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FOR ISENTROPIC GAS DYNAMICS”
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(Communicated by James Glimm)

Abstract. Concerns have been voiced about the correctness of certain technical points in DiPerna’s paper (Comm. Math. Phys. 91 (1983), 1–30) related
to the vacuum state. In this note, we provide clarifications. Our conclusion
is that these concerns mainly arise from the statement of a lemma for constructing the viscous approximate solutions and some typos; however, the gap
can be either fixed by correcting the statement of the lemma and the typos or
bypassed by employing the finite difference methods.

In [Di], DiPerna found a global entropy solution of the isentropic Euler equations
for the following exponents in the equation of state for the pressure:
(1)

γ = 1 + 2/(2m + 1),

m ≥ 2 integer.

He divided his arguments into the following two steps.
1. Compactness framework
Assume that a sequence of approximate solutions (ρ (x, t), m (x, t)), 0 ≤ t ≤ T ,
satisfies:
(i). There exists a constant C(T ) > 0, independent of  > 0, such that
0 ≤ ρ (x, t) ≤ C,

|m (x, t)/ρ (x, t)| ≤ C;

(ii). For all weak entropy pairs (η, q) of the isentropic Euler equations, the measure
sequence
η(ρ , m )t + q(ρ , m )x

−1
is contained in a compact subset of Hloc
(R × [0, T ]).

If γ satisfies (1), then the sequence (ρ (x, t), m (x, t)) is compact in L1loc (R ×
[0, T ]).
The reason for the restriction on the number γ is that, in such a case, any weak
entropy function is a polynomial function of the Riemann invariants (w, z).
This is the key step in DiPerna’s arguments and is also his main contribution to
the compensated compactness method in this aspect.
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2. Construction of approximate solutions satisfying (i)-(ii)
There are several standard ways to construct the approximate solutions satisfying
(i) and (ii) for the isentropic Euler equations of gas dynamics. DiPerna constructed
such approximate solutions by the viscosity method, as the classical solutions of
the parabolic system:


ρxx , 

 ρt + m
x =
m2
mt + ρ + p(ρ) = mxx ,
(2)

x

 (ρ, m)|
= (ρ (x), m (x)).
t=0

0

0

The purpose of this note is to fix the gap in the construction of (ρ , m ) or (ρ , u ),
where u = m /ρ is the velocity when ρε > 0.
DiPerna [Di] claimed that, if
ρ0 (x) ≥ δ0 > 0,

(3)

(ρ0 − ρ̄, u0 − ū) ∈ C 2 ∩ H 2 (R),

for some constants ρ̄ > 0 and ū, then, for any T > 0, there exist a global solution
(ρ , m ) in [0, T ] and δ  (T ) > 0 such that
ρ (x, t) ≥ δ  (T ) > 0.

(4)

The reason for this lower bound for the parabolic problem (2) is that it will avoid
regions of vacuum, where the density vanishes. The bounds (3) and (4) thus allow
the construction of the approximate solutions by a direct application of the method
of invariant regions (see [Sm]). DiPerna attempted to show (4) by his Lemma 4.1
[Di, page 28]. This lemma is stated in an incorrect way. However, the gap can be
fixed or bypassed:
(a). By actually correcting the statement of Lemma 4.1 and some typos in the
energy estimates in [Di]. See Section 3, particularly Remarks 1 and 2.
(b). By avoiding entirely the viscosity method and constructing the approximate
solutions by finite difference schemes.
3. Corrected version of DiPerna’s Lemma 4.1
In [Di, page 28], DiPerna stated the following lemma to show the existence and
estimates for the viscous solutions (ρ , m ).
Lemma 4.1 (DiPerna 1983). If φ(t) is a nonnegative function satisfying
φ(t) − φ(s) ≥ c1 (t − s)1/2 , if s < t < T < ∞,
Z T
φ−α (s)ds ≤ c2 , for α ∈ (0, 1),
0

then there exists a constant c3 = c3 (c1 , c2 , T, α) such that
φ(t) ≥ c3 ,

∀ t ∈ (0, T ).

This lemma as stated above is incorrect. A simple counterexample is provided
by φ(t) = (T − t)1/2 . However, the lemma can be fixed as follows.
Corrected Lemma. If φ(t) is a nonnegative measurable function satisfying
(5)
(6)

φ(t) − φ(s) ≥ −c1 (t − s)1/2 , c1 > 0, for s < t < T < ∞,
Z T
φ−α (s)ds ≤ c2 , c2 > 0, for some α ∈ [2, ∞),
0
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and in addition
φ(0) ≥ δ0 > 0,

(7)

then there exists a positive constant c3 = c3 (c1 , c2 , T, α, δ0 ) such that
φ(t) ≥ c3 > 0,

(8)

∀ t ∈ [0, T ).

Proof. It suffices to show (8) under the assumption that φ(t) is bounded. Otherwise,
we replace φ(t) by φ̃(t) = min(φ(t), δ0 ) to show that φ̃(t) satisfies (8), which implies
that φ(t) satisfies (8).
1. First the condition (5) implies
φ(t) ≥ φ(0) − c1 t1/2 > 0,

(9)

for 0 < t < δ02 /c21 .

Furthermore, the condition (5) also implies
(10)

lim inf φ(s) ≥ lim inf φ(s),

φ(t) ≥ lim inf φ(s),
s→t−0

s→t+0

s→t−0

t ∈ (0, T ).

This may be seen as follows. In both sides of (5), take the inferior limit as s → t − 0
to obtain
φ(t) ≥ lim inf φ(s).
s→t−0

In both sides of (5):
φ(τ ) − φ(s) ≥ −c1 (τ − s)1/2 ,

c1 > 0,

for s < τ < T < ∞,

we take the inferior limit when s → t − 0, s < t, and then take the inferior limit
when τ → t + 0, τ > t. One has
lim inf φ(τ ) − lim inf φ(s) ≥ 0,
τ →t+0

s→t−0

which is equivalent to the second inequality of (10).
2. Now we prove (8) for the lemma arguing by contradiction. If the estimate (8)
is not true, then there exists t∗ ∈ (0, T ] from (9) and (10) such that
(
φ(t) > 0,
t ∈ [0, t∗ ),
(11)
lim inf φ(t) = 0.
t→t∗ −0

Then, in both sides of (5), we take the inferior limit as t → t∗ − 0 to obtain
0 < φ(s) ≤ c1 (t∗ − s)1/2 ,
Then we have
c−α
1

Z
0

t∗

(t∗ − s)−α/2 ds ≤

Z
0

t∗

0 ≤ s < t∗ .
φ−α (s)ds ≤ c2 < ∞.

However, the left-hand side of the above inequality is +∞ because α ≥ 2, which is
a contradiction. This completes the proof.
Remark 1. The new elements in Corrected Lemma are the lower bound (7) and the
specification of both the index α ≥ 2 and the constant c1 > 0. Indeed the function
φ(t) in [Di] is given by
φ(t) ≡ inf ρε (x, t),
x∈R

φ(0) ≡ inf ρ0 (x).
x∈R

Now part of the main assumption of the existence theorem is that ρ0 (x) ≥ δ0 > 0,
∀x ∈ R, which implies (7). In fact, the function φ(t) is bounded, which naturally
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follows from the method of invariant regions for the local solution (ρε , m ). The
lower positive bound c3 of ρ depends not only on c1 , c2 , T, α, but also on δ0 > 0.
Remark 2. There are several typos in the energy estimates in [Di, pages 27-29]. In
particular, some α ∈ (0, 1) should be some α ∈ [2, ∞) for his purpose. It can be
checked that the energy estimates for ρε (x, t) yield
Z T
sup(ρε (x, s))−α ds ≤ c2 ,
0

x

for some fixed α ∈ [2, ∞), which implies (6), where c2 depends on α, T, ε, γ, δ0 , and
the modulus of the Cauchy data.
Combining the Corrected Lemma with the standard energy estimates as in [Di,
pages 26-29] yields
ρ (x, t) ≥ δ ε (T ) > 0,

for t ∈ [0, T ].

Then the following existence theorem follows as in [Di].
Existence Theorem. Suppose that the initial data (ρε0 , mε0 ) satisfy the condition
(3). Then there exists a global solution (ρε , mε ) of the Cauchy problem (2) such
that
(ρε (·, t) − ρ̄, uε (·, t) − ū) ∈ C 2 ∩ H 2 (R),
and
ρε (x, t) ≥ δ ε (T ) > 0,

for

t ∈ [0, T ], T < ∞,



for an appropriate function δ (T ) > 0.
4. Construction of the approximate solutions
via the Lax-Friedrichs scheme and the Godunov scheme
As an alternative to the parabolic regularization, we ([C1], [C2], [D1], [D2],
[CG]) employed a different approach: finite difference schemes, especially the LaxFriedrichs scheme [L] and the Godunov scheme [G], for the construction of the
approximate solutions. In this way, the issue of vacuum and the gap in [Di] was
completely bypassed. Any result in [C1], [C2], [D1], [D2], and [CG] is irrelevant to
the gap because there is no need of the estimate (4) for the finite difference schemes.
The main advantage of the Lax-Friedrichs scheme and the Godunov scheme
is that the Riemann solutions are their building blocks. These in turn, for the
equations of isentropic gas dynamics, are well understood even in the presence of
vacuum (ρ = 0) (see [CH]). More precisely, one can show that, for the Riemann
data
(
(ρ− , m− ), x < 0,
with 0 ≤ ρ± ≤ C0 , |m± /ρ± | ≤ C0 ,
(ρ, m)|t=0 =
(ρ+ , m+ ), x > 0,
there exists a corresponding Riemann solution satisfying
0 ≤ ρ(x, t) ≤ C,

|m(x, t)/ρ(x, t)| ≤ C,

where C depends only on C0 in a precise manner. The regions in the state space,
where these inequalities hold, are called invariant regions for the Riemann solutions. Another advantage of these schemes is the finite speed of propagation of the
corresponding approximate solutions so that the second of (3) becomes immaterial.
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Since the vacuum problem is well posed in the approximate solutions from these
schemes, then the existence of global entropy solutions for arbitrarily L∞ initial
data including the case of general γ, 1 < γ ≤ 5/3, follows from the more general
compactness framework in [C1] (also see [D1]).
We stress that the possible occurrence of vacuum in the approximate solutions is
naturally incorporated into the compactness framework (see (i)). In fact (i) and (ii)
imply the strong compactness of (ρ , m ), which are the correct physical variables
near the vacuum. By contrast, (ρ , u ) are not natural variables since the velocity
u is not well defined in the vacuum, although it is usually bounded provided that
the initial data have this property. This compactness framework correctly takes the
vacuum into account (see [CG]).
For recent important contributions to the compensated compactness framework,
see Lions-Perthame-Tadmor [LP1] for γ ≥ 3 and Lions-Perthame-Souganidis [LP2]
for 5/3 < γ < 3. Also see Chen and LeFloch [CL] for a general pressure law.
A complete proof of the existence theorem and more detailed discussions on these
remarks can be found in the forthcoming lecture notes [C3]. Also see Tartar [Ta]
and Murat [Mu] for their pioneering work on the compensated compactness method
and Ball [Ba] for a related observation.
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