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Abstract. An abelian group G is called quotient divisible if G is of finite
torsion-free rank and there exists a free subgroup F ⊂ G such that G/F is
divisible. The class of quotient divisible groups contains the torsion-free finite
rank quotient divisible groups introduced by Beaumont and Pierce and essen-
tially contains the class G of self-small mixed groups which has recently been
investigated by several authors. We construct a duality from the category of
quotient divisible groups and quasi-homomorphisms to the category of torsion-
free finite rank groups and quasi-homomorphisms. Our duality when restricted
to torsion-free quotient divisible groups coincides with the duality of Arnold
and when restricted to G coincides with the duality previously constructed by
the authors.

All groups will be additive and abelian. The torsion-free rank of a group G is
the rank of G/T (G), where T (G) is the torsion subgroup of G. The p-rank of G is
the rank of G/pG. For a group G and prime p we let Gp̂ be the p-adic completion
of G/pωG and regard G/pωG ⊂ Gp̂. A � marks the end of a proof.

Definition 1. An abelian group G is quotient divisible (qd) if G is of finite
torsion-free rank and there exists a free subgroup F ⊂ G with G/F a divisible
group.

We remark that the torsion-free qd groups are precisely the classical quotient
divisible groups introduced by Beaumont and Pierce in 1961 [BP]. The following
proposition is elementary.

Proposition 2. For an abelian group G of finite torsion-free rank the following
are equivalent:

(1) G is qd.
(2) There exists a free subgroup F ⊂ G such that, for each positive integer m,

G = F +mG.
(3) There exists a free subgroup F ⊂ G such that, for each prime p, G = F +pG.

Definition 3. For each prime p let M(p) be a module over the ring of p-adic
integers Zp̂. A subgroup A ⊂

∏
pM(p) satisfies the projection condition if

there is a free subgroup of finite rank F ⊂ A such that, for every p, the natural
projection of F into M(p) generates M(p) as a Zp̂- module.

We call a free subgroup F of a group G full if G/F is torsion.
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Theorem 4. Let A be reduced of torsion-free rank n. Then A is qd if and only if
A is (can be embedded as) a pure subgroup of a direct product of p-adic modules
A ⊂

∏
pM(p) such that A satisfies the projection condition.

Proof. Suppose A is reduced qd of torsion-free rank n. Let F ⊂ A be free of rank
n with A/F divisible. By Proposition 2, if Tp is the p-torsion part of A, then Tp
cannot have n + 1 nonzero cyclic summands. Hence each Tp is finite. For each p
write A = Tp⊕A′p where A′p has no p-torsion. The first Ulm subgroup A1 =

⋂
p p

ωA

is contained in
⋂
p A

′
p since an element of infinite p-height cannot have a nonzero Tp

component in any of the previous decompositions. We claim that for each a ∈ A1

and prime p, there exists a b ∈ A1 such that a = pb. Plainly, we can choose b ∈ A′p
with a = pb. If q 6= p is prime then b will have infinite q-height since a does. For
each positive integer k there exists bk ∈ A′p with pk+1bk = a. Hence p(b− pkbk) = 0

and, since (b − pkbk) ∈ A′p, (b − pkbk) = 0. Thus b has infinite p-height so that

b ∈ A1. We have shown that A1 is divisible. Since A is reduced, A1 = 0.
It follows that A is embedded as a pure subgroup of its Z-adic completion Â=∏
pM(p) where M(p) = Ap̂, the p-adic completion of A/pωA. (See [Fu], Sections

39 and 40.) It remains to show that A satisfies the projection condition. In our
context each projection πp is the factor map A → A/pωA followed by inclusion
A/pωA→ M(p). Thus each M(p)/πp(A) is divisible. But A/F is divisible so that
πp(A)/πp(F ) is also divisible. Hence M(p)/πp(F ) is divisible. Since Zp̂[πp(F )] is a
finitely generated submodule, hence a summand, of the p-adic module M(p), and
M(p) is reduced, it follows that M(p) = Zp̂[πp(F )] for each prime p.

Conversely, suppose that A is a pure subgroup of
∏

pM(p) such that A satisfies

the projection condition. Let F =
⊕

Zxj ⊂ A be a full free subgroup such that
M(p) = Zp̂[πp(F )] for each prime p. Let a ∈ A and q be a fixed prime. Then
πq(a) =

∑
αjπqxj for q-adic integers αj . For each j let aj ∈ Z be congruent to αj

mod q. Then a −
∑

ajxj is divisible by q in
∏

pM(p), hence divisible by q in A.

We have shown that A/F is q-divisible for each q and the proof is complete. �

Definition 5. Let QD be the category with objects qd groups with reduced torsion
part and maps quasi-homomorphisms; that is,

HomQD(A,A′) = Q⊗Z HomZ(A,A′).

Let QD0 be the full subcategory of QD with objects torsion-free quotient divisible
groups. Let QT F be the category with objects torsion-free finite rank groups
and maps quasi-homomorphisms. Let QG be the category with objects self-small
mixed abelian groups G such that G/T (G) is finite rank divisible and maps quasi-
homomorphisms.

The category QG has been investigated by several authors ([AGW], [FiW],
[FoW], [GW], [VW], [Wi]). The relation between QG and QD is described in
the following proposition.

Proposition 6. The category QG can be identified with the full subcategory QDt of
QD whose objects H satisfy the additional restriction that the p-adic modules M(p)
of Theorem 4, defined with respect to A = H/V, V the maximal divisible subgroup
of H, are torsion for each p.

Proof. It follows from Corollary 2.4 of [AGW] that every reduced group A in QG
is a pure subgroup of

∏
Tp(A), where Tp(A) is the p-torsion subgroup of A, with
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the projection condition holding for some full free subgroup F ⊂ A for almost all
primes p. Let S be the finite subset of primes such that Zp̂[πp(F )] 6= Tp(A). For
p /∈ S, Tp(A) will be finite of rank less than or equal to rank F = torsion-free rank
A. In order for A to be self-small the groups Tp(A), p ∈ S, also must necessarily be
finite [AGW]. Thus any object G of QG is a direct sum G = V ⊕A = V ⊕ (B⊕A′)
where V is finite rank torsion-free divisible, B =

⊕
p∈S Tp(A) is a finite group

and A′ = A ∩
∏

p/∈S Tp(A) is a pure subgroup of
∏
Tp(A

′) with the projection

condition. By Theorem 4, A′ is in QD. Hence each object G of QG is a direct sum
G = B ⊕ (V ⊕ A′) of a finite group and an object H = V ⊕ A′ of QD. Since we
are working in quasi-homomorphism categories the correspondence G → H is an
embedding of QG as a full subcategory of QDt.

To show that the embedded copy of QG in QD is exactly QDt, let A be a pure
subgroup of a product of torsion p-adic modules

∏
pM(p) with the projection condi-

tion. We show that, for each fixed prime q, M(q) = Tq(A) and, hence, by Corollary
2.4 of [AGW], that A is a group in QG. Let q be fixed and m ∈ M(q). There is
an f = (fp) ∈ F , a full free subgroup of A, with fq = m. If qkM(q) = 0 (M(q)
is finitely generated) then qkf ∈

∏
p6=qM(p) ∩ A. Since elements of

∏
p6=qM(p)

have infinite q-height and A is pure in
∏

pM(p) it follows that qkf = q2ka for

some a ∈ A. Thus qk(f −m) = q2ka = qk(qka). Since division by q in
∏

p6=qM(p)

is unique we have f − m = qka ∈ A. Thus m ∈ A and M(q) coincides with the
q-torsion subgroup of A. The proof is complete. �

For the reader’s convenience, we summarize constructions that have been useful
in the study of torsion-free finite rank groups. For additional details see [Fo1]. Let
G be torsion-free of rank n with free subgroup F =

⊕n
i=1 Zxi. For each p let rp be

the p-rank of G. Then the torsion group G/F has the form:

G/F =
⊕
p

[G/F ]p =
⊕
p

[

rp⊕
i=1

Z(pkip)⊕
n⊕

i=rp+1

Z(p∞)], 0 ≤ kip <∞.(1)

Fix a prime p. For each of the first rp cyclic summands in (1) there is a collection
of integers apij , 1 ≤ j ≤ n, such that for ypi = p−kip

∑n
j=1 a

p
ijxj , y

p
i +F is a generator

of that summand. If αpij = apij + pkipZ then, for 1 ≤ i ≤ rp, we obtain a relation∑n
j=1 α

p
ijxj = 0 in G/pkipG. Here we regard each G/pkipG as a Z/pkipZ module

in the natural way and abuse notation by writing xj for xj + pkipG. (If kip = 0 we
choose the zero relation

∑n
j=1 0xj = 0.)

For each of the n−rp quasi-cyclic summands in (1) we choose a set of generators
{ypi (k)+F : 1 ≤ k <∞} of that summand with ypi (1)+F of order p and, for k ≥ 2,
p[ypi (k) + F ] = ypi (k − 1) + F. Exactly as in the previous paragraph, each ypi (k)
determines a relation

∑n
j=1 α

p
ij(k)xj = 0 in G/pkG. For each fixed j the sequence

〈αpij(k)〉k determines a p-adic integer αpij . We obtain, for each i with rp < i ≤ n, a

p-adic relation
∑n

j=1 α
p
ijxj = 0 in Gp̂. For p-adic relations we continue our abuse of

notation by simply writing xj for (xj + pωG) ∈ G/pωG ⊂ Gp̂. Note that if rp = 0
for some p, then [G/F ]p is divisible. In this case we obtain no finite p-relations,
Gp̂ = 0, and the p-adic relations can be taken to be 1xj = 0, 1 ≤ j ≤ n. If rp = n
then [G/F ]p has no quasi-cyclic summands and we obtain no p-adic relations.

For each p, we write this set of p-relations in matrix form: Mp
GX = 0, where X

is the n × 1 column vector with entries x1, ..., xn and, for each p, Mp
G is an n × n
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matrix with the i-th row consisting of elements of the ring Z/pkipZ for i ≤ rp and
elements of the ring Zp̂ for rp < i ≤ n. In this way, to each group G and fixed full

free subgroup F, we associate a set of matrices {Mp
G}.

Conversely, given a set of n×n matrices {Mp} indexed by the primes such each
row of each Mp consists of elements of the same ring, either a residue class ring
Z/pkipZ or Zp̂, we can invert our construction to obtain a torsion-free group of rank

n. The group is constructed by starting with an abstract free group F =
⊕n

i=1 Zui
and adjoining generators corresponding to the relations MpX = 0. For any G, the
group determined by the collection of matrices {Mp

G} will be exactly G. In the proof
of our main theorem we will explicitly detail the inverse construction.

We first prove two lemmas that will be needed in the proof of our main theorem.

Lemma 7. Let G and H be torsion-free finite rank groups, {x1, ..., xn} a maximal
linearly independent set in G and {y1, ..., yn} an arbitrary set of elements of H.
Then there exists a homomorphism f : G → H with f(xi) = yi, 1 ≤ i ≤ n, if and

only if Mp
G

 y1

··
yn

 =

 0
··
0

 for all primes p.

Proof. Let f be the mapping from the divisible hull of G to the divisible hull of H
defined by f(xi) = yi, 1 ≤ i ≤ n. The requirement that all generators of G will be
carried by f into H is equivalent to the requirement that all of the above matrix
equalities hold. �

Definition 8. For 0 ≤ k < ∞, a pk-relation of a torsion-free finite rank group G
with maximal independent set {x1, ..., xn} is an element (α1, ..., αn) ∈ (Z/pkZ)n

such that
∑n

i=1 αixi = 0 in G/pkG. A p∞-relation of G is an element (α1, ..., αn) ∈
(Zp̂)

n such that
∑n

i=1 αixi = 0 holds in Gp̂. (We continue to write xi for the
appropriate coset of xi.)

Every Zp̂-homomorphism from [G/F ]p = [
⊕rp

j=1 Z/p
kjpZ]⊕ [

⊕n
j=rp+1(Z(p∞))j ]

to Z/pkZ, 0 ≤ k <∞, or to Z(p∞) can be represented by a row of homomorphisms
ϕ = (ϕ1, ..., ϕn). We can write the elements a of

[

rp⊕
j=1

Z/pkjpZ]⊕ [

n⊕
j=rp+1

(Z(p∞))j ]

as n× 1 column matrices and thereby represent ϕ(a) as a matrix product.

Lemma 9. With notation as above, an element (α1, ..., αn) of (Z/pkZ)n or (Zp̂)
n

is a pk-relation or a p∞-relation if and only if (ϕ1, ..., ϕn)Mp
G = (α1, ..., αn) for

some (ϕ1, ..., ϕn). Furthermore (ϕ1, ..., ϕn)Mp
G = (0, ..., 0) only if (ϕ1, ..., ϕn) =

(0, ..., 0).

Proof. These results follow from the fact that the rows of each Mp
G are the relations

obtained from generators of G/F which are linearly independent. For details see
[Fo1], Lemma 2. �

Theorem 10. The categories QD and QT F are dual.

Proof. We construct a contravariant equivalence d from QD to QT F . Let G be an
object of QD. Then G is a qd group such that its maximal divisible subgroup D is
torsion-free. Hence A = G/D is a reduced qd group which, by Theorem 4, can be
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regarded as a pure subgroup A ⊂ Â=
∏

pAp̂ with the projection condition. Let

F =
⊕n

i=1 Zxi be a full free subgroup such that G/
⊕n

i=1 Zxi is divisible. For each
prime p, let πp: G → Ap̂ be the natural map G → A followed by projection of A
into Ap̂.

Because of the projection condition each Ap̂ is generated over Zp̂ by the set

{πp(x1), ..., πp(xn)}. It follows that Ap̂
∼= [
⊕sp

j=1 Z/p
kjpZ]⊕ [

⊕n
j=sp+1(Zp̂)j ]. Here,

for each p, the sp are integers with 0 ≤ sp ≤ n and the kjp, 1 ≤ j ≤ n, are a
non-decreasing sequence of nonnegative integers. For each fixed i we have πp(xi) =
(αi1, ..., αin) where the first sp entries are in the appropriate residue class rings
Z/pkjp Z and the remaining entries are p-adic integers We obtain, for each p, an
n × n matrix MG

p = M(p,G, {x1, ..., xn}) whose i-th row is πp(xi). For j ≤ sp
the j-th column of MG

p will contain elements of the ring Z/pkjp Z. The remaining

columns of MG
p will contain p-adic integers. Of course, just as in the construction

of Mp
G, we allow the possibilities sp = 0 (Ap̂ has no finite part) and sp = n (Ap̂ has

no torsion-free part) as well as the possibility that some or all kjp = 0.
We first construct the object dG. Let QG be the divisible hull of G/T (G). We

identify QG with
⊕n

i=1 Qxi. Let {x∗1, ..., x∗n} be the basis of QG∗ = Hom(QG,Q)
dual to {x1, ..., xn}. Then dG is the subgroup of Hom(QG,Q) that is generated by⊕n

i=1 Zx
∗
i and the following set. For each prime p and 1 ≤ j ≤ sp we include the

generator (a1jx
∗
1 + ...+ anjx

∗
n)/pkjp . Here the aij are integers such that αij = aij +

pkjpZ, 1 ≤ i ≤ n, is the j-th column of MG
p . For each p-adic column (α1j , ..., αnj)

of MG
p (j > sp) and for each positive integer k, we include a generator (a1j(k)x

∗
1 +

...+ anj(k)x
∗
n)/pk where aij(k) is an integer congruent to αij modulo pk.

Next, let G,H ∈ QD and f : G → H be a quasi-homomorphism. In particular
f can be regarded as a map from QG to QH. The standard dual transformation
f∗ = Hom(f,Q) maps QH∗ to QG∗. Put df = f∗ |dH .

We prove that df is a quasi-homomorphism from dH to dG. Let {y1, ..., ym} be
the maximal independent subset of H used in the construction of dH and let L

be the n ×m rational matrix defined by the equation

 f(x1)
· · ··
f(xn)

 = L

 y1

··
ym

 .

If g ∈ G has coordinate row (q1, ..., qn) with respect to {x1, ..., xn} then f(g) has
coordinate row (q1, ..., qn)L with respect to {y1, ..., ym}.

By replacing f with a suitable integral multiple of f we can assume that f is
a homomorphism and that L has integral entries. We show that for this new f ,
df will be a homomorphism from dH to dG. Let B be H factored by its maximal
divisible subgroup. Then f induces a homomorphism from A to B and hence a
Zp̂-homomorphism fp̂: Ap̂ → Bp̂ for each p. Write

Ap̂ = [

sp⊕
j=1

(Z/pkjpZ)ej]⊕ [
n⊕

j=sp+1

(Zp̂)ej ],

Bp̂ = [

s′p⊕
j=1

(Z/pk
′
jpZ)e′j]⊕ [

m⊕
j=s′p+1

(Zp̂)e
′
j ].

Here, for 1 ≤ j ≤ sp (resp.1 ≤ j ≤ s′p), order ej = pkjp (resp. order e′j = pk
′
jp), and

the ej (resp. e′j) are of infinite order for j > sp (resp. j > s′p). Note that some or
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all of the ej or e′j and hence the accompanying coefficient ring Z/pkjpZ or Z/pk
′
jpZ

can be zero.

Let ∆p be the matrix defined by the equation

 fp̂(e1)
· · ·
fp̂(en)

 = ∆p

 e′1
· · ·
e′m

. If

a ∈ Ap̂ has coordinate row (α1, ..., αn) with respect to the decomposition of Ap̂

then fp̂(a) has coordinate row (α1, ..., αn)∆p with respect to the decomposition of
Bp̂.

Let π′p: H → Bp̂ be the map employed in the definition of the matrixMH
p , exactly

as πp was used to define MG
p . Then π′pf = fp̂πp for each p. It is a simple exercise

in linear algebra to verify the matrix equalities LMH
p = MG

p ∆p. By construction of

dG, (x∗1, ..., x
∗
n)MG

p = (0, ..., 0) for each prime p. It follows that (x∗1, ..., x
∗
n)LMH

p =

(0, ..., 0) for each p. Since f∗ is the dual of f,

 f∗(y∗1)
· · ·
f∗(y∗m)

 = Lt

 x∗1
· · ·
x∗n

 where Lt

is the transpose of L. Transposing this matrix equation gives (f∗(y∗1),...,f∗(y∗m)) =
(x∗1, ..., x

∗
n)L. Thus (f∗(y∗1),...,f∗(y∗m))MH

p = (0, ..., 0) for each p. By construction

of dH the matrix MH
p is the transpose of the matrix Mp

dH . Thus, we can appply
Lemma 7 to conclude that f∗ restricted to dH is a homomorphism into dG. We
have shown that df is a homomorphism from dH to dG, as desired.

Let G be a torsion-free finite rank group with maximal independent set
{x1, ..., xn}. To construct the inverse functor d′ for d we start with the associ-
ated set of matrices {Mp

G}. Then we construct a quotient divisible group d′G such

that the divisible hull of d′G/T (d′G) is equal to Hom(QG,Q) and such that Md′G
p

is equal to the transpose of the matrix Mp
G for each p.

More precisely, given G and {x1, ..., xn} consider the columns of the matrix
Mp

G . Each of these columns can be regarded as an element of the Zp̂-module

M(p) = [
⊕rp

j=1(Z/p
kjpZ)] ⊕ [

⊕n
j=rp+1(Zp̂)j ]. If M(p) is not generated over Zp̂

by the columns of Mp
G, we can obtain a nonzero Zp̂-module homomorphism ϕ =

(ϕ1, ..., ϕn): M(p) → Z/pZ mapping all the columns to zero. But (ϕ1, ..., ϕn)Mp
G

= (0, ..., 0), contradicting Lemma 9. For 1 ≤ i ≤ n, let vi = (vip) be the element of∏
pM(p) such that vip is the i-th column of Mp

G. Let A be the pure subgroup of∏
pM(p) generated by the torsion subgroup of

∏
pM(p) and the set {v1, ..., vn}. If

Mp
G is the zero matrix for all p (G =

⊕
Zxi) then A = 0.

Let F ∗ =
⊕n

i=1 Zx
∗
i ⊂ G∗ = Hom(QG,Q). The assignment x∗i → vi, 1 ≤

i ≤ n, determines a map g : Hom(QG,Q) → Q ⊗ A. Let d′G = A ⊕ ker(g).
Since {vip : 1 ≤ i ≤ n} generates M(p) over Zp̂ for each p, then d′G satisfies the
projection condition with respect to F =

⊕
Zx′i, where x′1, ..., x

′
n are chosen such

that x′i = vi + di, di ∈ ker(g). Thus d′G is an object of QD.
Let f : G→ H be a homomorphism of torsion-free finite rank groups. We need

to construct a quasi-homomorphism d′f : d′H → d′G. Let f∗ : H∗ → G∗ be the
standard dual map. Since, for any torsion-free finite rank G, we can identify G∗

with Q ⊗ d′G via x∗i → 1 ⊗ x′i, we regard f∗ as a map from Q ⊗ d′H to Q ⊗ d′G.
We put d′f = f∗ and claim that

d′f = f∗ ∈ Q⊗Hom(d′H, d′G).

As before, we can assume the matrix L of f with respect to the distinguished
bases {x1, ..., xn} for G and {y1, ..., ym } for H has integral entries. By Lemma 7
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Mp
G

 f(x1)
· · ··
f(xn)

 =

 0
··
0

 for all p. It follows that Mp
GL

 y1

··
ym

 =

 0
··
0

 for

all p. By Lemma 9, applied to each row of Mp
GL, for each p there exists a matrix of

homomorphisms ∆p with Mp
GL = ∆pM

p
H . It follows that the matrix ∆p determines

a Zp̂-homomorphism δp : Bp̂ → Ap̂. Here d′H = B ⊕ ker(g′) has been constructed

in the same manner as d′G = A⊕ ker(g). The matrix equality Mp
GL = ∆pM

p
H can

be rewritten (v1p,...,vnp)L = (δp(w1p), ..., δp(wmp)) where vip and wjp are the i-th
column of Mp

G and the j-th column of Mp
H , respectively.

Let δ =
∏

p δp :
∏

pBp̂ →
∏

pAp̂. Then (v1,...,vn)L = (δ(w1), ..., δ(wm)). Since

{v1,...,vn} ⊂ A and L has integral entries, δ(wi) ∈ A for 1 ≤ i ≤ m. By definition
of B, it follows that the restriction of δ to B is a homomorphism from B to A.
Let i : Q ⊗ B → Q ⊗ d′H be the natural embedding and π : Q ⊗ d′G → Q ⊗ A
be projection. Then, under our identifications, πf∗i = 1 ⊗ δ since (x∗1,...,x

∗
n)L =

(f∗(y∗1), ..., f∗(y∗m)). Thus πf∗i is a quasi-homomorphism. But then, since A,B are
reduced and ker(g), ker(g′) are divisible,

f∗ : (Q ⊗B)⊕ ker(g′) → (Q⊗ A)⊕ ker(g)

is a quasi-homomorphism as well.
It is easy to check that d and d′ satisfy d′d ∼ 1QD and dd′ ∼ 1QT F . This

completes the proof of the theorem. �

One can check directly that d restricted to the full subcategory QD0 of torsion-
free finite rank qd groups coincides with Arnold duality [A]. It is also not too
difficult to check that d restricted to the embedded copy QGt of QG in QD (Propo-
sition 6) coincides with the duality between the category QG and the category of
locally free torsion-free finite rank groups and quasi-homomorphisms, introduced
by the authors in [FoW]. It follows from the construction that d, d′ preserve torsion-
free rank. Since, under our identifications, both df and d′f are defined to be the
classical vector space dual map f∗ it follows that the functors d, d′ are additive as
well.

As an alternate method of proof of our main theorem, we could have constructed
a category equivalence from QD to the category L of linear mappings to finitely
presented modules over the ring of universal numbers. Then we could have applied
the duality of [Fo2] from L to QT F . The composite of this equivalence and duality
would be the same as our duality. To make our paper reasonably self-contained,
we chose to construct d directly.
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