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STABLE RANK OF THE REDUCED C∗-ALGEBRAS

OF NON-AMENABLE LIE GROUPS OF TYPE I

TAKAHIRO SUDO

(Communicated by Palle E. T. Jorgensen)

Abstract. In this paper we show that stable rank of the reduced C∗-algebras
of connected non-compact real semi-simple Lie groups is estimated by real
rank of these groups. We extend this result to the case of connected reductive
Lie groups and partially even to the case of connected non-amenable real Lie
groups of type I. As a corollary, we show that the product formula of stable
rank holds for locally compact, σ-compact non-amenable groups of type I.

1. Introduction

The concept of stable rank of C∗-algebras, i.e. non-commutative complex di-
mension, was introduced by M. A. Rieffel [R]. He raised the problem concerning
the determination of stable rank of the C∗-algebras of Lie groups in terms of the
geometrical structure of these groups. H. Takai and the author [ST2] succeeded in
the computation of stable rank of the C∗-algebras of simply-connected connected
solvable Lie groups of type I as a generalization of our result [ST1]. Hence sta-
ble rank of the C∗-algebras of the radical part of simply-connected connected Lie
groups of type I has been computed. We also obtained the partial results in the
case of connected solvable Lie groups of type I.

In this paper, we first focus our attention on the non radical part of connected
Lie groups, i.e. connected non compact real semi-simple Lie groups. They are
non-amenable so that we only consider their reduced C∗-algebras. We show that
stable rank of these algebras is handled by real rank of those groups. This result
extends to the case of connected reductive Lie groups and partially even to the
case of connected non-amenable Lie groups of type I. As a corollary, we show that
the product formula of stable rank holds for the reduced C∗-algebras of locally
compact, σ-compact non-amenable groups of type I.

We give the definition of stable rank of C∗-algebras as follows: Let A be an unital
C∗-algebra. Then we denote by sr(A) ≤ n (n ≥ 1) if every element (ai)

n
i=1 of the

n-direct product An of A is approximated by an element (bi)
n
i=1 of An such that∑n

i=1 bib
∗
i is invertible in A. Stable rank sr(A) of A is defined by the smallest integer

with the above property. If there exist no such integers, then we let sr(A) = ∞. If
A is non unital, then we define sr(A) = sr(A∼) where A∼ is the unitization of A.
We use the basic results of stable rank in [R] later.
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Next we recall the basic definitions throughout this paper as follows: Let G be a
locally compact group, Ĝ its spectrum which consists of all continuous irreducible
unitary representations of G up to equivalence equipped with hull-kernel topology
and Ĝr its reduced dual which is the support of the regular representation of G.
Let C∗(G) be the C∗-algebra of G, which is generated by the image of the universal
unitary representation of G. Let C∗

r (G) be the reduced C∗-algebra of G, which is
generated by the image of the regular representation of G. We identify the spectra
C∗(G)∧, C∗

r (G)∧ of C∗(G), C∗
r (G) with Ĝ, Ĝr respectively.

2. The case of semi-simple Lie groups

First of all, we give some basic properties of connected non compact real semi-
simple Lie groups (refer to [Kn]).

Let G be a connected non compact real semi-simple Lie group with its Lie algebra
g. Let θ be a Cartan involution of G, which is an automorphism of G such that
θ2 = 1. Let K = {g ∈ G | θ(g) = g} be the maximal compact subgroup of G
corresponding to θ. Let dθ be the differential of θ. Since (dθ)2 = 1, we have a
Cartan decomposition g = k ⊕ p of g where k, p are +1,−1 eigenspaces of g under
dθ respectively.

Let a be a maximal abelian subspace of p and a∗ its real dual space. We identify
a∗ with a Euclidean space. For every ϕ in a∗, let gϕ be its root space defined by

{X ∈ g | [Y,X ] = ϕ(Y )X for every Y ∈ a}.
If gϕ 6= {0}, we call ϕ a root of g. Let ∆ be the set of all roots of g. Fix a
basis {ϕi}ni=1 of a∗. We call ϕ positive if ϕ =

∑n
i=1 xiϕi with xi = 0(1 ≤ i ≤ k)

and xk+1 > 0 for some k ≥ 0. Let ∆+ be the set of all positive roots of g. Put
n =

∑
ϕ∈∆+ gϕ which is a nilpotent Lie subalgebra of g. Then g decomposes into

the direct sum g = k⊕ a⊕ n.
Let K,A and N be the Lie subgroups of G corresponding to k, a and n respec-

tively. Then G has an Iwasawa decomposition G = KAN . Define by rr(G) the
dimension of A, i.e. real rank of G. Let M = ZK(a) which is defined by

{g ∈ K |Ad(g)X = X for every X ∈ a}.
It is a compact subgroup of G with its Lie algebra zk(a) which is defined by

{X ∈ k | [Y,X ] = 0 for every Y ∈ a}.
Then P = MAN is a Lie subgroup of G, which is called a minimal parabolic
subgroup of G determined uniquely up to conjugacy.

Let W be the Weyl group defined by the quotient NK(a)/ZK(a) where NK(a)

is defined by {g ∈ K |Ad(g)a = a}. Then W acts on M̂ × Â as follows:

w · σ(m) = σ(u−1mu), σ ∈ M̂, m ∈M, w · χs(a) = χs(u
−1au), a ∈ A,

where u is any representative of w in W , s is in a∗ and χs(expX) = eis(X) for X

in a. We identify χs in Â with s in a∗. Let (σ, s) be an element of M̂ × Â. We

denote by [(σ, s)] the orbit of (σ, s) under W and by (M̂ × Â)/W the orbit space

of M̂ × Â.
Then the induced representations indP↑G(σ⊗χs) of σ⊗χs to G are in Ĝr where

σ ⊗ χs are the unitary representations of P defined by σ ⊗ χs(man) = σ(m)χs(a)
for m in M , a in A and n in N . Put π(σ, s) = indP↑G(σ ⊗ χs). Then π(σ, s) is
unitarily equivalent to π(σ′, s′) if and only if there exists an element w of W such
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that w · (σ, s) = (σ′, s′). Thus we denote by π([(σ, s)]) the equivalence class of
π(σ, s).

We refer to [L] for a topology on Ĝr. Then the following lemma is obtained:

Lemma 2.1. Let G be a connected non compact real semi-simple Lie group and
C∗
r (G) its reduced C∗-algebra. If rr(G) ≥ 2, then sr(C∗

r (G)) ≥ 2.

Proof. It is known that π([(1M , s)]) is irreducible for every s in Â where 1M is the

trivial representation of M [Ko]. Since {1M} × Â is W -invariant clopen subset of

M̂ × Â, we see that ({1M} × Â)/W = Â/W is clopen in (M̂ × Â)/W . Thus there

exist the direct summands I and K of C∗
r (G) such that C∗

r (G) = I⊕ K, Î = Â/W

and K̂ is the complement of Â/W in (M̂ × Â)/W . Since C∗
r (G) is liminal, so is I.

As Â/W is a locally compact T2-space, I is isomorphic to the C∗-algebra associated

with the continuous fields on Î [D, Theorem 10.5.4.]. We take a closed ideal L of
I, which is of continuous trace. It is also isomorphic to the C∗-algebra associated
with the continuous fields on L̂. By its local triviality [D, Theorem 10.9.5.], there

exists a closed ideal E of L, which is isomorphic to C0(Ê) ⊗ K where C0(Ê) is the

C∗-algebra of all continuous functions on Ê vanishing at infinity, and K is the C∗-
algebra of all compact operators on a countably infinite dimensional Hilbert space.
Since dim Â ≥ 2 and W is finite, we see dim(Â/W ) ≥ 2 so that dim Ê ≥ 2. Thus
sr(E) = 2. Therefore sr(C∗

r (G)) ≥ 2.

We refer to [BM] for a topology on Ĝr in the case rr(G) = 1 Then we have the
following lemma:

Lemma 2.2. Let G be a connected non compact real semi-simple Lie group and
C∗
r (G) its reduced C∗-algebra. If rr(G) = 1, then sr(C∗

r (G)) = 1.

Proof. If rr(G) = 1, then Â ∼= R and W = {1, w} where w is the unique non trivial

element of W . It acts on M̂ × Â as follows:

1 · (σ, s) = (σ, s), w · (σ, s) = (w · σ,−s), (σ, s) ∈ M̂ × Â.

Then (M̂ × Â)/W is a locally compact T2-space. Let F = {σ ∈ M̂ |w · σ = σ}.
Then (F × Â)/W = F × [0,∞). Then F × (0,∞) is embedded in Ĝr. Each point
(σ, 0) of F ×{0} corresponds to two irreducible representations {π+

σ , π
−
σ } of G. The

topology on ({σ} × (0,∞)) ∪ {π+
σ , π

−
σ } is the usual topology except that {(σ, s)}

converges to π+
σ , π

−
σ as s tends to 0.

Let C be the complement of F in M̂ . Let (σ, s) be in C × Â. Then we have that

({σ} × Â t {w · σ} × Â)/W = R. It follows that (C × Â)/W = tC/WR. Then Ĝr

decomposes in the following fashion:

Ĝr = Ĝp ∪ Ĝl ∪ Ĝd, Ĝp = (F × (0,∞)) t (tC/WR), Ĝl = tσ∈F {π+
σ , π

−
σ },

and Ĝd is the discrete series of G.
We construct a finite composition series {Ik}3

k=1 of C∗
r (G) with I0 = {0} and

I3 = C∗
r (G) as follows: Î1 = Ĝp, (I2/I1)

∧ = Ĝl and (I3/I2)
∧ = Ĝd. Then

I1
∼= (⊕C/WC0(R)⊗K)⊕ (⊕FC0((0,∞))⊗K),

I2/I1
∼= ⊕F (K ⊕K), I3/I2

∼= ⊕Ĝd
K.
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Then {Ik/Ik−1}3
k=1 have stable rank 1 and {Ik/Ik−1}3

k=2 have connected stable
rank 1 (cf. [R]). Therefore sr(C∗

r (G)) = 1.

Next result is useful in the computation of stable rank.

Proposition 2.3. Let G be a locally compact, σ-compact non-amenable group of
type I and C∗

r (G) its reduced C∗-algebra. Then sr(C∗
r (G)) ≤ 2.

Proof. It is known that if Ĝ 6= Ĝr, then every element of Ĝr is infinite dimensional
[F]. By [ST2, Proposition 3.1], the proof is complete.

We give an application of Proposition 2.3 to show the product formula of stable
rank in the case of the reduced C∗-algebras of locally compact, σ-compact non-
amenable groups of type I as follows:

Corollary 2.4. Let G, H be two connected locally compact, σ-compact non-
amenable groups of type I, and C∗

r (G), C∗
r (H) their reduced C∗-algebras respec-

tively. Then

sr(C∗
r (G)⊗ C∗

r (H)) ≤ sr(C∗
r (G)) + sr(C∗

r (H)).

Proof. Let eG, eH and eG×H be the units of G,H and G × H respectively. Let
1G, 1H and 1G×H be their trivial representations, and λG, λH and λG×H their
regular representations respectively. Then by [FD, Corollary 12.18, 13.6],

λG×H ' ind
{eG×H}↑G×H

1G×H ' ( ind
{eG}↑G

1G)⊗ ( ind
{eH}↑H

1H) ' λG ⊗ λH

where ' is unitary equivalence. Thus C∗
r (G×H) is isomorphic to C∗

r (G)⊗C∗
r (H).

By Proposition 2.3, sr(C∗
r (G)⊗ C∗

r (H)) ≤ 2. Therefore the proof is complete.

Combining Lemma 2.1, 2.2 and Proposition 2.3, we have the following theorem:

Theorem 2.5. Let G be a connected non compact real semi-simple Lie group and
C∗
r (G) its reduced C∗-algebra. Then

sr(C∗
r (G)) = rr(G) ∧ 2

where ∧ means the minimum.

Remark 2.6. This result suggests that stable rank of the reduced C∗-algebras of
connected non compact real semi-simple Lie groups is controlled by the real rank
(i.e. the geometrical structure) of G. Note that rr(G) = 0 if and only if G is

compact. Then Ĝ is discrete. Thus C∗
r (G) is isomorphic to ⊕λ∈ĜMnλ(C) where

Mnλ(C) is the C∗-algebra of all nλ × nλ complex matrices. Hence sr(C∗
r (G)) = 1.

We give some examples which support Theorem 2.5 in what follows:

Example 2.7. Let G be a connected real semi-simple Lie group with rr(G) = 1.
Then it is known that G is locally isomorphic to one of the following groups (cf.
[HV]):

SO0(n, 1), SU(n, 1),

Sp(n, 1), F4(−20) (n ≥ 2).

Thus their reduced C∗-algebras have stable rank 1.
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Example 2.8. Let G = SLn(R) for n ≥ 2. Its Iwasawa decomposition is obtained
as follows: Then K = SOn(R). A consists of all diagonal matrices such thata1 0

. . .

0 an


where ai > 0 (1 ≤ i ≤ n) and Πn

i=1ai = 1. It is isomorphic to (R∗
+)n−1 where

R∗
+ = {t ∈ R | t > 0}. N consists of all upper triangular matrices such that1 ∗

. . .

0 1


Thus rr(G) = 1 if and only if n = 2. Therefore we obtain that

sr(C∗
r (SLn(R))) =

{
1 if n = 2,

2 if n ≥ 3.

Example 2.9. Let G = ˜SLn(R) be the universal covering group of SLn(R) for
n ≥ 2. It is known that G is a non linear semi-simple Lie group. Since the
fundamental group of SLn(R) is equal to Z (n = 2) and Z2 (n ≥ 3), we have that
G/Z ∼= SL2(R) and G/Z2

∼= SLn(R) (n ≥ 3) respectively. Since Z and Z2 are
amenable closed normal subgroups of G, we know that C∗

r (SLn(R)) is the quotient
of C∗

r (G) (cf. [Ka, p.1349]). By Example 2.8, sr(C∗
r (G)) ≥ 2 if n ≥ 3. If n = 2,

then rr(G) = 1. Therefore we obtain that

sr(C∗
r ( ˜SLn(R))) =

{
1 if n = 2,

2 if n ≥ 3.

3. The case of reductive Lie groups

In this section, we show that Theorem 2.5 extends to the case of connected
reductive Lie groups. First of all, we examine the structure of these groups.

Let G be a connected real reductive Lie group with its Lie algebra g and G̃ its
universal covering group. Then g has Levi decomposition g = z⊕[g, g] where z is the
center of g. It is known that any two simply-connected Lie groups with the same
Lie algebras are isomorphic (cf. [Kn, Appendix A.114]). Thus, G̃ is isomorphic to

the direct product Z×S where Z is the Lie subgroup of G̃ with its Lie algebra z and
S is the semi-simple Lie subgroup of G̃ with its Lie algebra [g, g]. Then the center

ZG̃ of G̃ is of the form Z × ZS where ZS is the center of S. Let Γ be a discrete

subgroup of G̃ contained in ZG̃ such that G = (Z × S)/Γ. Then Γ is isomorphic to
the direct product ΓZ × ΓS where ΓZ and ΓS are discrete subgroups of Z and ZS
respectively. Thus we have G = (Z/ΓZ)× (S/ΓS).

Let Ga = Z/ΓZ be the abelian direct factor of G and Gs = S/ΓS the semi-
simple one of G. Note that Gs is equal to the commutator subgroup [G,G] of G.
By the same reason in Corollary 2.4, C∗

r (G) is isomorphic to C∗
r (Ga) ⊗ C∗

r (Gs).

Thus Ĝr = Ĝa × (Ĝs)r. Hence Ĝ 6= Ĝr if and only if rr(Gs) ≥ 1. Since Ga is
isomorphic to Rk ×Tn−k for some k ≥ 0 and n = dimZ ≥ 0, C∗

r (Ga) is isomorphic
to C0(Rk × Zn−k).
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We denote by ZG the center of G. Then ZG = Ga × ZGs where ZGs is the at
most countable center of Gs.

Then we have the following theorem:

Theorem 3.1. Let G be a connected non-amenable real reductive Lie group with
its center ZG and C∗

r (G) its reduced C∗-algebra. Then

sr(C∗
r (G)) = (rr([G,G]) ∨ (dim(ZG)∧ + 1)) ∧ 2

where ∨ means the maximum.

Proof. If Ga is compact, and rr(Gs) = 1, then C∗
r (G) is isomorphic to C0(Zn) ⊗

C∗
r (Gs) for n = dim(Ga). Using the structure of C∗

r (Gs) in Lemma 2.2, and
tensoring C0(Zn) with C∗

r (Gs), we conclude that sr(C∗
r (G)) = 1. On the other

hand, since dim(ZG)∧ = 0, we have that (rr([G,G]) ∨ (dim(ZG)∧ + 1)) ∧ 2 = 1.
Next, by the methods of Lemma 2.1, C∗

r (Gs) has a closed ideal I which is

isomorphic to C0(Î) ⊗ K where dim(Î) = rr(Gs). Then C0((Ga)
∧) ⊗ I is a closed

ideal of C∗
r (G), which is isomorphic to C0((Ga)

∧× Î)⊗K. If Ga is non compact and

rr(Gs) = 1, or rr(Gs) ≥ 2, then dim((Ga)
∧× Î) ≥ 2. Thus sr(C0((Ga)

∧× Î)⊗K) =
2. Hence sr(C∗

r (G)) ≥ 2. By Proposition 2.3, we conclude that sr(C∗
r (G)) = 2.

On the other hand, since dim(ZG)∧ ≥ 1 or rr([G,G]) ≥ 2, we have (rr([G,G]) ∨
(dim(ZG)∧ + 1)) ∧ 2 = 2.

Remark 3.2. We consider the case that G is amenable. If Ga is compact, and
rr(Gs) = 0, then G is compact. It follows that sr(C∗(G)) = 1.

If Ga is non compact, and rr(Gs) = 0, then G is of the from Rk ×Tn−k ×Gs for
k ≥ 1 and n = dimGa, and Gs is compact. Then

C∗(G) ∼= C0(Rk)⊗ C0(Zn−k)⊗ C∗(Gs)

∼= (⊕Zn−kC0(Rk)) ⊗ (⊕λ∈ĜsMnλ(C)) ∼= ⊕Zn−k,λ∈Ĝs(C0(Rk)⊗Mnλ(C)).

Thus we obtain that

sr(C∗(G)) = sup
λ∈Ĝs

sr(C0(Rk)⊗Mnλ(C))

= sup
λ∈Ĝs

(d(sr(C0(Rk))− 1)/nλe+ 1) = sup
λ∈Ĝs

(d([k/2])/nλe+ 1)

where [·] is Gauss symbol, dxe = [x] + 1 for x in R \ Z and dxe = x for x in Z (cf.
[R]).

Next we give an example which supports Theorem 3.1 as follows:

Example 3.3. Let G = GLn(R)0 be the connected component of GLn(R) contain-
ing the unit of G for n ≥ 2, which consists of all invertible matrices with positive
determinant. We consider the mapping Φ from G to R∗

+ × SLn(R) defined by
Φ(g) = (det(g), g/det(g)) for g in G. It is clear that Φ is a Lie group isomorphism.
Since Ga is non compact, we conclude that

sr(C∗
r (GLn(R)0)) = 2 forn ≥ 2.
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4. The case of non-amenable Lie groups of type I

In this section, we show that Theorem 3.1 extends partially to the case of con-
nected real Lie groups of type I.

Let G be a connected real Lie group of type I and R its radical, which is the
maximal connected solvable normal Lie subgroup of G. It is known that if G/R is

compact, then Ĝ = Ĝr [D, Proposition 18.3.9]. Thus, if Ĝ 6= Ĝr, then G/R is non
compact. We only consider this case. Since R is amenable, we know that C∗

r (G/R)
is the quotient of C∗

r (G) (cf. [Ka, p.1349]). Then we have the following result:

Theorem 4.1. Let G be a connected non-amenable real Lie group of type I with
its radical R and C∗

r (G) its reduced C∗-algebra. Then

sr(C∗
r (G)) =

{
1 or 2 if rr(G/R) = 1,

2 if rr(G/R) ≥ 2.

Proof. By Proposition 2.3, we know that sr(C∗
r (G)) ≤ 2. By Lemma 2.1, if

rr(G/R) ≥ 2, then sr(C∗
r (G/R)) ≥ 2. Thus sr(C∗

r (G)) ≥ 2. Therefore, we ob-
tain sr(C∗

r (G)) = 2.

Remark 4.2. The above formula is the best inequality. For example, let G be
the direct product T × S where S is a connected real semi-simple Lie group with
rr(S) = 1. By Theorem 3.1, we know that sr(C∗

r (G)) = 1. On the other hand, let
G be the direct product R× S where S is the same as before. By Theorem 3.1, we
have that sr(C∗

r (G)) = 2.

Finally, we give an example which supports Theorem 4.1 as follows:

Example 4.3. Let G be the direct product H × SLn(R) for n ≥ 2 where H is
the real 3-dimensional Heisenberg group. Then G is a connected real non reductive
Lie group of type I. If n ≥ 3, then rr(G/H) ≥ 2. By Theorem 4.1, we have
sr(C∗

r (G)) = 2. Next we consider the case n = 2. Then rr(SL2(R)) = 1. Note

that Ĝ = Ĥ × (SL2(R))∧. Thus Ĝr = Ĥ × (SL2(R))∧r . It follows that C∗
r (G) ∼=

C∗(H)⊗C∗
r (SL2(R)). It is known that C∗(H) decomposes into the following exact

sequence:

0 → C0(R \ {0})⊗K → C∗(H) → C0(R2) → 0.

Tensoring C∗
r (SL2(R)) with this sequence, we have that

0 → C0(R \ {0})⊗K⊗ C∗
r (SL2(R)) → C∗

r (G) → C0(R2)⊗ C∗
r (SL2(R)) → 0.

Using the structure in Lemma 2.2, we know that C∗
r (SL2(R)) has K as a quotient.

Thus C∗
r (G) has C0(R2) ⊗ K as a quotient. Hence sr(C∗

r (G)) ≥ 2. Therefore we
have that

sr(C∗
r (H × SLn(R))) = 2 if n ≥ 2.
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compacts, Astérisque 175, Soc. Math. France, 1989. MR 90m:22001
[Ka] E. Kaniuth, Group C∗-algebras of real rank zero or one, Proc. Amer. Math. Soc. 119

(1993), 1347–1354. MR 94a:46074
[Kn] A. W. Knapp, Representation Theory of Semisimple Groups, An Overview Based on Ex-

amples, Princeton Univ. Press, Princeton-New Jersey, 1986. MR 87j:22022
[Ko] B. Kostant, On the existence and irreducibility of certain series of representations, Bull.

Amer. Math. Soc. 75 (1969), 627–642. MR 39:7031
[L] R. L. Lipsman, The dual topology for the principal and discrete series on semisimple groups,

Trans. Amer. Math. Soc. 152 (1970), 399–417. MR 42:4673
[R] M. A. Rieffel, Dimension and stable rank in the K-theory of C∗-algebras, Proc. London

Math. Soc. 46 (1983), 301–333. MR 84g:46085
[ST1] T. Sudo and H. Takai, Stable rank of the C∗-algebras of nilpotent Lie groups, Internat. J.

Math. 6 (1995), 439–446. MR 96b:46083
[ST2] , Stable rank of the C∗-algebras of solvable Lie groups of type I, preprint (1996).

Department of Mathematics, Tokyo Metropolitan University, 1-1 Minami Ohsawa,

Hachioji-shi, Tokyo 192-03, Japan

E-mail address: sudoh@math.metro-u.ac.jp


