Putnam’s inequality also holds for hyponormal operators.
See [6], pages 156 and 176-177.) Inequality (2) shows that if S is a subnormal
(3)

||S ∗ S − SS ∗ || ≤
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operator whose essential spectrum has the property that R(σe (S)) = C(σe (S)),
then S is essentially normal; that is, its selfcommutator is compact. In particular,
S is essentially normal if its essential spectrum has area zero.
Let B = B(H) denote the algebra of all operators on the separable Hilbert space
H and let B0 = B0 (H) be the algebra of compact operators. Let π : B → B/B0
denote the natural map into the Calkin algebra. So σe (S) is the spectrum of π(S)
in B/B0 .
Using a result of [5], there is a definition of a subnormal element of a C ∗ -algebra.
(Also see [6], page 30 and Exercise II.1.2, and a criterion for subnormality from [1].)
It follows that if S is a subnormal operator in B , then π(S) is subnormal in B/B0.
Let A be the C ∗ -algebra generated by π(S) in B/B0, and let ρ : A → B(K) be a
faithful representation. So T = ρ(π(S)) is a subnormal operator on K . By (1),
||T ∗ T − T T ∗|| ≤ distC(σ(T ) (z̄, R(σ(T ))2 . But σ(T ) = σe (S) and ||T ∗ T − T T ∗|| =
||S ∗ S − SS ∗ ||e . This proves (2).
The same method of proof combined with Putnam’s inequality (3) establishes
the following result for hyponormal operators.
Theorem. If S is a hyponormal operator, then
Area(σe (S))
||S ∗ S − SS ∗ ||e ≤
.
π
Corollary. If S is a hyponormal operator whose essential spectrum has area zero,
then S is essentially normal.
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